HOMEOMORPHISMS OF CONTINUA THROUGH
PROJECTIVE FRAISSE LIMITS

MARK POOR AND SELAWOMIR SOLECKI

ABSTRACT. We study homeomorphisms and the homeomorphism groups of
compact metric spaces using the automorphism groups of projective Fraissé
limits. In our applications, we investigate the Polish group Homeo(P) of all
homeomorphisms of the pseudoarc P using the automorphism group Aut(P) of
the pre-pseudoarc P. Strengthening results from the literature, we show that
the diagonal conjugacy action of Homeo(P) on Homeo(P)YN has a dense orbit.
In our second application, we show that there exists a homeomorphism of P
that is not conjugate in Homeo(P) to an element of Aut(P).

§ 1. INTRODUCTION

As an application of our methods based on projective Fraissé theory, we prove the
following theorem that is phrased purely in terms of the homeomorphism group of
the pseudoarc. (We provide some information on the pseudoarc in the introduction.
A stronger version of the theorem below is proved as Theorem [4.1})

Theorem 1.1. For each natural number n > 1, the diagonal conjugacy action of
Homeo(P) on Homeo(P)™ has a dense orbit. In fact, the diagonal conjugacy action
of Homeo(P) on Homeo(P)Y has a dense orbit.

The statement above was conjectured for n = 1 by Kwiatkowska [I1] and was
established, again in the case n = 1, by Bice and Malicki [2]. We prove the general
statement for arbitrary n, in fact, for N, using an argument based on projective
Fraissé theory. Our methods are different from those of [2]. They also appear to
be simpler.

Theorem contributes to the study of the existence of dense orbits in the
diagonal conjugacy actions of Polish groups G on their finite G, n € N, n > 1,

and infinite GY products. Such actions are defined by the formula
G x G"'3 (g, (hi)ier) = (ghig™"ier,

where I = n > 1 or I = N. This line of investigation was initiated by Glasner
and Weiss [6]; groups whose diagonal conjugacy actions with n = 1 had a dense
orbit were said to possess the topological Rohlin property in that paper. A general
theory behind the existence of dense orbits for diagonal conjugacy actions for auto-
morphism groups of countable structures was developed by Kechris and Rosendal
in [8]. A survey of the area can be found in [5]. The reader may consult the papers

The first author was supported by the National Research, Development and Innovation Office
— NKFIH, grants no. 146922, 129211. The second author was supported by NSF grant DMS-
2246873.



2 MARK POOR AND SLAWOMIR SOLECKI

[, 121, [, 5], [6], [8], [10], [11], [12], [15] for examples of Polish groups with dense
orbits in diagonal conjugacy actions.

However, the goal of this paper is broader than merely proving Theorem [I.I}—we
investigate the relationship between the automorphism groups of projective Fraissé
limits and the homeomorphism groups of compact spaces that are canonical quo-
tients of those limits. The mathematical context for this investigation is as follows.
One starts with a countable (up to isomorphism) family K of finite reflexive graphs
and a family of epimorphisms among graphs in . When writing K we have in
mind the family of reflexive graphs together with the family of epimorphisms. The
binary reflexive graph relation on the structures in C is denoted by R. Assuming
that the epimorphisms in K fulfill a projective amalgamation condition, a canonical
projective limit K of K exists. The object K is a compact totally disconnected
metric space that can be equipped with a canonical interpretation R of R. This
is a compact binary reflexive graph relation on K, and with a set of continuous
epimorphisms from K to the structures in K. If R is transitive, then it is a com-
pact equivalence relation, which allows us to form the quotient space K = K/RX,
which is a compact metric space. Even though K as a topological space is totally
disconnected, the quotient space K is often connected, that is, it is a continuum;
in fact, this is the most interesting situation from the topologically point of view.

We consider two groups associated with the objects above, the automorphism
group Aut(K) of K and the homeomorphism group Homeo(K) of the quotient
space K. Both these groups come with natural Polish group topologies on them.
Furthermore, there is a natural continuous homomorphism

pr: Aut(K) — Homeo(K).

Elements of Aut(K) are easier to deal with than elements of Homeo(K) as they
are essentially combinatorial objects. Likewise, the group Aut(K) is easier to deal
with than the group Homeo(K), for example, it is non-archimedean. We exploit
this drop in complexity when passing from Homeo(K) to Aut(K) in order to study
Homeo(K) through Aut(K). For more precise information on projective Fraissé
theory, see Appendix [A]

To achieve this goal, we need to consider the topology on Aut(K) that is obtained
by pulling back the topology on Homeo(K) using the continuous homomorphism pr.
By continuity of pr, this topology is weaker than the natural topology on Aut(K). In
Section [2] we give a combinatorial description of the topology on Aut(K) inherited
from Homeo(K) through pr.

Then we move to finding combinatorial conditions corresponding to the existence
of dense orbits under diagonal conjugacy actions. Since we will be assuming that
Aut(K) is dense in Homeo(K), when considering density of diagonal conjugacy
actions, it suffices to consider conjugacy by elements of Aut(K). This leads to three
types of conjugacy actions. Given n € N, n > 1, we consider:

(a) conjugacy by elements of Aut(K) of tuples in Aut(K)";

(b) conjugacy by elements of Aut(K) of tuples in Aut(K)™ taken with the topol-
ogy inherited from Homeo(K)";

(¢) conjugacy by elements of Aut(K) of tuples in Homeo(K)™.
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Observe that having a dense orbit with respect to an action of type (a) implies the
existence of a dense orbit in the corresponding action of type (b), which, in turn,
implies the existence of a dense orbit with respect to the action of type (c).

We obtain combinatorial conditions equivalent to the following properties of the
actions as in (a)—(c):

(a") there exist comeagerly many 7 € Aut(K)™ with conjugacy orbits dense in
Aut(K)™;
(b) there exist comeagerly many 7 € Aut(K)™ with conjugacy orbits dense in
Homeo(K)™;
(¢’) there exist comeagerly many 7 € Homeo(K )™ with conjugacy orbits dense
in Homeo(K)".
The three combinatorial conditions are related but distinct. They are versions of
the Joint Projection Property for suitable categories and are obtained by dualizing
to the projective setting and adapting to the mix of two topologies (coming from
Aut(K) and Homeo(K)) of the Joint Embedding Property in the paper by Kechris
and Rosendal [8]. Our conditions are stated, and the theorems establishing the
equivalence between the appropriate Joint Projection Property and the existence
of dense orbits in the corresponding conjugacy action are proved in Section [3| We
note that case (b)/(b’) exhibits the most interesting interaction between the two
topologies on Aut(K): comeagerness refers to the natural topology on Aut(K),
while density of orbits concerns the topology inherited from Homeo(K'). This is
precisely the case applied to the pseudoarc. Finally, note that since the property
of a point having a dense orbit under a continuous action of a Polish group is G,
the properties in (a’) and (¢’) are equivalent to the existence of a single dense orbit
in Aut(K)"™ and Homeo(K)", respectively.

For our applications, recall that the pseudoarc is a continuum, that is, a compact
connected metric space, constructed by Knaster [9] and characterized by Bing [3]
as the unique chainable hereditarily indecomposable continuum. In the same paper
[3], Bing gave another characterization of the pseudoarc. It is the unique continuum
that is generic in the following sense. Let C be the space of all continua included
in the Hilbert cube [0, 1] endowed with the Vietoris topology, which is induced by
the Hausdorff metric. The space C is a compact metric space. It turns out [3] that
there exists a continuum P such that the subset of C consisting of copies of P is
comeager in C, in fact, it is a dense G5. This continuum is the pseudoarc. For more
information on the pseudoarc, the reader may consult the survey [I3] or the book
[14).

Consider the family P consisting of all structures isomorphic to reflexive graphs
of the following form:

L=1{0,...,n} with 2Rly & |x —y| <1, for z,y € L,

where n € N. Morphisms in P are all epimorphisms among structures in P. As
proved in [7], the family P forms a transitive projective Fraissé class and its limit
P is such that P = P/RF is homeomorphic to the pseudoarc.

In Section [d] we apply the results of Section [3] to the pseudoarc. We prove the
appropriate Joint Projection Property for the class P. This allows us to apply the
results of Section [3| to show that there there exists an element of Aut(P)N whose
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orbit with respect to the diagonal conjugacy action Aut(P) on Aut(P)N is dense in
Homeo(P)Y; in fact, the set of such tuples is comeager in Aut(P)N. In particular,
Theorem [L.] follows.

Finally, in Section [5} we turn to the following natural problem concerning the
conjugacy action of Homeo(P) on itself: is every homeomorphism in Homeo(P)
conjugate in Homeo(P) to an element of Aut(P)? We answer it in the negative by
exhibiting a homeomorphism whose conjugacy class misses Aut(IP). This is the first
example of this phenomenon in the projective Fraissé context. The construction
uses our analysis of topologies in Section The homeomorphism is constructed
by finding a sequence of automorphisms in Aut(P) that is Cauchy with respect to
the uniformity inducing the topology on Aut(PP) that is inherited from Homeo(P)
through the map pr.

Notation and conventions. A short exposition of the projective Fraissé theory is
given in Appendix [A] With this in mind and following Appendix [A] we fix notation
and some conventions for the paper.

— K is a countable projective Fraissé family;
— K with the binary relation R¥ is the projective Fraisse limit of iC;
— if RX is transitive, then K = K/RX is the quotient topological space and
pr : K — K is the canonical projection.
By Aut(K) we denote the automorphism group induced by K and again by pr we
denote the continuous homomorphism pr: Aut(K) — Homeo(K) induced by the
quotient map pr: K — K.

We will often identify Aut(K) with its image under the homomorphism pr in
Homeo(K), that is, we will consider f € Aut(K) as an element of Homeo(K)
keeping in mind the identification spelled out in in Appendix [Al Note that
this constitutes some abuse of terminology since, in general, pr need not be injective.

§ 2. TorPOLOGIES ON Aut(K)

We start with a lemma that will be useful in several places.

Lemma 2.1. Assume that K is transitive. Fixk € N, k > 1. For each epimorphism
¢: K — A, there exist epimorphisms ¢¥: K — B and f: B — A such that

(i) &= fou;

(ii) if a,b € B and aRFb, then f(a)Rf(b) .

Proof. We can assume that there exists a generic sequence m; j4+1: A;41 — A; with
K = projlim,(A;, m;i+1) and ¢ = mo: K — Ag = A. Assume we have a sequence
(j1) of natural numbers with 0 < j; < ji4+1 and points a;,b; € A;, with

(2.1) a;R*b, and —\(7r07jl (ar1) Rmo j, (bl)).
By going to subsequences, we can assume that for some a,b € Ay and all [,
(22) g (@) = ai, 7,0, (bga) = be, 7o, () = a, and 75, (b) = b.

We now fix sequences z;,y; € K, I € N, with 7;,(z;) = a; and 7, (y;) = by, and,
by compactness, assume that they converge to z and y, respectively. By (2.1) and
[2:2), we have that 7, (z)R*n;,(y), for all [, so xR*y. Since R is transitive on K,
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we get zRy. This condition implies, by (2.2)), that aRb, which contradicts (2.1),
and the lemma follows. OLemmazT

Fix a metric d° on K. The metric induces the supremum metric

d(f,g) = sup{d’(f(z),9(x)) : w € K} (f,9€C(K,K)).
By the same letter d, we denote the pseudometric on Aut(K) given by

d(f,9) = d(pr(f),pr(g))-
Let
Epig = U Epi(K, A).
AeK
With each epimorphism ¢ € Epig, we associate the set
Us ={(f,9) € Aut(K) x Aut(K) | po f = ¢ o g}
and for k € N, k > 0, the set
UL = {(£.9) € Au(K) x Aut(K) | ¢o  R* o g}
We will write Uq(so) for Uy. For k € N, let
u®
consist of all subsets of Aut(K) x Aut(K) containing a set of the form U, q(bk).

Lemma 2.2. Fix ke N, k> 1.

(i) Uél) - Uék), for each ¢ € Epig.
(i) For each ¢ € Epig, there exists 1 € Epig such that

(k) 1)
U, €U, .

Proof. Point (i) is immediate from the definition of U q(ﬁk). Point (ii) is a consequence
of Lemma 211 O

Recall that a uniformity on a set X is a family U of subsets of X x X such that

— {(z,2) |z € X} CU for each U € U

— for each V € U, there exists U € U, such that U o U C V;

— ifU el, then UL eUd;

— ifU el and U CV, then V € U.
If p is a pseudometric on a set X, the uniformity induced by p is the family of
all subsets of X x X containing sets of the form

{(z,y) € X x X | p(x,y) <r}, for r > 0.

Theorem 2.3. Assume K is transitive.

(i) UF) is a uniformity on Aut(K), for each k € N.
(i) The uniformity UO) is equal to the uniformity induced by the uniform met-
ric on Aut(K).
(iii) For each k > 1, the uniformity U is equal to the uniformity induced by
the pseudometric d on Aut(K).
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Proof. We only handle the case k > 0, which is somewhat trickier than k£ = 0. To
see point (i) for £ > 0 and point (iii), it suffices to show that

(23)  VYe>03¢6 € Epig U C{(0,7) € Aut(K) x Aut(K) | d(o,7) < ¢}

and, conversely,

(24) Vo € Epig Je >0 {(0,7) € Aut(K) x Aut(K) | d(o,7) < e} C U

By Lemma it suffices to show the statements above for k£ = 1 only.
We show ([2.3) for k = 1 first. Fix € > 0. We prove that there exists ¢ € Epig
such that

(2.5) v,y € K (¢(z)Ro(y) = d°(n(x),7(y)) < ¢/2).
Note that this statement implies that, for all o, 7 € Aut(K),
pooRpoT = d(o,7) <e€/2 <k,

and for k =1 is proved.

