CLOSED REGULARITY OF HAAR POSITIVE SETS AND THE
EXACT COMPLEXITY OF THE HAAR NULL IDEAL
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ABSTRACT. We show that every non-Haar null analytic subset of Z“ contains
a non-Haar null closed subset. We also extend this to higher projective classes
assuming determinacy. Then we strengthen a result of Solecki and answer a
question of Matheron-Zeleny by determining the exact descriptive complexity
of the Haar null ideal, that is, we prove that the set of closed Haar null subsets
of Z“ in the Effros Borel space is E%—inductive Borel-complete. We also lift
this result from closed Haar null sets to E% Haar null sets. As a by-product,
we extend a result of Saint-Raymond from closed sets to X} sets.
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INTRODUCTION

It is not hard to see that non-locally compact Polish groups do not admit Haar
measures (that is, invariant, regular, o-finite Borel measures). However, Chris-
tensen [4] (and later, independently, Hunt-Sauer-Yorke [9]) generalized the ideal of
Haar measure zero sets to every Polish group as follows:

Definition 0.1. Let (G, -) be a Polish group. We say that A C G is Haar null, (in
symbols, A € HN) if there exists a universally measurable set U D A (that is, a
set measurable with respect to the completion of every Borel probability measure)
and a Borel probability measure g on G such that for every g,h € G we have
1(gUh) = 0. Such a measure p is called a witness measure for A.
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It is well-known that these sets are invariant under subsets, countable unions and
two-sided translations. Moreover, they are indeed a well-behaved generalization of
sets of Haar measure zero, since in the locally compact case Haar null sets and Haar
measure zero sets coincide.

This notion has found wide application in diverse areas such as functional analy-
sis, dynamical systems, group theory, geometric measure theory, and analysis (see,
e.g., [15, 2 I8, 17, 5, [d]). It provides a well-behaved notion of “almost every” (or
“prevalent”) element of a Polish group. It is therefore very natural to investigate
the regularity properties of Haar null sets. In particular, one might wonder whether
“small sets are contained in nice small sets” and whether “large sets contain nice
large sets”. Concerning the first question, Solecki [I7] has shown a positive state-
ment, namely, that every analytic Haar null set is contained in a Borel Haar null
set. On the negative side, the first and the third authors [6] proved that, unlike the
situation in locally-compact groups, in non-locally compact abelian Polish groups
there are Borel Haar null sets that have no G5 Haar null supersets.

The first main goal of the present paper is to answer positively the second ques-
tion in case of perhaps the most important non-locally compact Polish group, Z%
(often called the Baer-Specker group), that is, the w’th power of the additive group
of the integers.

Theorem 0.2. Every analytic non-Haar null subset of Z* contains a closed non-
Haar null subset. Moreover, assuming ILL-determinacy, every X3, non-Haar null
set in 7 admits a closed non-Haar null subset.

Our proof is based on results of Solecki [I7] and Brendle-Hjorth-Spinas [3].
Roughly speaking, a theorem from the former paper allows us to use witness mea-
sures of a very special form, and thus to reduce the understanding of the Haar
null ideal to the understanding of the non-dominating ideal (see Section [1| for the
definitions), while the latter contains the regularity properties of the latter ideal.
The reduction is based on a coding map and utilizes a compactness argument.

Note that there is a common alternative definition of Haar null sets where one
requires the superset U to be Borel instead of universally measurable. By the
above result of Solecki, this would not affect the first statement of Theorem
but, curiously, with this definition the second statement concerning projective sets
would simply fail: it is proved in [6] that there is a coanalytic set that is Haar null
with the definition of the present paper but not with the Borel supersets, and it is
easy to see that this set cannot contain non-Haar null closed sets.

As the second main goal of our paper, we utilize the same methods to calculate
the exact descriptive complexity of the set {C' € F(Z¥) : C € HN}, that is, the
class of Haar null sets in the Effros space. There has already been several attempts
at this problem, first Solecki [I7] showed that this set is X2, but neither X1 nor
IT}. Then Matheron and Zeleny [12] proved that it is so called X1-inductive Borel-
hard (see the definition in Section , and also asked what the exact complexity
is. Here we provide a final answer by proving that this set is actually X3-inductive
Borel-complete. This class of $}-inductive sets is an interesting subclass of A}
(in particular, we obtain that the above set is also II3, which had not been known
before), and we note that a key difference between Xi-inductive and Al is that
3 1-inductive sets are always measurable and have the Baire property. See [13] 12|
10] for more details on this class of sets. Finally, we address the question of the
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complexity of the Haar null ideal among Borel or even analytic sets instead of closed
ones. The answer turns out to be X1-inductive complete. (Note that here we have
the formally stronger completeness instead of Borel-completeness.)

In the course of the proof of this last theorem, as a by-product, we extend a
result of Saint-Raymond from closed sets to 3} sets; he proved that [16, Theorem
11.] the closed sets that are not cofinal wrt. < form a E%—induetive Borel-complete
set, and strengthen this to analytic sets and completeness, see Theorem [3.4] and
Theorem .7

1. PRELIMINARIES AND BASIC FACTS

We start with the most important definitions and theorems that we will need.
We will adapt the notation from [I1] for descriptive set theoretic concepts.