We proceed to proving (2.5). Since pr is continuous and K is compact, there
exists § > 0 such that for z,y € K, if d(z,y) < §, then d°(pr(x),pr(y)) < €/2. Let
now ¢: K — A be an epimorphism such that preimages of points have diameter
< 6. We claim that this ¢ works. Let x,y € K be such that ¢(z)R¢(y). Since ¢ is
an epimorphism, there exist z’,y" € K such that

¢(a') = ¢(x), ¢(y') = é(y), and «'Ry’.
Then, by our choice of ¢, d(x,2') < § and d(y,y’) < d, so d°(pr(x),pr(z')) < €/2
and d°(pr(y),pr(y’)) < €/2. Since 2'Ry’, we have pr(z’) = pr(y’). It follows that
d®(pr(z), pr(y)) < 2¢/2=e.

Now, we show (2.4 for £ = 1. Fix an epimorphism ¢: K — A. We are looking
for € > 0 to satisfy the inclusion in (2.4). Consider a,b € A such that =(aRb). Note
that ¢~!(a) and ¢~1(b) are clopen subsets of K with

(6~ (@) N o™ (8) = 0.
It follows that pr (gb*l (a)) and pr(qﬁ’1 (b)) are disjoint compact subsets of K, so they
are at a positive d° distance €q,b > 0 from each other. Since A is finite, we can let
€ > 0 be the minimum of all €, , for a,b € A with =(aRb). Now, if 0, 7 € Aut(K) are
such that d(o,7) < €, then, for each z € K, d°(pr(o(z)),pr(r(z))) < €, so, by our
choice of €, we have o(z)R7(x), for each x € K; thus, (o,7) € Uq(ﬁl), as required. [

We state two immediate corollaries of Theorem

Corollary 2.4. Assume K is transitive. Let (o,,) be a sequence in Aut(K).
(i) If (op) is d-Cauchy in C(K, K), then for each ¢ € Epi(K, A), there exists
N such that

Vn,m > N Vz € K (¢(on(z))Ro(om(y))).
(i) If for each ¢ € Epi(K, A), there exists N such that
Vn,m > NVz € K (p(on(2))Ro(om(x))),
then the sequence (o) is d-Cauchy in C(K, K).
Proof. The conclusions are immediate from Theorem (ii) and (iii). O
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With each pair of epimorphisms ¢, € Epig, we associate the following subsets
of Aut(K):
By ={r € Aut(K): ¢ =¢or},
and for k e N, k > 1,
Bgf()ﬁ ={rc Aut(K): ¢ R* por}.
We may also write B(O’L instead of By 4.
Recall that a family B of subsets of a topological space X is called a neighbor-
hood basis if for each x € X and open set U C X with x € U there exists B € B
such that B C U and z is in the interior of B.

Corollary 2.5.
(i) Sets By, with ¢, € Epig, form a clopen neighborhood basis of the topol-
ogy on Aut(K).
(i) Fiz d > 1. Sets Bgz}, with ¢, € Epig, form a neighborhood basis of the
topology on Aut(K) induced by the pseudometric d, that is, the topology
inherited from Homeo(K).

Proof. Point (i) follows from Theorem 2.3 (ii) and point (ii) from Theorem [2.3] (iii).
We give details for the latter argument. By Theorem [2.3| (iii), for o € Aut(K), sets
of the form

{r € Aut(K) | (po o) R! (9o 7)}, for ¢ € Epig,

are a neighborhood basis at ¢ of the topology induced by d containing ¢ in their
interiors. Setting 1) = ¢ o g, the conclusion follows. Ucoronary@s)

§ 3. JOINT PROJECTION PROPERTY

Let K be a category. Following Kechris—Rosendal [8, Section 2], and adapting
their work to the projective setting, we define the category K, as follows.
Definition 3.1.

Objects: (A, B, f,g9) € K, it A,Be K, f,g € Epi(4, B).
Morphisms: The K-epimorphism « : A — A’ is an epimorphism in K,
between (A, B, f,g) and (A", B', ', ¢") iff

Vag,a1 € A (f(ao) = g(ar) = f'(a(an)) = g'(a(ar))).

It is not difficult to see that « is an epimorphism in K, between (A, B, f, g) and
(A, B', f', ¢') precisely when there exists an K-epimorphism § : B — B’, such that

Bof=foa and fog=g oa.

We now modify the definition of morphism in /C, to obtained the definition of
an approximate morphism in this category.

Definition 3.2. Let (4, B, f,g) and (A", B’, f’,¢') € K,. The K-epimorphism «
between A and A’ is an approzimate epimorphism in K, between (A, B, f,g) and
(A/’ Bl? fl7g/) iﬂ‘

Vag,a1 € A: f(ag) = g(a1) = f'(alag)) R ¢'(a(ay)).
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Definition 3.3. For n € N, we let K" denote the class of objects of the form
(A, B, fo,- s fn=1,90,---,9n-1), where (A, B, fi,9;) € K, for each i < n.

We call @ € Epi(A, A’) an epimorphism (an approximate epimorphism, respec-
tively) between

(AaB7f07~~-afn—1790a-'~agn—1)

and

(AlvBlv f(l)v ) ’;1717967 ce 79;71)
if for each ¢ the map « is an epimorphism (an approximate epimorphism, respec-
tively) between (A, B, f;, ;) and (A, B', fI, g}).

When n is clear from the context, we write

(Aa Ba???) for (A’ Ba f07 ) fn—lag()v s 7gn—1)-
Fix n. We say that K™ has
(a) JPP,
(b) half-approximate JPP,
(c¢) approximate JPP,

if for all (A, B, f,g) and (4’, B, f',¢) in KX, there exist (AT, BT, ft, g7 )in Ky
and
a: (A+7B+7f7+’gi+)_>(A’B’?7§) a'nd a/: (A+’B+7F7?)%(A/7B/’77y)
such that
a) « and o/ are epimorphisms,
d o i hi
(b) « is an epimorphism and «’ is an approximate epimorphism,
¢) « and o' are approximate epimorphisms.

dao . . hi

We now come to the main theorem of this section. For a sequence 7 = (7;);<n
of elements of a group G, we write

7% = {(97j9 ")j<n | g € G} C G™

Theorem 3.4. Suppose that K is a transitive projective Fraissé class with the

property that Aut(K) has a dense image under the canonical homomorphism into
Homeo(K). Let n € N.

() If K;™ has the approximate JPP, then, for a non-empty open set U C
Homeo(K)™,

{7 € Aut(K)" : F2E) U £ 0} is dense in Homeo(K)™.

(43) If ;™ has the half-approzimate JPP, then, for a non-empty open set U C
Homeo(K)™,

{7 € Aut(K)™ : 32E) U £ 0} is dense in Aut(K)".
(iii) If K™ has the JPP, then for a non-empty open set U C Aut(K)",
{7 € Aut(K)™ : 32E) U £ 0} is dense in Aut(K)".

Note that is the dualized version of Kechris-Rosendal.

First we note that with epimorphisms f,g: A — B and ¢ € Epi(K, A) we can
naturally associate the clopen set Bfogp goyp, for which we introduce the following
shorthand notation.
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Definition 3.5. If f,g: A — B are epimorphisms and ¢ € Epi(K, A), then we let
— Br.gip = Brog.gog, that is, 0 € Byg. iff (gop) oo = fogp,

,=BY that is, o € BY") iff (gop)oo R foyp.

f.9; fop,gop?

Before embarking on proving the theorem, we need several lemmas, the first one
of which describes the behavior, relevant to our proof, of sets of the form B}kg, o
under conjugation.

Lemma 3.6. Let (A, B, f,g) and (A", B, f',¢') € K. Suppose that
(OAS Epl(A,A/)7 (ZBS Epl(Kv A)7 <)0/ € Epl(Ka A/)7 and o € Baoap,ap’-
If o is an approzimate K, -epimorphism between (A, B, f,g) and (A',B’, f',¢'), then

0 -1 1)
(3.1) UBﬁg;sog < Bf’,g’;w’
If a is a Kp-epimorphism, then

n -1 (1)
(3:2) UB.ﬂg;wa < Bfﬂg’;w”
and

0 -1 (0)
(3.3) 0B} ;.0 CBp -

Proof. We prove ([3.1)) first. Given o* € Bj(‘?«o,gow

(1)

we need to check that

co*c"leB

1'.9"50"
Since o* € B;ng means that fop = gopoo*, we have
(3.4) (f'eaoy) R (g ocaopoc?).

On the other hand, 0 € Byog,,r means that oo ¢ = ¢’ o o, which gives
(3.5) floaop=fop oo and goaopoc* =g oy oooc™.
Putting together and , we get
(flog’oo) R(g oy 0cooa”),
which implies
flog'=(flop0o0o ) R(go¢ 0g00"00™),
as desired.
We show assuming that « is a Kp-epimorphism, o* € Aut(K). First, we
observe that
(3.6) (fop) R(gopoo™) = (ffoacp)R(g caopoc™).
Indeed, given x € K let a = p(x), b = p(c*(z)) € A, so f(a)Rg(b). We find r,s € A
and then t € A, with
fla) =g(r), rRs, g(s) = f(t), f(t) = g(b),
from which we get
f'(a(a)) = g'(a(r)) Rg'(a(s)) = f'(a(t)) = g'(a(b)).
To see , we repeat the argument for . This argument goes through
since, by , we get assuming o* € Bj(c}gw, that is, (fop) R(gog@oa*).
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Finally, towards (3.3) assuming « is a Kp-epimorphism, note that
(3.7) (fop) = (gopoo™) = (ffoaocy) = (¢ oaopod™).

Therefore, if o* € Bj(c ; o

so fop = gopoo*, then
(3.8) (floaoy) = (¢ oaocpod®).
Putting together and the same way implies
(flo@) = (¢ op'0ooa* oo™,
as desired. ULemmdZdl

With some additional work one can show that in the lemma above, if « is an
approximate Kp-epimorphism, then

oBY) oL C B, foralld €N, and
B}dg) o0 -1 B](ﬁd;g,, if d is even,

and if o is a Kp-epimorphism, then

(@ _—1 (d)
UBfgw < Bf”g’;v"

Lemma 3.7. Given epimorphisms @;,v;: K — B; with i < n, there exist objects
(A, B, fi,9:) in KCp, fori <n, and ¢ € Epi(K, A), such that

Bg":)qrw < B(1)¢ for all i < n,
and
BJ(’??QMP = B(O)w fOT all 1 < n,

Proof. We start with a claim.

Claim 3.8. Given ~; € Epi(K,B), for i < m, there exist A € K and h; €
Epi(A4, B), and ¢ € Epi(K, A) such that

vi = h;op, foralli <m.
Proof. We will use properties |(Al){and [(A3)| of K. Consider the function
Yo X - X Ym—1 : K™ = B™,

which is obviously continuous. By property there are A € K and ¢ €
Epi(K, A) such that vy X -+ X v,,—1 factors through ¢, that is, for each z € K, the
tuple (yo(),...,Ym-1(z)) depends only on ¢(z) € A. Let h; : A — B, for i < m,
be defined by the equalities

hi(p(x)) = vi(x), for all i < m.
By property |(A3)| of K, hg,...,hy,_1 are epimorphisms. OcClainiza
We proceed to proving the conclusion of the lemma. Directly from the definition

of the sets ng )q ., and BY )w_ (and that of the sets B¢ )q and B( ) ;> one sees that

it suffices to find A, B € IC v € Epi(K, A), fi,g; € Epl(A B), and ﬁl € Epi(B, B;)
such that

(3.9) Bio fiop = and Biog;op =1y, foralli<n.
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By the joint projection property for I, there exist B € K and 8; € Epi(B, B;) for
i < n. Now, since K is the projective Fraissé limit of I, there exist 7;, &; € Epi(K, B)
such that

(3.10) Biovi =; and B; o0& =, for all i < n.

Apply Claim [3:8 to the m = 2n epimorphisms v;,&;, i < n, obtaining A € K,
¢ € Epi(K, A), and f;, g; € Epi(A, B) such that

(3.11) v, = fiop and & = g;0¢p, foralli<n.

Now (3.9) is implied by (3.10) and (3.11)), and the lemma follows. OLemma B

Proof of Theorem[3.]] We first consider Fix non-empty open sets U,V C
Homeo(K)™. We need to show that

(3.12) cyo ' €U, forsome”y €V and o € Aut(K).

First, by our assumptions, V' N Aut(K) # 0 # V N Aut(K).
By Corollary and Lemma we can assume that for some (A, B, f;, g:) €
Kp, i <n, and ¢ € Epi(K, A), we have
Va0 = [ 24,
i<n

and, similarly, for some (A, B’, f/, g;) € Kp, i <n, and ¢’ € Epi(K, A"),

79

1
U N Aut(K) = H B}i,}gw,.
1<n
By the approximate JPP, we obtain A*, B* € K, f;", g7 € Epi(AT,BT), i < n,
and K-epimorphisms o : AT — A, o : AT — A’, such that, for each i < n, a and
' are approximate Kp-epimorphisms from (A*, B¥, f;7, g) to (A, B, f;, g;) and to
(A, B', fl, g;), respectively.

Pick o1 € Epi(K, A1) such that ¢ = @ o ™. Then, from the definitions of the

two sets in and from a being an approximate K,-epimorphism, we get

(3.13) BY) . . C By . foralli<n.
Pick 0 € Aut(K) with 0 € Byop+ - By Lemma we have
(3.14) o—(B;EQ’ng)a—l C By, foralli <n,

Now, (3.12) follows from (3.13]) and ([3.14)) since the set Bj(fg),gj;go . is non-empty.
We turn to For the non-empty open set U C Homeo(K )™ there again exist
(A",B', fl.g;) € Kp, i <n, and ¢’ € Epi(K, A’) with
_ 1
UnAuw(K) =[] Bpy .-
<n
Fix a non-empty open set V' C Aut(K). By Corollary and Lemma we
can assume that for some (A, B, f;,9;) € Kp, i <n, and ¢ € Epi(K, A), we have
_ (0)
V= H Bfi,gi;sa'

i<n
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So again it remains to show that
(3.15) oyo~t €U, forsome7 €V and o € Aut(K).
By the half-approximate JPP, we obtain A+, B* € K, f;", g/ € Epi(A*, B*),
i < n, and K-epimorphisms o : AT — A, o/ : AT — A’, such that, for each
i < n, ais a Kp-epimorphism from (A", BY, f;", g:") to (A, B, fi,g:) and o/ is an
approximate Kp-epimorphism to (A", B', f/, g.).

If ¢ € Epi(KK, AT) is such that ¢ = a0 ™, then we can proceed as in the proof
of SO

5O pO

fHghet = T figie’

i 940

for all i < n,
and if 0 € By/opt o, then
0 _ 1 .
O’(B;:_)’g:_;(p+)0' lc B({,)gg;«p” for all i < n.
The proof of is the same. We start from

U= H BJ(‘?,)QQ;W”

i<n
and
_ (0)
V= H Bfi,gz';ip’
<n

for each i < n, a is a Kp-epimorphism from (A+, BT, f;",g") to (A, B, fi,g:) as
well as o/ is a Kp-epimorphism to (A4’, B', f,g:). So if ¢t € Epi(K, A") is such
that ¢ = a0 ¢™, then

BJS‘_)Q e BY) . foralli<n,
and if 0 € By/opt o, then
0 - 0 )
O'(B;:_)’g:_;(p+)0' 1c Bj(fi,’)ggw,, for all i < n.

|:lTheorerrm
The following corollary is an immediate consequence of Theorem [3.4]

Corollary 3.9. Suppose that K is a transitive projective Fraissé class with the
property that Aut(K) has a dense image under the canonical homomorphism into
Homeo(K), let n € N.

() If K™ has the approzimate JPP, then
{7 € Homeo(K)™ : "X 45 dense} is dense Gs in Homeo(K)".
(43) If ;" has the half-approzimate JPP, then
{7 € Aut(K)™ : 2% G5 dense in Homeo(K)"} is dense Gs in Aut(K)".
ii1) If IC*™ has the JPP, then
(wid) If K;
{7 € Aut(K)"™ : 2% s dense in Aut(K)"} is dense Gs in Aut(K)™.

Corollary [3.9] implies the following.
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Corollary 3.10. Suppose that IC is a transitive projective Fraissé class with the

property that Aut(K) has a dense image under the canonical homomorphism into
Homeo(K).

(i) If K™ has the approzimate JPP for each n € N, then
{7 € Homeo(K)N : 72%X) s dense} is dense G5 in Homeo(K)Y.
(43) If K;" has the half-approzimate JPP for each n € N, then
{7 € Aut(K)N : 729 E) s dense in Homeo(K)} is dense G in Aut(K)Y.
(idi) If K™ has the JPP for each n € N, then
{7 € Aut(K)N : 52 G5 dense in Aut(K)N} is dense Gy in Aut(K)V.

Proof. We write the proof only for (ii), as (i) and (iii) follow by the same argument.
Note that 7 = (7i)ien € Aut(K)N is such that 74" is dense in Homeo(K)N
precisely when for each n € N, n > 1, the orbit of the finite tuple (v;);<, under the
diagonal conjugacy action of Aut(K) is dense in Homeo(K)™. Now, the conclusion
of (ii) follows from Corollary [3.9| (ii) since if G € Aut(K)™ is a dense G5 in Aut(K)",
then the set

{(i)ien € Aut(K)" | (3)i<n € G}
is a dense G in Aut(K)M. Ocorollary

Now we state and prove the converse to Theorem [3.4] .

Theorem 3.11. Suppose that K is a transitive projective Fraissé class with the
property that Aut(K) has a dense image under the canonical homomorphism into
Homeo(K), and let n € N.
(i) If there exists 7 € Homeo(K)™ such that y1om°(K) s dense in Homeo(K)™,
then K™ has the approzimate JPP.
(i3) If the set of all 7 € Aut(K)" such that y1omee(K) js dense in Homeo(K )™
is comeager in Aut(K)", then K," has the half-approzimate JPP.
(i33) If there exists ¥ € Aut(K)™ such that 2" 4s dense in Aut(K)", then
K;™ has the JPP.

Proof. For simplicity we assume that n = 1. First we consider

Fix (A, B, f,9), (A", B, f',¢") € K. Pick ¢ € Epi(K, A), ¢’ € Epi(K, A"). By
Corollary BJ(&;; e Aut(K) has non-empty interior with respect to the topology
inherited from Homeo(K), so for some nonempty open set U C Homeo(K) we have

U N Aut(K) C BY). .

Similarly, for some non-empty open set U’ in Homeo(K) we have

1

(3.16) U' N Aut(K) C BY .

By density of Aut(K) in Homeo(K) and continuity we can infer the following.
Claim 3.12. There ezist o,0’,7 € Aut(K), such that

(3.17) Tor =0,
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moreover,
1
(3.18) oeBl)
1
(3.19) o' eBY, .

Proof. By our assumptions there are ¢ € U, ¢’ € U’ that are conjugate to each
other, i.e. for some 7y € Homeo(K)

To57y L =¢ €U

By continuity of the composition and inverse, taking 7 € Aut(K) close enough to
70, 0 € Aut(K) close enough to ¢ (and recalling (3.16])) we will have

ror~ ' € U' N Aut(K),
therefore setting o/ = To7~! works. Uclainz1a

We are going to find AT, BT € K, fT,g7 € Epi(AT, BT), ¢ € Epi(K, A*) such
that
o €E Bf+,g+;tp+a

and ¢, ¢’ o7 factor through g* o ™t (therefore they factor through ¢, too). This
can be done by picking ¥* € Epi(K, C) such that (¢ x ¢’ o 7) factors through ¢*,
and applying Lemma to p* = ¢Y* oo and Y*. If fTopt = ¢* oo~ ! and
gt ot =1p*, then as ¢, ¢’ o7 factor through 1*, i.e. o = §o¢p*, @ o = § o ¢p*
for some ¢ and &, clearly

(3.20) Sogtopt =609* = .

(3.21) 5/og+ogp+:5/oq/1*zsp/or

Moreover, it is not difficult to see that that By« g« = Byrog,y+ 3 0.

Welet o =dogT : AT — Asothat p =aopt, andlet o/ = ogt : AT — A/,
so that ¢’ o7 = o/ o ™. To finish the proof of the theorem, it suffices to show that
a € Epi(AT, A), o/ € Epi(AT, A’), moreover, they are approximate epimorphisms
between the respective objects in K. First, it is easy to check that « is a strong
homomorphism, so by property a € Epi(AT, A), and similarly, ¢’ o7 and ¢™
are epimorphisms, so are o’.

First we check that o/ is an approximate epimorphism. Let ag,a; € AT with
f1(ao) = gT(a1), we need to argue that f'(a/(ag)) R ¢'(c/(ay1)). Pick 2 € K with
(1) = ao.

Claim 3.13. Suppose that 7 € Aut(K), &', g*, fT, o' are K-epimorphisms, ¢* €
Epig that satisfy

§ogt=d,

and o € By+ gr.p+. If ag, a1 are such that f*(ao) = g7 (a1) and o™ (77 (x)) = ao,
then

o/(a1) = o' (9" (077! (2)).
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Proof. Indeed, o € B+ 4+.,+ implies f(¢" (77 (2))) = gT (¢ (o(771(2)))), using
o (77 H(x)) = ag we get

g (@ (e(r7(2)))) = f(a0) = g7 (a).
So applying ¢’, and using o = §’ o gT

o ot (o7 () = o/ (ay).
UclainzTa
So pick x € K with o™ (771(2)) = ag and note that by the claim the condition
(& (ag)) R ¢'(c/(ay)) is equivalent to
F1@ (et (7 (2)))) R g'(a' (¢ (077 (2)))),
so we need to check this for all z, i.e.
(ffoddopTor™ ) R (4 0o optoor™).
But using o/ o ot = ¢’ o 7, this is equivalent to
(f'ocp'o7'07'71 Rg'ogp'oToaonl).
We obtained that

(3.22) (f'o@/otor ' Rg'op'oTooor ) = o is an approximate epimorphism

1)

. But the premise is true, since ¢/ = 70771 € Bf, gsprs WE are done. It remains to
.9’

show that « is an approximate epimorphism.

Claim 3.14. Suppose that 6, g*, [T, a are K-epimorphisms, T € Epig that
satisfy

Sogh =
and 0 € By+ gt.p+. If ap, a1 are such that f+(ag) = g7 (a1) and ¢t (x) = ao, then

a(ar) = a(p* (o(x)).
Proof. Indeed, 0 € B+ 4+,,+ implies [T (¢T(2)) = g7 (¢T(o(2))), using o™ (z) =
ag we get
gt (" (0(2))) = f(ao) = g™ (ar).
Now applying §, and using o = o g™

a0t (o(z) = alar).
Uctaindzid

Let ag,a; € A" be such that f*(ag) = g (a1). We need to argue that we have

f(a(ao)) R g(a(ar)). Pick z € K with ¢*((z)) = ao.
The claim gives that f(a(ag)) R g(a(ar)) is equivalent to

fla(pt () R gla(ep™ (o(2))),
so we need to verify that this holds for all z, i.e.

(foaoy™) R(goaoy™ o).
But using a0 ¢ = ¢, this is equivalent to

(fop) R(goypoo).
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So we got that
(3.23) (fop) R(gopoo) = «isan approximate KCp-epimorphism.

But the premise is true, since o € B](cl)

Now we sketch the proof of [(72)]
Fix again (A,B, f,g9), (A, B, f",¢') € K,, and pick ¢ € Epi(K, 4), ¢ €
Epi(K, A’). By Corollary for some nonempty open set U C Aut(K) we have

(0)
Uc Bf,g;sa’

.o We are done.

and for some non-empty open set U’ in Homeo(K') we have

(3.24) U' N Aut(K) C BY .
Then we find o,0’,7 € Aut(K), such that

o Tor =7,

Lnn

o0 € BJ(C%?!J'HP"

Next we find AT, BT € K, f*,g" € Epi(AT, BY), ¢ € Epi(K, AT) such that
0 € B+ gtipt,

and § and ¢’ with

(3.25) Sogtopt =0

(3.26) doghtopt =y or.

Welet a =dogt: AT — Asothat p=aopt, andlet o =§ og™: AT — A’ s0
that ¢’ o7 = o’ o™. The same argument as above shows that o is an approximate
epimorphism between (AT, BT, f* ¢g*) and (A", B, f',¢').

It remains to show that « is an epimorphism between (AT, BT, f* g*) and
(A, B, f,g). This case Claim still applies, and modifying the argument follow-
ing the claim one can get
(3.27) (fop) = (gopoo) = «aisa K,-epimorphism.

But the premise is true, since o € B](c?;w, we are done.
To get we need to make minor changes to the proof of We have

(0)
RS nyg;sa’
and
()
U = Bfﬂg’;w”
and then we find o,0’,7 € Aut(K), such that
o To7 1 =0,
(0)
e o€ Bf(’gi“”
/
e 0 C Bf’,g/;ap"

Constructing again o and o/, one shows (3.27)), and

(flfoporor™ = g oy’ orocor™) = « isa K,-epimorphism.

DThcorcrﬂm
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§ 4. DENSE CONJUGACY CLASSES IN PRODUCTS—THE PSEUDOARC CASE

We refer the reader to Section [I] for the definition and relevant properties of P—
the category of finite reflexive linear graphs. By P we denote the projective Fraissé
limit of P. In this case, the canonical continuous homomorphism pr : Aut(P) —
Homeo(P) is injective, and we will identify Aut(P) with its image, that is,

Aut(P) < Homeo(P).

The main theorem in this section is the following application of Theorem
Note that it implies Theorem [L.1] from the introduction.

Theorem 4.1. (i) For every n € N, the set of all ¥ € Aut(P)" such that
the orbit of ¥ under the diagonal conjugacy action by Aut(P) is dense in
Homeo(P)" is comeager in Aut(P)".

(ii) The set of all ¥ € Aut(P)N such that the orbit of ¥ under the diagonal
conjugacy action by Aut(P) is dense in Homeo(P)" is comeager in Aut(P)N.

The key to the proof of the theorem above is the following lemma.

Lemma 4.2. Suppose that A,B,A’,B' € P, there exist AT,BT € P and o €
Epi(At, A), o € Epi(AT,A’), B € Epi(B*,B), and 8/ € Epi(B*, B’) with the
following property:

for all f € Epi(A, B), f' € Epi(4’, B'), there exists fT € Epi(AT, BT) such that

foa=pof" and (f'oa’) R (B of").
The following corollary is an immediate consequence of Lemma [£.2]

Corollary 4.3. Suppose that A,B,A',B' € P, fi,9i, fl, 9}, i = 1,...,n, are such
that (A, B, fi,g:), (A", B', fl,g}) € Py. Then, for some AT, B*, f g, with 1 <
i<m,anda: AT = A, o : AT — A’, we have that, for each 1 < i <n,
e the map « is an epimorphism between (AT, BT, iﬂg;r) and (A, B, fi, i),
e the map o/ is an approximate epimorphism between (AT, B*, fi", gi") and
(A", B, fi. )
Proof of Lemma[]-3 By possibly extending A with an exact epimorphism, we can
assume that

()1 f~Y(b) is the union of intervals each is of length at least 2,
since exact epimorphisms are closed under composition. We introduce the notation
R(.,.) for division with reminder, and write R(j,m) = k iff kK € [0,m) and j = k
mod m.

First we define AT and BT, we start with the latter. Let m = |B|, m’ = |B’|,
that is, B is a path of length m, B’ is a path of length m’. We set BT to be
a path of length mm/. Identifying B’ with [0,m) and Bt with [0, mm’), define
B : BT — B’ by the equation

()2 B'(4) = Li/m].

Next we define 3 : BT — B, which will satisfy that whenever R(j,m) = k, then
B() € {k,m—1—k}.

The epimorphism ( is given by
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(¥)s B(j) =R(4,m), for j e [2lm, (2l +1)m) with 0 <2l <m' — 1,
(%)a B(j) =m—1=R(j,m), forj e [(2l+1)m, (214+2)m) with 0 < 2] < m'—2.

The reflexive linear graph AT and the epimorphisms «, o are defined similarly.
If n = |A|, n’ = |A/|, then let A" to be a path of length nn’. Define o/ : AT — A’
by the equation

(*)s o'(j) = Lj/n].
The map « : AT — A is defined by

(%) a(j) =R(j,n), for j € [2in, (2l + 1)n) with 0 < 2l <n' —1,

(¥)7 a(j)=n—-1—-R(j,n), for j € [(2L + 1)n, (2l +2)n) with 0 < 2] <n' — 2.

Fix f € Epi(4,B) and f' € Epi(4’,B’). We are going to construct f* €
Epi(AT, BT) such that
(4.1) Boft = foa,
(4.2) Boft R flod.

We note that if J C AT is an interval satisfying f[J] C [Im, (I+ 1)m), for some
I <m/, then fT|J is determined by f (by the requirement (4.1) and by injectivity

of 3 on [Im, (I + 1)m) guaranteed by (%) 4]).

We will define the sequence sg, 1, ..., S,/ _1 so that

(II) for a < n'n,

Bof*(a)=foala),
(I11) if j <n' — 1, then, for a € [jn, s;],
B0 fT(a)=f"od(a),
and for a € [s; + 1, (j + 1)n),
B0 fH(a) = f(d(a) + 1),
moreover, for j =n’ —1 and a € [jn, (j + 1)n),
8o f(a)=f"od(a).
We note that imply (£.2)), since f'(a’(a))Rf'(c/(a) 4+ 1) because f' is

an epimorphism. So it remains to prove the following statement.
Suppose that j =0, or j > 0 and so, s1,...,8j_1, fT[0,jn) are defined so that
(IT)| [(TIT) hold. Then it is possible to define s; and f+[[0, (j + 1)n) so that they

similarly satisfy (/1)) |(Z11)}

The statement is proved by induction on j. First we pick f*(jn) € B*.
If j = 0, then we use that 3 x 8 is a bijection between BT and B x B’ and let
f1(0) be the unique value in B that satisfies

B o fH(0) = f'oa’(0) and Bo fT(0) = foal0).
If 5 > 0, then by (({/])) we have
Blo fr(jn—1)=f"o(a/(jn—1)+1),
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and by the definition of o’ we have o/ (jn—1)+1 = j—1+1 = o/(jn). Moreover, the
way we defined « implies a(jn —1) = a(jn), therefore letting f(jn) = fr(jn—1)
will ensure (4.1) and If j <n' — 1, then consider the value
c=f'(e'(n)+1) = f(((G+n)) = f'(7+1).

If c = f'(c/(jn)), or j =n’ —1 and c is not defined then we just define f*[[jn, (j +
1)n) so that 8’0o fT[[jn, (j+1)n) = ¢, and Bo fT[[jn, (j+1)n) = foalljn, (j+1)n).
(In this case s; can be just jn.)

Otherwise, j <n’ —1 and ¢ € {f'(a/(jn)) — 1, f'(a’(jn)) + 1} hold necessarily,
and our aim is to ultimately get 3'(f*((j+1)n—1)) = c. For simplicity we assume
that

(4.3) c=f'(/(jn)) +1
and
(4.4) £ (Gm) (= B/(F* (jn))) is even,

the other three cases are handled the exact same way. By these assumptions and
by the way 8 was defined ((*)2)) we note that

(B)7Hf (@ (gn) = [F( (i), (' (e (jn)) + D)n),
and
(B) (e (n) + 1) = [(f'(o/ (jn) + L)n, (£ (jn)) + 2)n).

Now we let s; > jn be minimal such that f(a(s;)) = m—1, and define f*[[jn, s,]
so that 8 o f*I[jn,s;] = f'(&/(jn)), and Bo fT[[jn,s;| = foalljn,s;]. It follows
that f*(s;) = f'(¢/(jn) +1)n — 1. Using the assumption on f we obtain that
s;i+1<(j+1)n. Let ff(s; +1)= f*(s;) + 1, using
BT (s5+1)) = B(f(s5) +1) = B(f'(&'(jn) + Dn — 1+ 1) = B(f' (e (jn) + 1)n),
and note that f/(a/(jn) +1) = ¢ = f/(a/(jn)) + 1 is odd by our assumption (4.4),
therefore (by [(x)4))

B (s + 1)) = B(f'(/(jn) + 1)n) = m — 1,
so B(fT(s; +1)) = f(a(s;)). Using that s; > jn is minimal with the condition
f(a(s;)) =m —1 and recalling We get s; < (j+1)n—1,
fla(sj +1)) = fla(s;) +1) = fla(s;) =m —1,
hence remains true. It is easy to check that o/(s;) = o/(s; + 1) since jn+1 <
sj+1<(j+1)n and so
B(fF(s5+1) = B(fT(s5)) + 1= f(o'(55)) + 1= f'(e/(5; +1)) + 1,
and we get .

Finally, we define f*[[s; + 1,(j + 1)n) so that 5’ o fT|[s; + 1,(j + 1)n) =

B'(ft(s;+1)),and Bo fTl[s; +1,(j +1)n) = foalls; +1,(j + 1)n).

The statement is proved and the lemma follows. ULemmadi3]

Proof of Theorem[{.1]. (i) follows from Corollary and Corollary
(ii) follows from Corollary and Corollary O Theorentid
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§ 5. A HOMEOMORPHISM OF THE PSEUDOARC THAT IS NOT CONJUGATE TO AN
AUTOMORPHISM OF THE PRE-PSEUDOARC

In this section will concern P, the class of finite connected linear graphs with
all edge-preserving surjective homomorphisms (note that if a graph-homomorphism
between two finite linear graphs is onto it is automatically surjective on the edges).

Theorem 5.1. Let P be the pseudoarc, which we identify with pr[P], the natural
projection of the projective Fraissé limit of the class of finite linear graphs. There
exists a homeomorphism o € Homeo(P) that is not conjugate to any T € Aut(P).

The following is a key lemma, it provides a sufficient condition for a homeomor-
phism to not be conjugate to any automorphism of P. Our argument hinges on
the rigidity of automorphisms, that they preserve the algebra of regular open sets
associated with the projections onto finite linear graphs. Our example that will be
constructed in Proposition [5.4] will satisfy the premises.

Lemma 5.2. Suppose that o : P — P is a homeomorphism such that there exists
a subcontinuum C C P, x # y € C with the property that
(1) o]C =id¢, and
(2) whenever Uy,Us, Us are pairwise disjoint regular open sets in P with
(a) UL, cl(Us) = P,
(b) ﬂ?zl cl(U;) = 0 (that is, each point has a neighborhood which intersects
only two of the U;’s),
(c) C C int(cl(Va) Ucl(V3)) (equivalently, cl(Uy) N C = 0, C is positive
distance from Uy ),
(d) €U, yeUs,
then o(Uz) NUs # 0, or o(Us) N Uz # 0.

Then o is not conjugate to any member of Aut(P).

Proof. Note that the above property of ¢ is invariant under conjugation by a home-
omorphism, therefore it suffices to show that representing P as a quotient of the
prespace P, necessarily o ¢ Aut(P).

So we can fix a generic sequence I;, m; ; (i < j € N) so that P = proj lim; I;,
then P ~ P/RF. We also fix the canonical surjection pr: P — P.

Suppose that o is an automorphism, which formally means that there exists
some ¢ : P — P with pr(6) = ¢ (where pr : AutP — Homeo(P) is the canonical
embedding; in other words, the equality o o pr = pr o & holds).

We use that J; := m; o pr=1(C) is a nonempty subinterval in I;, and for large
enough j we have |J;| > 2 (otherwise its image under pr is a singleton). In other
words, pr~!(C) = projlim; J;.

For each j we let X; = mjopr—'(z), Y; = mjopr(y), so X;,Y; C I;, 1 <
| X[, 1Y;] < 2. Let jo be large enough so that X;, UYj, spans a not connected
subgraph in J;, C I, (i.e. there is a gap in between), moreover, each connected
component of Iy \ (Xi UY}) has at least two elements.

Pick a large enough £ so that m;, 06 factors through 7y, i.e. for some epimorphism
o I — I, we have

(5.1) TMj, © 0 = QO Tg.
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Claim 5.3. alJ; = mj, k-

First we argue that the claim will finish the proof of the lemma. Pick disjoint
subsets X', Y' C J;, with X' UY’ = J,,, X;, € X’ and Y;, CY'. Let Xt =

Wjjik(X') NJg, YT = ﬂjfo?k(Y’) N Jg, in particular, X T UY T = J, and

(52) Wjo,k[XJr} N ﬂ-jOJC[YJr] = (2)7

(5.3) X, CXT, Y, CYT,

Let Vi = Ij \ Ji be the union of the two complementer intervals. Now W; =
pr(m, (V1)), Wa = pr(my H(X)), W3 = pr(r, ' (YT)) are closed sets that cover P.
The fact that XT U YT = J, = m[pr}(C)] together with Vi N J, = 0 imply
CNWy =0. Also, it follows from (5.3) and the way X}, Y) were defined that

.’t%‘/IflUVVg7

Yy ¢ W1 U Wg.

Recalling Lemma and using that K = P is the class of finite linear graphs
it is routine to check that for any S C I, letting Dg C P denote the points that
project to S (i.e. Dg =, '(S)),

int(pr(Dg)) = pr(Ds) \ pr(Dr,\s),
and cl(int(pr(Dg))) = pr(Dg)), so U; = int(W;), i = 1,2,3 are pairwise disjoint
regular open sets satisfying the requirements above.

We assume that o(Usz) N Us # 0 as the other case can be dealt with the same
way. So pick z € P witnessing this, i.e. pr(z) € Us, o(pr(z)) = pr(6(z)) € Us. By
the definition of Us, we have pr(z) € Wy \ (W3 U W3), so mi(z) € X necessarily.
Similarly, m(5(z)) € Y, so

(5-4) mjo(0(2)) = o,k (7k((2))) € Ty k[Y -
But by 7, (6(2)) = a(mi(2)), so by Claim [5.3]
(5-5) mjo(0(2)) = amr(2)) = mjo k(i (2)) € i k[ XT.

Finally, note that (5.4), (5.5) contradict (5.2).

Proof. (Claim [p.3) If u € Ji, v = a(u) # mj, x(u), then letting u’ denote 7, (u),
1

clearly ; ° (u') N 7TJ_01k (v) = 0. We now claim the following.
(%) There exists k* > k, such that one of the following two possibilities holds:
e for some ut € Jiy+ we have 7y g+ (ut) = u, but —\(u“'RWj_O}k+ (v")),
e for some v € Jp+ with v = 7y g+ (v1) we have 7, x(v) = v/, a(v) =/
and —\(1}+R7Tj_0}k (u')).
Before verifying |(%)| we argue why this is enough to finish proving Claim [5.3
Clause asserts that possibly replacing k with a bigger number kT, and u with
an element of ’/T’:} (u) (and possibly interchanging the roles of the u’s and v’s) we

can assume that
(5.6) =(uRm; (V)

i.e. there is no adjacent node to u in ijolk (v"). This would yield a contradiction, as
picking any thread (u;); in projlim; J; with uy = u, then (u;); € pr—1(C), but for
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the thread (v;)ie., defined by the equation (v;); = 6((u;);) € P necessarily v;, =
alu) = ', so vy € Tji)}k(ﬂl), so —(vgRuy). This means that —(&((u;):)R((ws)q)),
and so o(pr((u;);) # pr((u;);), contradicting our premise o[C = id¢. Therefore it
remains to verify

We assume that the first alternative fails. Then a standard argument shows that
for some (u;); with u;, = v/, and (v;); with v;, = v' we have ¢((w;);) = (vi); and
u;Rv; for all i. Then (using that every node is of degree at most 1 in the graph
R®), 5((vi)i) = (u;)i, in particular, a(vy) = uj,.

Now if both alternative fails, then for each k¥t > k we have that both Ji+ N
7rk_7i+ (u) and Jp+ ﬂﬂj_(iw (v") are the union of intervals each of length at most 2. But
by Lemmawe know that for some large enough kT both 71',;_;+ (u) and 7Tj_(]%k+ (v")
are unions of intervals with each of length at least 3, therefore Ji+ N W];iJF (u) and
Ji+ N 71']._;,€+ (v") are two intervals with each one being adjacent to I+ \ Jy+. Since
they are adjacent to each other (by our assumptions), we obtain that |Jp+| < 4,
which would imply that | projlim; J;| < 4. Finally, note that |(projlim; J;)/R| = 1,
which contradicts = # y, as both lie in pr(projlim; J;). This finishes the proof of
DClaiHm

|]Lemmdm

The only thing en route to a homeomorphism that is not conjugate to any element
of Aut(P) is to construct one that satisfies the premise of Lemma

Proposition 5.4. There exists an o € Homeo(P) as in Lemma .

Proof. We are going to

e define a generic sequence Jy, Ji,..., J,,... of finite linear graphs by hand
(together with the bonding maps m; ;, 1 < j <),

o identify P with projlim,; J;, and let 7; : projlim; J; : J; be the natural
projection,

e and construct epimorphisms h; : Jp, 41 — Jp, in such a way that for any
choice of 5; € Aut(lP) with m,, 0 5; = h; o T, +1 we have that &; converges
uniformly (in C(P, P)), moreover the limit is an element of Homeo(P),

and we will let o be the obtained function lim; &;.
The following definitions are particular cases of notions from an unpublished
work of Solecki and Tsankov.

Definition 5.5 (Solecki-Tsankov). Let L be a finite linear graph. A family ¢ of
sets is an L-type if ¢ is a maximal linearly ordered by C family of connected subsets
of L.

Definition 5.6 (Solecki-Tsankov). Suppose that f : J — L is an epimorphism
between the finite linear graphs J, L, and let a € J be a node, M C J be a
subinterval with a being an endpoint of M. Then we define the type of the pair
a, L with respect to f, in symbols, tp®*(f) to be the L-type

tp®M (f) := {f[M'] : M’ C M is an interval, a € M'}.
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(So if M = {a,d’,ad”,...,a!™I=D} is an enumeration of M that is a walk, then
tp»M (f) codes the order in which the walk f(a), f(a'),... f(aMI=1) visits the
nodes of J.)

By induction on i we define

Ji, Ki, Ti,i4+1 for i = —1,0, 1, caey
h717
he, k€ w,

Lak+2, Lagts (k € w),

Gs frr fr, i (k€ w),

keeping the following outline in mind. The idea is that projlim; K; C projlim; J;
will represent the subcontinuum C' on which the prospective homeomorphism o
is the identity. o will be approximated with automorphisms represented by the
h}s, or f;’s, g;’s. Basically these are liftings of each other, the only purpose to give
them different names is an attempt to ease the notational awkwardness later, e.g. in
the proof of Lemma @ More concretely, h; : Jy; — Jy;—1 is an epimorphism and
h? : Jaip1 — Ju; is an epimorphism with h; o hf = m4;—1 4541, Wwhere the existence of
h?’s will ensure that the limit is (left-)invertible, so injective. Then f; : Jupt2, 4541
will be a lifting of h;, which will be ensured by the condition h{ o g; = 74;.4i42. In
the recursive construction Ky;4; will not only have Ky; 12 as a g; and m4i41,4542-
preimage (on which g; and 7441 4,42 coincide), but also a copy of it Lsi42. In
the next step of the recursion this is followed by the construction of Jy;+3, and
fisTaig2 4i+3 * Jaivs = Jai42, where we can also guarantee that f;, m4;42 4i+3 map
Lyiys to Lyqo, as well as Ky;49 to Ky10. But instead of f; being a lifting of
gi, it will be only an almost lifting, because we will arrange so that f;[L4;43 is
roughly speaking a shift of T4i+43,474+2 rL4i+3 by one. Finally, hi-i—l : ']4i — ']4i.1 will
be a lifting of f; guaranteed by the condition f; o m4i43.4i44 = Tait12,4i+3 © Riy1.
Each h; will be responsible an amalgamation task. We will have further technical
conditions, e.g. the conditions on types, which will be necessary to carry out our
main tasks.

Formally we require that the J;, K;, fi, fl, gi, hi, b satisfy the following.

M, J; is a finite linear graph,
M, K; C J; is a subinterval,
B; K, =L_; =J_; are the one element linear graph,
W, h;, hY, gi, fi, f] are epimorphisms
hi € Epi(Jyi, Jai—1),
hi € Epi(Jait1, Jai),
9i € Epi(Jaivo, Juit1),
fis i € Epi(Jaits, Jaita),
B 7, ;+1[Kit1] = K;, and the 7’s agree with the h;/h?/g;/f; on K), whenever
it is appropriate (and defined), i.e.
o Tup—1,4k | Kap = hi [Kap,
o Tupak+1 ] Kapy1 = hp [ Kapta,
® Tapt1,ak+2 [ Kakt2 = g [ Kapyo,
o Tupi2 a3 Karnts = fu[Kants,
moreover they map endpoints to endpoints,
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M for each a,b € Jij1, if aR3b, then m; ;41(a)Rm;i+1(b) (e.g. if for ¢ € J;,
each connected component in il_H(c) is an interval of length at least 3),
W, for i = 4k — 1 (including i = —1):
M;(a) for each maximal connected component (subinterval) C' of Jy \ K
we have ’/T4k,174k[C] = J4k,1 = hk[C], and

tp° € (hi) = tp° °C (Tap_1.4) for ¢* € C with ¢* RKyy,
W (b) (and if £ > 0:) hag_2 © Tak—1.4k = Tak—2,4k—1 © Ra—_1,
M for i = 4k:
Bg(a) hy o hy = Tap—1,4k © Tak ak+1,

B (b) for each maximal connected component (subinterval) C of Jyri1 \
K4k+1 we have 7T4k,4k+1[0] = J4k = hk[C], and

tp”’c(hk) = tpx’c(ﬂ4k,4k+1) for z € C with xR K, 1,
Bs(c) for each a,b € Jypi1, if aR3b, then hf(a)Rh (D),

My fori=4k+1:

Wy (a) Tapt1,ak+2[Lakte] = Kags1, and Tapi1,ak+2 [ Lags2 maps endpoints to
endpoints,

Wy (b) Tary1akt2lLans2 = grlLaryo,
Wy (c) ~(Lag+2RKak+12),
My (d) for each maximal connected component (subinterval, of which there

are 3) C of Jygy2 \ (Kapt2 U Lygy2) we have

Tak+1,46+2[C] = Jag41 = gi[C],
and
for x € C with xR7sk+2 (K4k+2 @] L4k+2)
tp™ (gi) =t (Takt1,46+2),

My(e) hyogr = Takak+1 © Tak+1,4k+25

W, fori=4k+ 2:

.10(&) 7T4k+2,4k+3[L4k+3] = L4k+2, '/T4k+2,4k'+3 fL4k+3 maps endpoints to end—
points,

B (b) Tapt2,4k+3[Larts = f,[Lakts,

Wio(c) letting Cq, Co, C3 denote the connected components in Jyg 42\ (Kyk42U
Lyg+2) we have that letting

Ci =Ty o anss(Ci), 1 =1,2,3,
C1,C%, C% are all connected (intervals), and
Cj = (fi)7(Cy) for j=1,2,3.

Wio(d) Tapt1,ak+2© [, = Gk © Tak42,4k+3,

M(e) for a € Jupys \ Lapys we have frp(a) = f}(a),

W (f) for each a € Lyy13 we have |fi(a) — fi(a)] < 2, and if a € Lyg43 is
such that m4g42 4k+3(a) € Lagyo is neither an endpoint nor is related
to an endpoint of Lyjy2, then

|[fi(a) = fr(a)] = 2 (= |mart2.an+3(a) — fr(a)])
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(note that the above imply

(5.7) (Tak+1,46+2 © fi)R(gk © Tapt2,4k+3),

M, whenever M is a linear graph and ¢ : M — J; for some 4, then there exists
j >, ¢" : Jj — M, such that m;; = ¢ o ¢t (where m; ; denotes the
composition m; j41 ©...0mj_15),

Before the construction we argue that this will result the required homeomorphism.

Lemma 5.7. Assume that the induction maintaining [li} can be carried out.
Then
(1) projlim; J; (with the bonding maps m; j, i < j defined as in s 1somor-
phic to P,
(2) letting K = projlim,; K;(C projlim, J;), its projection C := pr[K] is a
subcontinuum,
(3) there exists (x;)i, (yi)i € K such that m;((z:)i) = x4, mi((yi):) = yi are the
two endpoints of K,
(4) if for each k the map o, € Aut(P) is such that max—100k = homak, then oy
is convergent in Homeo(P), and their limit o is as in Lemma witnessed
by the subcontinuum C and x = pr((z;)i), y = pr((y:)i)-

Proof. (Lemma It is standard that suffices for |(1)]

Since K; is an interval, any clopen decomposition Cy U C; of K is of the form
Co = m 1(K?), Cy = 7, '(K}), for a partition K U K} of K;. Now there must
exist (29);, (2}); € K with 2Y € K?, 2} € K} and (29); R(z});. But then necessarily
pr((22);) = pr((2}):), so C is a continuum, indeed.

For note that {z;, y;} must be the set of the two endpoints of K;. Now clause
clearly implies

Pick such an oy, for each k. First we are going to check that (o) is convergent
in C(P,P) (so limy oy is a surjective continuous function), and that limj oy is
injective. In light of the second part of Theorem [2:4]it suffices to verify that for all
finite connected linear graph A and ¢ € Epi(IP, A) we have that for all large enough
n,n’ we have (p o g,)R(¢ o o,,r). Using the fact that every epimorphism factors
through a m;, it is enough to check that

(5.8) (ap_100k)R(mapr 1 00pr) if k< K.

A standard induction argument gives that the following claim implies ([5.8]).

Claim 5.8. If ¢ € Epi(P, Jyr43) s such that Y R(mwap43 0 0kt1), then
(Tak—1,4k+3 © V) R(T4p—1 0 o).

Proof. (Claim [5.8)) First we note that since mgy3 0 og+1 = hpt1 © Takta, clause

M- (b)| implies

(5.9) Tak4+2 O Okl = TAk+2,4k+3 O Pkt1 © Takta = fr O Tak43,4k+4 O Tak+4
= fr o Tary3.
As (5.7) says

(Tak+1,46+2 © fr)R(gr © Tart2,46+43),
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we can apply Tak+1.4ak+2 to (5.9)
(5.10) T4k41 © Okl = Takak+2 © [ © Tap+3 R (gr © Tap42).

On the other hand, applying mag41,4k+3 t0 YR(Tak43 © 0p41) We get

(Tak+1,4k+3 © V) R(Tak41 © Okt1),
so by (5.10),
(g © Tapyo)R? (Ta41,4k+3 0 ).

By We can apply hy o hy, = Tak—1,4k © T4k 4k+1 = Tak—1,4k+1 O both sides, to
get

(hi o hy, © gi © Tagy2) R(Tap—1,4k+3 0 V)
(here we can write R instead of R? by . Now using the LHS can be
simplified to (hy o T4k ), SO
(hi © Tag ) R(Tag—1,4+3 0 V),

but notice that this LHS is just m4x_1 o o), and we are done. OclainEs

This means that (5.8)) holds, and o := limy, oy, exists (in C(P, P)). We now check
that o is a homeomorphism, for which it is enough to see that o is injective.

Claim 5.9. The map o = limy oy, € C(P, P) is injective.

Proof. (Claim[5.9)) Pick (z;);, (2/); in P with pr((z;);) # pr((2});). This means that
—(z;Rz) for large enough i. With it is enough to show that for large enough
k we have —(mar—1 0 0k((2:)i) R3map—1 0 ok ((2]):), i.e (by the definition of o}), we
need that

= (hie(2a1) R i (24.)-
Suppose that k is large enough so that
(5.11) (24 R2ly,)-

We claim that —(hji1(2ap+a) R¥Pgy1(2)y44))- Assume otherwise, so

Piet1 (Zakra) R¥ i1 (Zhpsa)s

and therefore

(5.12) (Takt2,4k+3 © Pig1(Zar44)) R(Tap2,4%43 © M1 (Zhpia)
by Applying (B, (b)| to the LHS,
(5.13) (Tak42,4k+3 © hiy1(Zap44)) = (fr © Tant3,an+4) (Zakta) = fr(Zak+3)s

and similarly for 2, . ,, i.e.

(5.14) (Tak+2,45+3 © M+ 1(2p1a)) = (fi © Tants,ak+4) (Zhpga) = Fe(2prs)-
Combining (5.12)-(5.14) we get (f(zar+3)R(fi(24y43), s0 clearly

(5.15) (Tak41,4k+2 © [o(Zan+3) R(Takt1,ak42 © fr(Zpys)-

Applying (5.7),

(5.16) (Tak+1,4k+2 © fr(Zarp+3)) R(Ragt+1 © Taky2,ak+3)(Zak+3) = Gr(Zak+2),

and similarly for 2/, i.e.

(5.17) (Tar+1,4k+2 © [e(Zhpi3)) R(hag41 © Taps2,4643) (Zargs) = 9r(Zhpia)
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and so (5.15)-(5.17) give us gi(zart2)R3gk(2hy45)- Then by [Ms(c)]
(hy o gr(zan+2)) R(h} © gk (24542))-

By (Wgy(e)), hy o gr(zant2) = zar, and h} o gr(24y o) = 24, SO zap 2}y, which
contradicts (5.11)). UclainEd

So o € Homeo(P), indeed, and it remains to check that C, z, y witness that o
has the properties from Lemma [5.2] First we recall Fact [A:2] i.e. that sets of the
form

{pr((zi)i) : (2:)i €P, zjRa;} (j € N)
form a neighborhood basis of © = pr((z;);), and similarly with y = pr((y;);)-

Now we can fix the pairwise disjoint regular open sets Uj,Us,Us of P as in
Lemma [5.2] with = € Uy, y € Us, Ui, cl(U;) = P and C N el(Uy) = §. Let
W,; = pr—1(U;) for i = 1,2, 3. By the observation above there exists ip such that

0, for every (z); € P, z;, Rx;, implies pr((z;);) € Uz, so (z); € Wa.
Similarly,
Oa zi, Ryi, implies that (z;); € Ws.

Since each point admits a neighborhood which at most two U; can intersect, we

can also assume that ig is large enough so that for a € J;,

7 (a) intersects at most 2 of {Wy, Wa, Ws}.

%0
W.lo.g. we can assume that iy = 4k for some k € N.

Since C' is of positive distance from U;, we may also assume that whenever a €
Ky we have 71'4_k1 (a) intersects only Wy U W3, but cannot intersect Wy. Moreover,
since pr(7; (a)) has nonempty interior in P and U?Zl U; is dense, at least one of
W5 and W3 must intersect 7747,61 (a). This means that

O3 if a € Lo, then 7r47k1+2(a) can only intersect W5 and W3, and it intersects
at least one of them.

Moreover, if L4k+2 = {lj < |L4k+2|} (Wlth llej+1), then

{marar+2(l0), Tar ak+2(Y Ly yo)—1)} = {Tak, Yar }

by Therefore, it follows from together with that

Ly 7T4_k1+2(10) U szkl-s-z (h)u 7T4_k1+2 (l2) C Wy,

L5 ﬂ;k1+2(l|L4k+2‘*1) U 7T47k1+2(l‘L4k+2|*2) U 71-47]c1+2(l|L41€-¢—2|*3) CWs;
which we can assume by possibly flipping the order and numbering (and in fact
this is not even strict, but we won’t need more than these 3-3 elements). Now
we recall ie. for a € Lyyys we have |fi(a) — Takyo4r+3(a)| = 2 unless
Tak+2,4k+3(a) € {00, 11,4y 0]—15 | Layss|—2}- This can only happen if either

Clg for every a with Tap124k43(a) & {lo, 11, 1Ly a]=15 | Lapyo|—2) We have

fk(a) = lﬂ4k+2,4k+3(a)+2’

or for almost all a’s fx(a) = lr,, 5 4ss(a)—2 holds. We will assume [[Jg} as the other

case is essentially the same. We
(7 let m < |Lygpi2| be largest such that 7T4_k1+2 (Im) N Wy #£ 0,
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and note that

(518) 2<m< |L4k+2| -3

holds by (since the W;’s are pairwise disjoint). Pick zZ = (z;); € W» ﬂw;lirQ(lm).
Now k13 ak+2(24k+3) = Zakt+2 = lm, SO necessarily

(5.19) fe(zak+3) = lna.

Recalling (5.8) and the fact that o(pr(z)) is the limit of pr(c;(2)) (in P) by
compactness of IP there exists a sequence z* = (zF); € P that is a an accumulation
point of (0;(2)):, so necessarily represents o(pr(z)) € P, i.e. pr(z) = o(pr(z)) and
has the property

Zieys B (Tarys 0 0k 41(2)) = hiegr (Zan+4)
(where the equality follows from the way we picked oy, |(4)). This means that the

following claim implies (z}); € W3, so pr((z});) € Us, and we are done.

Claim 5.10. If b € Jupys is such that bRhyy1(24514), then w51 5(b) € Wa.

Proof. First we let w = hyy1(24644) € Lak+3, note that (by (Hz(0)))
Tak+2,4k+3 (W) = Taky2 ak+3(Pet1(2an4a)) = fr(2an43) = lmt2,

in particular, =(74x+2,4k-+3(w) Ry, so by and

(5.20) wRD = Tapr2.4613(0) € {lms1, bty lmaa} C Lagyo.

This means bR*w implies 7, 5(b) N W2 = 0 by the definition of m ([J7) Hence,
by the definition of the W;’s (i.e. W; = pr=(U;))

(5.21) pI‘(7T4_k1+3(b)) N U, = if bR*w,
similarly, by
(5.22) pr(myl (b)) N UL = 0 if bR w.

To summarize, we got
U pr(774_k1+3(b)) N (U UUz) =0.
b€J4k+3, bR3w

Since | J°_, U; is dense in P, Us must be dense in the open set
j=1"J

P\ U pr(ﬂz:k1+3(b)) )

bEJak+3, ~(bR3w)

so using that pr(my,, 5(d)), pr(my,5(c)) are closed sets that are from positive dis-
tance apart iff =(cRd),

U pr(mgls®) € P U pr(my (b)) | €
b€J4k+3, bR2w bEJ4k+3, “(bR3w)
- int(Cl(Ug)) = int(Ug) = Us,
as Uj is a regular open set, which finishes the proof of the lemma.
UclainE1a
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|jLemmdﬂ

The inductive steps (depending on the remainder of ¢ modulo 4) will rely on
Lemmas below, with Lemma handling the case of stepping from 4k
to 4k + 1 (constructing Jag41, Tag ak+1, Ay), and the last one handling the case of
going from 4k + 3 to 4k + 4 (constructing Jag+4, Tak+3 4k+4, Ri+1). Before stating
these lemmas we first prove some auxiliary lemmas about piecewise amalgamation
with some values prescribed.

Lemma 5.11. Suppose that J 2O K, J' D K’ are finite linear graphs, 7,h: J' — J
are eptmorphisms, such that
(1) 71K’ = hlK’,
(2) n[K'| = K (= h|K']), ® maps endpoints to endpoints,
(8) J' is the disjoint union of the distinct nonempty intervals C1, Ch, K’,
(4) w[C1] = h[C1] = 7[C5] = h[C3] = J.
(5) force CTUCsy, if vRK' (in particular, c is an endpoint of C’; for j =1 or
j=2), then
tp® %7 (h) = tp®©i (m).
Then, there exist J” 2 K", and ©',h® € Epi(J”,J’) that satisfy the following
requirements:
By hoh®* =mon,
Bo J” is the disjoint union of the nonempty intervals K", Cy, CY,
Bs h*|K" = n'|K" with #'[K"] = K', and these (r'1K") map endpoints to
endpoints,
By m'[C] = h*[C] = J', #'[C3] = h*[CY] = ',
Bs force CYUCY, if cRK" (in particular, ¢ is an endpoint of C; for j =1
orj=2), then
tpc,C;’(ho) _ tpc,C;’(ﬂ_l).
Be for each d € J', (n')~1(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies ' (a)R7’ (b).

Proof. (Lemma First we are going to amalgamate the pair h, m piecewise on
Cy, on K and on Cy to get J* which will be the disjoint union of K+, Cf", Cyf
(with K+ RC;"), the mappings h*, 7+ € Epi(J*,J') with 7 o 7™ = h o h™, such
that 77[C;'] = hT[C}H] = C!, hT[K+] = 7t [KT] = K', and h*[K+ = 77K+,
This can be done by invoking the moreover part of Lemma [B.I] two times, with the
roles
e M=C{ =M, f=mr|C], f/ = h|C], and setting m_ = m’_ to be the node
connected with K, after which we can let Cf be the resulting O, 7+ fo
be the resulting g, h™ [Cfr be the resulting ¢’,
e M =Ch =M, f=mxCh f = h|Ch, and setting m_ = m’_ to be the
node connected with K, after which C3 will be the resulting O.
We let KT be isomorphic to K and n|K = h* K be an isomorphism.

Now let JT be a linear graph which is the disjoint union of the intervals Cf ,
K+, Cf (where K* lies in the middle). Pick a finite linear graph J” which is
the disjoint union of the intervals Cy, K”, CY and 7* € Epi(J”,J*") such that
m[K"] = KT, n*[C}] = JT, moreover,
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o if C{/ = {ao, A1y e v ey a,|Ci/|_1} where K/,Rao, aiRaH_l, then the walk
7'('*((10), 71'*(@1), . ’W*(alci'l—l)
visits all nodes of C;" before reaching K+, i.e.
tpC1 (%) 2 {Cf, Cf UK},
e similarly, if by € CY, b RK", then
tp® 2 (1) 2 {CF, O UK},
e for every d € JT, each connected component of (7*)~!(d) is an interval
including at least 3 nodes.
One easily checks that 7’ = 7* o v, h® = 7* o h™ will work.
|:lLemme’Ejm
Lemma 5.12. Suppose that J 2O K, J D K' are finite linear graphs, w,h® : J' — J
are epimorphisms, such that
(1) 7K' = h*| K,
(2) n[K'| = K (= h*[K']), ® maps endpoints to endpoints,
(8) J' is the disjoint union of the distinct nonempty intervals C1, Ch, K’,
(4) w[C1] = h*[C1] = w[C3] = h*[C5) = J.
(5) for c € CTUCs, if cRK' (so then necessarily ¢ is an endpoint of C’; for
j=1o0r2), then
7% (h°) = 19 ().
Then, there exist J" 2 K" L"”, and «',h € Epi(J”, J') that satisfy the following
requirements:
H; h*og=mon’,
Be J” is the disjoint union of the nonempty intervals C{, L, CY, K", CY¥,
Bs g|K" = «'[|K" with '|K"] = K', and this epimorphism (7'[K") maps
endpoints to endpoints,
By gIL" = #'|L" with ©'[L"] = K’', and this epimorphism (w'|L") maps end-
points to endpoints,
B «'[C/] =g[C{1=J fori=1,2,3,
Be force CYUCYUCY, if cR(K" UL") (so then necessarily c is an endpoint
of C7 for j € {1,2,3}), then

=% (g) = tp= ().
By for each d € J', (7')~Y(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies '(a)R7' (b).

Proof. Notice that the main difference compared to Lemma[5.11]is that we “double”
K" (and we have 3 complementer intervals instead of 2). Let J*, K*, C, C3, *, g*
be J”, K", CY,CY,n" and h* given by Lemma[5.11] Our J” will be an appropriate
extension of J7T.

So let J” be a finite linear graph with an epimorphism 7** : J” — J* that
satisfies

e J” is the disjoint union of the connected subgraphs C{, L, C¥, K" C¥,
where consecutive ones are connected,
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R (CY] = (0] =
7.(.>i<>i< [C//] 02 ,

W**[K”] _ **[L//] — K*’

for every d € J*, each connected component of (7**)~1(d) is an interval
including at least 3 nodes.

It is straightforward to check that #’ = 7#* o 7**, g = g* o 7** work. OLemmdETal

Lemma 5.13. Suppose that J D K,L, J' O K', L' are finite linear graphs, w,g :
J' — J are epimorphisms, such that

(1) mIK' = g[K’,

(2) n[K'| =K (— [K']), m maps endpoints to endpoints,
(3) L' = gL,
(4) mlLl'] = K (— [K']), m maps endpoints to endpoints,

(5) J' is the disjoint union of the distinct nonempty intervals Cy, L', C}, K’,
Ch (with consecutive ones being connected to each other),

(6) ©|Ci] = g[C]] = Cy fori=1,2,3,

(7) forx € Cf, if tRK', or xRL’ (so then necessarily x is an endpoint of C}),
then

tp™%(g) = tp" % (m).
Then, there exist J” O K", L", and ', f, f' € Epi(J”, J) that satisfy the follow-
ing requirements:

By gor —mof,

By J” is the disjoint union of the distinct nonempty intervals Cy, L, CY, K",
CY, with the consecutive ones being connected,

By f'IK" = 7' K" with «'[K"] = K,

By fIL" =#'IL" with #'[L"] = L',

B «'[C/] = Cl = f'[Cl] fori=1,2,3,

Mg for each d € J', (7')~1(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies '(a) R7' (b).

B, forae J'\ L" we have f(a) = f'(a),

B for each a € L" we have |f(a) — f'(a)] < 2, and if a € L" is such that
f'(a) = 7'(a) is neither an endpoint of L' nor is related to one then |f(a)—

fa)l =2,
Proof. We are going to construct
° K/I 7.r/ FK// f/ rK//I
° L/I ’,n_/ [L/I ’f/ rLI/ ’
o CI' 7' CY, f11CY for i =1,2,3
separately, in such a way that they map endpoints to endpoints. If these restrictions
satisfy then we will have
We can apply the moreover part of Lemma separately to the pairs ¢[C} and
w|Cl (so M = M'=C}, f=gIC}, f ==[C)) where i=1,3, to obtain C/, f'ICY,
' [CV.
Next we apply the main part of Lemma to Cs. Finally, since 7K' = g|K’,
and 7L = g|L’ we can take K" = K', L” = L/ (and f'|K" = 7'|K" = idg~).
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Now J”" = C{ UL"UCYy U K" UCY (connecting the pieces in this order) will
satisfy If #* : J* — J” is an epimorphism where each point’s preimage is
exactly an interval containing 3 nodes, then replacing f/, #’ with f’ o 7*, 7’ o 7*
and replacing J” with J* will ensure too.

Finally, to get f we first note that (f’)~!(L’) = L” implies that the endpoints of
L" are sent to those of L', i.e. if I” I/l € L" are such that I” RCY, I'/ RCY, and the
endpoints [’ , I, € L’ are such that I’ RCY, I', RC;, then f'(I"”) = 1", f'(I}) =1,
(for this we used also f'[C}'] = C!). We also note that by [Hg| there is a connected
subgraph of L” containing I”, consisting of at least 3 elements all of which are
mapped to I’ by f’.

Identifying L’ with {0,1,2,...,|L'| — 1} (where I’ =0, I’ = [L’| =1, we can
define f[L" as follows.

f'(a) (=0) ifa=1"
fIL(a) =< f'(a)+1(=1) ifa# 1", aRl”
max(f'(a) +2,|]L'| = 1), otherwise.
Finally, letting
frJ// \ L// — f‘/ rJ// \ LN’
it is straightforward to check that f € Epi(J”,.J’) with the desired properties.
|:lLernmalm

Lemma 5.14. Suppose that J O K,L, J D K'.L', n,f : J — J are epimor-
phisms, such that

(1) 7K' = fIK",
(2) n[K') = K (= f[K']), m maps endpoints to endpoints,
(3) mIL' = fIL,
(4) w[L'] = K (= f|K']), @ maps endpoints to endpoints,
(5) J' is the disjoint union of the distinct nonempty intervals C1, L', C4, K’',
Ch (with consecutive ones being connected to each other), similarly, J is
the disjoint union of C1, L, Cy, K and Cj,

(6) m[Ci] = fIC] = Ci fori=1,2,3,
Assume moreover, that

(7) M is a finite linear graph, ¢ € Epi(M,J").

Then, there exist J” 2 K", and 7', h € Epi(J”,J’) that satisfy the following
requirements:

B, for'=moh,

By there exists ¢* € Epi(J”, M) with ¢ o ¢* = 7',

Bs J” is the disjoint union of C{, K", C§ (consecutive ones are connected),

m, K" = h|K",

B n'[K"] = K'(= h[K"]),

Hg fori=1,2

m'[CY] = h[C]] =T,
and if ¢ € CY satisfies cRK", then

el () = tpoC ().
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By for each d € J', (7')~1(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies '(a) R7' (b).

Proof. The finite linear graph J” will be the result of three successive extension of
J’. We are going to define
e J* and 7*, h* € Epi(J*,J') with fon’ =moh*,
e J** and 7** € Epi(J**, J*),
e and finally J”, " € Epi(J”, J*),
and we will let 7/ = 7m*on** on”, h=h* o™ o 7”.
The extension J* will be the disjoint union of the finite linear graphs C7, L*,
C5, K*, C%, which are connected to each other in this order. C}, n*[C}, h*[C}
are gotten by applying Lemma [B1] to g[Cy and 7[C}, and similarly, we obtain
D e {L*,C5,C5}, m* D, h*| D by the same way, while we can let K* be isomorphic
to K’ (since fIK' = w|K’), so
W, for D € {C},L*,C;,K*,C3}) n*[D] = h*[D], and 7*, h* map endpoints
of D to endpoints of 7*[D] (which is CF if D = Cf, etc.),
W, 7" K* =h*[K*,
W; in particular, if D # E € {Cf, L*,C5, K*,C5}, then #*[D] N n*[E] = 0,
Next, we define an extension J** of J* as follows. The pair J** and 7** €
Epi(J**, J*) is in fact uniquely determined (up to isomorphism) by the requirements
that
e J** is the disjoint union of D;, i = 1,2,...,8 with D;RD;1,
e for each ¢ the map 7**[D; is a bijection,

m**[D1] = 7**[Dg] = J*,

7" [Dy] = 7 [D7] = C3,

m*[D;] = K* for 1 = 3,4,5,6.

For future reference we remark that

(5.23) (7 [Dsg is an isomorphism with J*) & (d € Ds AdRD7; — 7n**(d) € C%),

(5.24) (7**|D; is an isomorphism with J*) & (d € D1 AdRDy — 7**(d) € C3),

Next, we are going to use M and f from to construct J”. W.lLo.g. we can
assume that f factors through 7* o 7**, or simply f maps onto J**, so we can pick
J", f* € Epi(J', M), " € Epi(J”,J**) with 7" = f o f*. We can assume that
(")~ 1(a) consists of intervals each of length at least 3 whenever a € J**.

Finally, we claim that letting 7’ = n* o m** o ", h = h* o m** o 7", and K" be
any interval in J” with

o 7'[K"] = Dy U D5, and K" is maximal such interval (i.e. a ¢ K", aRK"
implies 7" (a) € D3 U Dg),
e if C C J”\ K" is maximal connected, then 7" [C is surjective
will work (i.e. is satisfied). We also remark that passing to a further extension
of J”, if necessary and replacing J”, 7, without loss of generality such K" exists.

Solet C C J”\ K" be a maximal connected subgraph, ¢ € C be such that cRK",

we need to check that

tp““ (h) = tp“ ().
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It is easy to see that 7''(¢) € D3 U Dg. We let k* denote the unique node in K*
with k* RC5. By the way 7** : J** — J* is defined one can check that

7 on"(c) = k*.
We claim that
(5.25) tp&C (7™ on”) D {{k*},K*, K*UC;, K*UC; UC3, K*UC; UC; UL*}.

Clearly tp©(n"") contains a set H, such that H is either the entire D3 and a subset
of D4UDsU Dg, or H contains the entire Dg, and a subset of D3 U D4 U Ds. Either
case m*[H] = K*. Similarly, tp>“ (") contains a set H’ that is either the union
of Dy U D3 and a subset of Dy UDgU DgU D7, or H is the union of the full Dg U D7
and a subset Do U D3 U Dy U Djs. In either case, 7**[H] = K* U C%. This implies
that

tpe (" o) D {{k* }, K*, K* U C}}.
Now recalling ((5.23)) and (5.24]) it is easy to check that (5.25] holds, indeed. Finally,
k* is an endpoint of K*, so byandthe node 7 (k*) = 7'(c) = h*(k*) = h'(¢)
is an endpoint of K’, so applying 7* and h* to (5.25)),

tp®C(n* or** o ") D {{x'(K")}, K',K' UC4, K'UC,UC), K'UCsUCy U L'},
and
tp&C (h*om**or’) D {{n' (k") = h*(k*)}, K', K'UC}, K'UCLUCS, K'UC,UCLUL'},

which by our assumption on the structure of J’ uniquely determine tpc’c(w* o
7** o ") and tp®“(h* o 7** o 7”), in particular these two coincide.  OpLemmdgTa

|jlz’ropositior@

APPENDIX A. PROJECTIVE FRAISSE LIMITS

We recall here the framework of projective Fraissé theory. The theory was in-
troduced in [7]. The description below is a generalized version of [7].

Category K. We fix a symbol R. By an interpretation of R on a set X we
understand a binary relation RX on X, that is, RX C X x X. We say that RX
is a reflexive graph if it is reflexive and symmetric as a binary relation. Assume
X and Y are equipped with interpretations RX and RY of R. Then a function
f: X =Y is called a strong homomorphism if

— for all #1, 25 € X, 21 R¥ x5 implies f(z1)RY f(x2);
— for all y1,y2 € Y, y1 RY yo implies that there exist z1, 2o € X with y; =
f(x1), y2 = f(x2), and 21 R¥ x5.
By reflexivity of RY, a strong homomorphism is a surjective function from X to Y.
We will often skip the superscript X in R¥ trusting that the context determines
which interpretation of R we have in mind.
We have a category K each of whose objects is a finite set equipped with an

interpretation of R as a reflexive graph, all of whose morphisms are strong homo-
morphisms, and the following condition holds
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(o) if A, B,C are objects in K, f: A — B and h: A — C are morphisms in i,
and g: B — C'is a function such that h = g o f, then ¢ is a morphism in
K.
We say that K is a projective Fraissé class if it fulfills the following two
conditions:
(F1) for any two objects A, B in K, there exist an object C' in K and morphisms
f:C—Aand g: C — Bin K;
(F2) for any two morphisms f, g in K with the same codomain, there exist mor-
phisms f’,¢" in K such that fo f'=gog'.
Condition (i) is called the joint projection property and condition (ii) is called
the projective amalgamation property.

Category K* and projective Fraissé limit. We consider a category K* whose
objects are totally disconnected compact metric spaces K taken together with sets
Epi(K, A) of continuous surjective functions from K to A, for A € K, with the
following properties:

(A1) for each continuous function ¢: K — X, where X is a finite topological
space, there exist ¢ € Epi(K,A) and a function f: A — X, for some
A € K, such that

Y =foy;
(A2) for all ¢ € Epi(K, A) and ¢ € Epi(K, B), for some A, B € K, there exists
x € Epi(K, C), f € Epi(C, A), and g € Epi(C, B), for some C € K, such
that

¢=fox and ¢ =gox;
(A3) for a strong homomorphism f: A — B, for some A, B € K, we have
(f o € Epi(K, B), for some ¢ € Epi(K,A)) = f € Epi(A, B)
= (fop € Epi(K, B), for all ¢ € Epi(K, A)).

Conditions |(A1)] |(A2)] |[(A3)| assert that elements of K£*, that is, K together with
Epi(K, A), for A € K, can be viewed as inverse limits of sequences consisting of
structures in K with bonding maps being morphisms in .

A morphism in K* is a continuous surjection o: K — K’ such that p oo €
Epi(K, A), for each ¢ € Epi(K’, A) with A € K. By

Aut(K)

we denote the group of all invertible morphisms K — K, that is, all homeomor-
phisms o: K — K such that both it and ¢~! are morphisms in *.

Proposition A.1. Let K be a countable projective Fraissé class. There exists an
object Koo in KC* such that

(P1) (projective universality) Epi(Koo, A) # 0, for each A € K,
(P2) (projective ultrahomogeneity) for each A € Ko, ¢, € Epi(Ky, A) there
exists o € Aut(Ky) such that ¢ = oo.

The object in KC* with properties|(P1)| and is unique up to isomorphism.
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The unique object Ko in Proposition[A-T]above is called the projective Fraissé
limit of K.
The proposition is proved by constructing structures A,, in I and m,: A,41 —
A, in Epi(A,+1,A4,), n € N, such that
(G1) for each A € K, there exists m € N with Epi(4,,, A) # 0;
(G2) for each A € K and f € Epi(A4, 4,,,), for some m € N, there exists n > m
and g € Epi(A,,, A) such that

fog=mpo---0omy_1.

The construction is done by induction using countability of K and properties [(F'1)|
and [(F2)l One lets K, = projlim,, (A,,7,). One then has the canonical projection
maps mo°: Koo — Ay, and defines, for A € IC,

Epi(Keo, A) = {fom° | f € Epi(A4,, A) for some n € N}.

A sequence with properties and is called a generic sequence for K.

One checks properties [[AT)H{(A3)|and [(P1)] [[P2)l Property (o) of the Fraissé class

K is not used in the construction; it is used to check the first implication in
Define a binary relation R¥ on any K € K* by letting

Ry iff (p(z)R*p(y), for all A € K and all ¢ € Epi(K, A)).

We note that RX is a compact symmetric and reflexive binary relation on K. We
also note that all elements of Aut(K) are isomorphisms of the structure (K, R¥).

The canonical quotient space of a transitive class K. We will abandon the
subscript in the notation K., for the projective Fraissé limit of .

We say that the Fraissé class K is transitive if R¥ is a transitive relation on
the projective Fraissé limit K of K. Transitivity of RX implies that it is a compact
equivalence relation on K since R¥ is compact, symmetric, and reflexive by its very
definition.

Assume K is a transitive projective Fraissé class. Then

K =K/R¥

with the quotient topology is a compact metric space. We call it the canonical
quotient space of . Let
pr: K— K

be the quotient map, which we call the projection.
Fact A.2. Ifz € K, then sets of the form
{pr(y) : y €K, p(@)Ro(y)}, ¢ € Epi(K, A), AcK
form a neighborhood basis of pr(z) € K.
Proof. For a fixed ¢ € Epi(K, A) let Ag C Abe Ag ={a € A: p(x)Ra}. Clearly
{pr(y) s v e K, ¢(y) € Ao} 2 K\ {pr(y) : y €K, ¢(y) ¢ Ao} Z pr(z)

since for any y € K =(¢(y)Rp(x)) implies ~z Ry, so pr(x) # pr(y). As {pr(y) : y €
K, ¢(y) ¢ Ao} is closed, {pr(y) : vy € K, ¢(y) € Ag} is a neighborhood of pr(z),
indeed.
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Suppose that U C K is open and pr(xz) € U. Since there are only countably
many epimorphisms in I, by the amalgamation property of K (and by ,
we can enumerate a cofinal system (y;); of epimorphisms, in the sense that each
epimorphism factors through all, but finitely many ¢;. For each ¢; pick y; € K with
pr(yi) ¢ U, ¢(y;)Ro(x). By the previous remark about (p;); (i.e. for each i < j
there exists 7 such that ¢; = 7m0 ¢;) and by a standard compactness argument we
can assume ¢;(y;) = i(y;)) for i < j. By compactness of K, we can assume that
(y:): converges to some y € K (in fact the convergence of (¢;(y;)); already implies
this), so by continuity,

for each i, ¢;(y) = soi(li]r,n(yj)) = li?(wi(yj)) = ¢i(yi),

in particular, ¢;(y)Re;(x). Since every ¢ € Epi(K, A) factors through some ¢;
via an epimorphism we obtain that ¢(z)Rep(y) holds (for every o). So zRXy, and
pr(z) = pr(y) = lim; pr(y;) € cl(K \ U) = K \ U, contradicting that pr(z) € U is
open. UractiAza]

There is a natural continuous homomorphism
pr: Aut(K) — Homeo(K)

induced by the projection pr: K — K. Namely, given f € Aut(K) and = € K, we
fix p € K with = pr(p) and let

pr(f)(z) = pr(f(p)).

It is now easy to check that, since f is an automorphism of K, the value of pr(f)(z)
does not depend on the choice of p. It is also easy to see that pr(f) is continuous and
bijective, so it is a homeomorphism of K. Continuity of pr: Aut(K) — Homeo(K)
is then easy to check. It is clear that, for f,g € Aut(K), we have

(A1) pr(f) =pr(g) iff Va,y € K (zR*y = f(z)R%g(y)).

APPENDIX B. AN AMALGAMATION LEMMA

In this section, we state and prove an amalgamation lemma, which is a special
case of a result from an unpublished work by Solecki and Tsankov. We will need
this lemma for the construction in Section For the sake of completeness, we
provide a direct proof of this particular case here.

Lemma B.1 (Solecki-Tsankov). Suppose that

(1) L is a finite linear graph, M, M’ denote finite linear graphs,
2) f: M — L, f': M' — L are epimorphisms,
(3) m—, myg (m’_, m!_, resp.) are endpoints of M (M’', resp.) which satisfy

"M (f) =t M),

tpm+’M(f) — tpm;’M/(f/).
Then there exist

e a finite linear graph O with endpoints o_, oy,
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e and epimorphisms g: O — M, ¢ : O — M’ with

fog=1fod,
and
. glo)=m_,
. glo) =mt,
L d g(0+) =My,
o g'(o-)=m/,.

Moreover, if we only assume tp™—"(f) = tpmlf’M/(f’), then there exists g : O —
M, g :0— M with

fog=1fog,
and an endpoint o_ such that g(o_) =m_, ¢’(o_) =m’.

First, we deal with the following particular case of Lemma

Lemma B.2. Suppose that L, M, M’ are finite linear graphs, f € Epi(M, L),
f' € Epi(M',L), and the endpoints ly,l_ of L, my,m_ of M, m!.,m’” of M’
satisfy f(m-) =1, f(my) =Ly, f'(m’) = 1_, f'(m’,) = L.

Then, for some finite linear graph O and epimorphisms g : O — M, g : O — M’
we have fog = f"og, and one endpoint of O is mapped to m_ by g (m’_ by ¢,
resp.), while the other endpoint is mapped to m4 and m/,.

Proof. Extend the linear graphs M, M’, L by two points as follows. We let
Meyy = MU {d*7d+}v
such that d_ is connected with m_, and dy is connected with cm+. Similarly,
Ml =M U{d'-,d},
and
Lexy = LU{I", 17 }.
It is easy to see that f : Mext — Lext, defined by the identities f/'|M = f,
(B.1) )=t

fldo) =1
is an epimorphism. Similarly, letting f : M — Ley denote the mapping that
satisfies f/[M' = f,

flda) =1,
fdy) =13
is an epimorphism extending f’. Now let O be a linear graph for which for some
epimorphisms § : O — Mey, and §’ : O — M/, we have fo = f'o§’. By passing
to a minimal subinterval of O with fo g(= f’ 0 §’) is surjective we can assume that
endpoints of O are mapped to endpoints of Ley (i.e. to I*,1%) by fog, and only
those are mapped to the endpoints of Ley.

Now it is easily checked that recalling , and I* I} € Lext \ L, for every
a€0

(B.2)

fogla) =12 <= gla)=d,
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and
fogla=12 = §la)=d_.

Again by minimality one easily checks that if a € O is adjacent to an endpoint of
O, then

o cither fo(a) = f' 0 f'(a) = L, and f(a) = m_, f'(a) = m" ,

e or fog(a)=f'og'(a) =1y, and f(a) =my, f'(a) =m/
(and similarly with %, my, m/ ). So replacing O with the subgraph that remains
upon removal of the two endpoints works. ULemmdB3

The general case of Lemma will be reduced to the lemma above through the
following lifting argument.

Lemma B.3. Let L be a finite linear graph, 17,1~ be two nodes and tT, t~ be two
L-types in the sense of Deﬁm’tion starting with T, 17, respectively, that is, t~
is of the form {{I; : i <k}: k=1,2,...,|L|}, an increasing chain of connected
subgraphs of L with lo =1~ and {l; : i <|L|} = L.

Then there exists a finite linear graph L*, and epimorphism h € Epi(L*, L), with
endpoints I* I3 of L* satisfying tpli’L*(h) =t tpt+t’ (h) = t*, such that when-
ever M is a finite linear graph with endpoints m—, my € M and f € Epi(M, L) that
satisfies tp™+M(f) = tT, tp™—M(f) = t~, then there exists a finite linear graph
M*, endpoints m’ ,m* € M*, epimorphisms g € Epi(M*,M) f* € Epi(M*, L")
with

(in particular both f* and g map endpoints to endpoints).
Proof. The lifting will be done in two steps, handling only one endpoint at a time.

Claim B.4. Assume that L, tT, t~ are as in the lemma. Then there exists a finite
linear graph L*, an epimorphism h € Epi(L*, L), an endpoint I*, and an L*-type

() ={)] 5 <k}: E<|LT},

such that h((t*)*) = t*, moreover, if T is an endpoint of L, then so is (I*)d, and
1) A1e.

Moreover, whenever M is a finite linear graph with endpoints m—, m4 € M and
f € Epi(M, L) that satisfies tp™+ M (f) = t+, tp™—M(f) = t=, then there exists
a finite linear graph M*, endpoints m’,m* € M*, epimorphisms g € Epi(M*, M)
f* € Epi(M*, L*) with
fog=hof*,
g(mfi-) =My,
g(m*) =m_,
tp™ M (f) = (1),
o f*(m*) =1* (in particular, tp™= (f*) is the unique L*-type starting with

).
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First we construct L* and h : L* — L. The linear graph L* will be the disjoint
union of the linear graphs P, @ and S with

(Ve) P=A{po,p1;---pp|-1}
(Vp)1 p; is connected with p; iff |i — j| <1,

(Vp)2 po will be an endpoint of L*,

(Vp)s (po) =1,

(Vp)s tpPF'(h) =t~ in particular, h| P is surjective,
(Vp)s h(pipj-1) = lz-1> 1s an endpoint of L,

(VQ) Q {QO7QIa"'aQ\L| 1}
Q)1 @i is connected with g; iff |i — j| <1,

Vo)
Va)2 qo will be an endpoint of L*,
Va)s
VQ)a

P

hl@Q:Q — L is an 1somorphlsm (so h(qp) is an endpoint of L),

Q)3
Q)a haLj-1) = l|L| | is the other endpoint of L,
(Vs) S = {s0,51,...,55—1} is a linear graph
Vs)1 si, 85 is connected iff |1 —j| <1,
j

(Vs)2 so is connected with pjpj_1, and h(so) = h(pp|-1),
(Vs)s s|5| 1 is connected with gjz—1, and h(sjsj—1) = h(qL|-1),
(Vs)a h]S:S — L is surjective,
(Vs)s if h(pipj-1) = h(qq|-1), then |S| =2|L| -1,
(Vs)e if h(pp|—1) # h(qq|-1) (so they are necessarily opposite endpoints of

L), then S is the linear graph with |S| = |L],

Note that h(s|sg)—1), h(so) are endpoints, and so it follows from the surjectivity of
h1S ((Vs)4) together with that h(ss|-1), h(so) fully determine A[S.

We construct P as follows. The linear graph P will be the disjoint union of the
intervals Py, Py, ..., Py—1 for some k (where P; is connected with P;_q, and P 7).

We recall that lp =1_, and {I; : ¢ <k} (k=1,2,...,|L|) is an increasing chain
of connected subgraphs (intervals) of L, coding the type t~. We define the sequence
i0,11,...1j, (as well as jo) by recursion as follows. First, set ig = 0, and assuming
that i; is defined we let i;11 be minimal such that i;11 > d; and —(l;  _ 1Rl;ﬂ)
if such 7;4; exists. If this cannot be continued, and we have defined ig, i1, ...,1%;,
then define ;41 = |L|, and let jo = j + 1), and we stipulate that P will be the
disjoint union of P;’s, where j < jo. (Note that jo > 2, otherwise we are in the
case of Lemma .

Let Po = {po,p1,---,Pi,—1} be a copy of {ly,l",...,I;, 1}, so it has endpoints
lg =1-,and [; _;, and define h(p;) = I; for j <iy, ie.

(%)o hlPy is one-to-one, maps Py onto the interval between l; = h(pg) and
l;, _1 = h(pi,—1), and for future reference we note the following:

h[Po] = {lg 175505, 1}

For j < jo we let P = {p|p_;|,Pp<j1+1:- - P|po;|+1py| -1} (Where P stands for
Uk<j Py), and define h[P; in such a way that for each j < jo (with j > 1) the
following hold.

(%); hI(PjU{pp_, -1} is one-to-one, mapping P; U {p p_, -1} onto the interval

between lzv_1 = h(pp.,;|-1) and I = h(p|p_,|+|P;|-1), and this interval

'l+11
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can be written as

h[Pj U ({p‘P<j‘71}] = {lO_7 l1_7 SRR li;Jrl—l}'
Note that we defined i, to be |L|, so
(%) jo i1 =l = h(p|p|—1) is necessarily an endpoint of L.
Moreover, l(_l.m_l)_1 must be the other endpoint of L. It is not difficult to see that
tpPo- P (h) = t~. This finishes the construction of P and h[P.
It is not difficult to see that there is a unique @ and h[Q satisfyingKV_Qm-RV_Qm
So by the fact that h(q—1) = ZI+L\*1 is an endpoint of L ((Vg)4) and |() ;.| the
interval .S, lying in between P and @ can be defined as required in, (V)b |[(Vs)s)
ie.
(%)s if h(so) = h(pp|—1) and h(qr|—1) = h(s|s)—1) are opposite endpoints of L,

then [S| = L, and h[S is a bijection, or else, if h(pjpj—1) = h(q 1) =
h(s|s|—1), then |S| = 2|L| — 1 and

hi{s0,81,--,8|z)-1} and A[{s|z|—1,S|L],- > S2||-1}
are both bijections with L.

Now, having constructed L* = PUSUQ and h, fix M, f € Epi(M, L), we need
to construct M*, g € Epi(M*, M) and to lift up f to some f* : M* — L* with
hof =fog.

M* will be defined to be the disjoint union of the subgraphs U, V and W, where
XUl = P, f*[V] = Q, f*[W] = S. We begin with constructing U, and f*[U.
Using jo from the construction of P, and recalling that tp™+*(f) = t* we define
the sequence ko, k1, ..., k;, as follows. First we fix
an enumeration {mg,m1,...,marj—1} of M

B.
(B.3) with mg = m4, mp -1 = m_ and m; Rmy 1.

Let ko = 0, and let k; be minimal k such that f(my) = I;,_;. Note that
tp™+M(f) = t~ implies that k; < k;41. Now we note that f maps the inter-
val My := {mo = mg,,m1,...,mi,  onto the interval between f(mo) = I; and
f(my,) = l;, _1, and similarly h maps P onto this interval, endpoints pg and p;,, ,

being mapped to [y and [;, ; by (%);l Therefore, we can invoke Lemma and
obtain

(%)0 Uy = {’LL(), Ce ,U‘UO|_1}, and f* [UO € ]'__‘)If)i(l'jo,.P())7 g[UO € Epl(Uo,Mo) with
e ho f*[Uy = foglUy,
e [*(uo) = po,
o f*(uuy|—1) = Ppy|—1(= Pig—1),
e g(ug) = mo(=m),
d Q(U|UO\71) =Mk, -

If 0 < j < jo, then we note that f maps the interval M; := {mg;, mg; 41, ..., Mg, }
onto an interval containing f(ms,) = l;;—1 and flmg,,,) = l;,,,—1, moreover, this
interval is a subset of {l5,l7,..., i_j+171}. On the other hand, P; U {pp_, -1} has

endpoints pip_;|—1, P|p_;|+|P;—1, and is mapped by h onto the interval between
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52_171 = h(pp.,;|-1) and [;_ -1 = = h(p|p_,|+|p;|-1) by|();j} But|(¥);|also says that
l;;—1 1;,,, 1 are endpoints of the interval {ly,l1,...,l; _1}. So by the above,

f[MJ] = h[Pj U {p|P<j|71}] = {lo_vll_v SR li_jJrl—l}?
and both f and h map endpoints to endpoints. So again by Lemma we define
(%); U; = {U‘U<j|, .. 7'UJ\U<J-|+\Uj\—1}a and f*|U; € Epi(U;, P; U {p|p<j|_1}),
g1U; € Epi(Uj, M;) with
o [(wu,1) = Pipgi-1,
° f*(u\U<j|+\Uj\—1) = PIPgj|+|P |15
o g(uy_,|) = my,,
* (U, |+ 1-1) = M-
This way
(¢)u we defined
e U=U,;,U; (as a disjoint union, with U; connected to Uj1),
e the epimorphism f*[U, which maps U onto P, with f*(ug) = po,
[ (uu—1) = pip-1,
e the epimorphism ¢[U mapping U to the interval {mg, m,... 7m;%}
in M, with g(uo) = mo, g(ujyj-1) =
Moreover, ho f*IU = fog[U, so by-

(B.4) fl(wp—1) = M(f(wo)—1) = h(pipi—1) = L1 (= 1 1)

(¥)v We construct V = {vo, v1,...,vv|-1},
[ ]
e ¢|V is a bijection between V and a subinterval of M with g(vg) = m_
(which is m 57 according to our labeling from (B.3))), and m;/, where
4’ is maximal such that

JHm,mjrq1,...,mp -1} maps onto L,

equivalently, f(m; ) = l‘L|717

o [V € Epi(V, Q) such that h o f*|[V = f o gV, so mapping V
onto Q with A(f*(vo)) = Ig, h(f*(vjy|-1)) = l|+L\71’ so necessarily
J*(vjv|=1) = qij—1 (which can be done in a unique way, as h[Q is a

bijection).
Moreover, the fact ho f*|V = fog|V (and|(Vg)4) implies
(B.5) F(g(0y1) = A (1) = hlapy 1) = 15, .

It remains to define the linear graph W whose endpoints are connected with ug_;
and v)y|_1, respectively, and define f*[W : W — S and g[W
W will be of the form

()w W ={wo, w1, ..., ww|-1} with w; Rw;1,
e and its endpoint wy connected with w1, while the other endpoint
ww|—1 s connected with vjy|_y,
e and we let f*(wo) = so, g(wo) = g(wjv|-1),
e morcover ot f*(wiw)—1) = si-1, 9(ww|-1) = 9(vjv1-1).



HOMEOMORPHISMS THROUGH PROJECTIVE FRAISSE LIMITS 43

It is easily checked (e.g. by (B.4), (B.5)), [(%)s]) that f o g agrees with ho f* on

the endpoints of W' i.e. on wo, w)w|—1, and the attained values are endpoints of L:
Flg(wo)) = h(F*(wo) = Uy,

Fg(wpwi—1) = h(F* (wwi-1) = 15 -

If these two are opposite endpoints, then we can apply Lemma (to L, h|S €
Epi(S, L) and the subinterval of M between g(ujy|—1) = g(wo) and g(vjy|—1) =
g(wjw)-1)) and so we obtain W, f*[W, g[W.

If this is not the case, then necessarily f(g(wo)) = f(g9(wjw|-1)), and then pick
m’ € M with f(m’) being the other endpoint of L. This case we split S into two,
S = 8o U Sy, where So = {s0,51,..-,8L|-1}s S1 = {S|L|=1,5|L],--+»52/L|-1} a8
well as find W in the form of Wy U W;. Note that this case h(sg) = h(s|s)—1), 50
(by we have f(m') = h(sz|—1). We apply Lemma twice:

e to L, h|Sy € Epi(Sp, L) and f restricted to the interval in M between
g(ujyj—1) = g(wo) and m’ (to obtain Wy and g[Wy, f*[Wp)

e and to L, h[S; € Epi(Sy, L) and f restricted to the interval between m’
and g(vjy|—1) = g(wjw|—1), with which we get W1, g[W, f*[W;.

It is straightforward to check that M* = UUVUW | g, f* are as required (where
the endpoints of M* are m’ = ug and m* = V). ULemmdBE3

We are ready to prove Lemma

Proof of Lemma[B.1] 1t is straightforward to check that Lemma together with
Lemma [B22] imply the main part of Lemma [B1]

We argue that the moreover clause follows from the main part of the lemma.
Pick mq € M, m!_ € M’ such that f(my) = f'(m/.) is an endpoint of L. Let
«: N — M be an epimorphism which maps the endpoint n_ (n,, resp.) of N to
m_ (my, resp.) and similarly, o’ : N" — M is such that n’ goes to m’_, and n/,
is sent to m/_. Since

foa(ny) = f(my) = f'(m!) = foa(n) is an endpoint of L,
clearly
(B.6) tp™ N (f o) = tp"+ N (f 0 o).

On the other hand, a(n_) = m_ is an endpoint, so necessarily

tp" =N (foa) = tp™ M (f),

and similarly

’

tan,N'(f/ ° Oé) _ tpm77M/ (f/)7
so by our assumptions
(B.7) tp"N(foa) :tp"'*’N’(f/oa),

Using , (B.7) we can apply the lemma to f o« and f’ o o’. Replacing the
resulting g and ¢’ by a0 g and o’ o ¢’, respectively, we are done. ULemmdBET]
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