Definition 1.1. A set A C G in a Polish group is called compact-catcher, if for
every compact set K C G there are g,h € G such that gKh C A. The set A is
compact-biter, if for every non-empty compact set K C G there are g,h € G and a
non-empty relatively open subset U C K such that gUh C A.

Fact 1.2. It is easy to check that compact-catcher and compact-biter sets are not
Haar null.

Definition 1.3. Let J be a countably infinite set. Then let J<% denote the set of
finite sequences with elements from .J. A tree on J is a subset of J<% that is closed
under taking initial segments. The set of trees on J is denoted by Tr(J). Since J<¥
is countable, the power set if it carries a natural compact topology homeomorphic
to P(w) and hence to the Cantor space. Since Tr(J) is a closed subset of this space,
it also carries a natural compact Polish topology. A tree is pruned if every element
of it has a proper extension. The set of pruned trees on J is denoted by Pr7r(J).
We equip it with the subspace topology inherited from the topology of P(J<%).

Lemma 1.4. Pr7r(J) is homeomorphic to w®.

Proof. By [11, Theorem 7.7.], it suffices to check that Pr7Tr(J) is non-empty, zero-
dimensional, Polish, and all compact subsets of Pr7r(J) have empty interior in
PrTr(J). Non-empty is clear, zero-dimensional follows from the fact that P(J<%)
is zero-dimensional, and Polish can easily be checked by showing that it is a G5 sub-
space. To prove the last statement, inside every basic clopen set one can construct
a sequence of pruned trees converging to a tree that is not pruned (e.g. finite). O

The following fact is just a trivial consequence of standard results.

Fact 1.5. Assume that X,Y are Polish spaces, F C X x Y is Borel, p is
a Borel probability measure on X, and Ko C projx(F) is a compact set with
w(Koy) > 0. Then there exists a compact set K C F such that projy(K) C Ky
and p(projx (K)) > 0.

Proof. Using the Jankov, von-Neumann Uniformization theorem (see, [T, Theorem
18.1]) there exists a measurable function h : Ky — Y with graph(h) C F. Conse-
quently, by Lusin’s theorem, there exists a compact set Ky C Ky with pu(K;) >0
and such that h | K; is continuous. But then K = graph(h | Kp) satisfies the
required properties. ([
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Fact 1.6. Assume that X,Y are Polish spaces, n € w, H C X x Y is I},
u is a Borel probability measure on X, and projyx (H) is not of p-measure zero.
Then, TIL-determinacy implies that there exists a compact set K C H such that
p(projx (K)) > 0. In particular, II}-determinacy implies 3} -sets are universally
measurable, and the case n = 0 holds in ZFC.

Proof. This is proved in [I1, 36.20] for n = 1 assuming X1-determinacy, the proof
is essentially the same. O

For b € w* let us denote by pp the product of the probability measures on Z
supported uniformly on the [0, b(n)]’s, hence supp uy = [],,¢,,[0,b(n)] C Z“. For a
Polish space X we will denote by K(X) and F(X) the space of non-empty compact
subsets of X with the Hausdorff metric and the space of non-empty closed subsets
of X with the Effros Borel structure, respectively. The following, easy to prove
statements will be used:

Fact 1.7. Let X be a Polish space and F C X be closed. Then

(1) the map w* — P(Z*) (that is, the Polish space of the Borel probability
measures on Z*) defined by b py,
(2) the map w* x K(Z*) — R defined by (b, K) — pp(K)
(3) the map K(X x w?) — K(X) defined by K — projx (K)
(4) the set {K e K(X): K C F}
are Borel.
Moreover, ifn>1, HC X is Hllq, then
(5) the set {K € K(X): K C H} is II}.

Notation 1.8. For f,g € w* we will write f <* g if f(n) < g(n) holds for each
n € w with finitely many exceptions. Recall that a set S C w* is dominating if it
is cofinal wrt. <*. The o-ideal of non-dominating sets is denoted by N'D.

A connection between N'D and HN has already been established by Solecki [17].
We will use the following;:

Lemma 1.9. Let S C Z% be a Haar null set. There exists a b € w* such that for
every b’ >* b we have that uy is a witness for S € HN.

Let us remark first that this statement has been implicitly proved in [I7] and
used without proof in [2]. We will indicate how to show it using a slightly different
argument from [I4].

Sketch of the proof. It is not hard to see that in order to establish the lemma it
suffices to produce a b such that for every &’ > b the measure py is a witness for
S € HN. Now, one can check that in the proof of [14, Theorem 3.1] only lower
bounds are imposed on the sequence (N (n)),ec. and consequently on the sequence
(a(n))new as well. Applying this observation and [I4, Theorem 3.1] for a Borel
Haar null B D S, the choice b = (a(n))ne, yields the lemma. O

Next we turn to the definitions of Xi-inductive sets.

Definition 1.10. For a set H C w* let G(H) denote the game when two players
take turns and play natural numbers, hence together build a real x € w*, and
Player I wins the run of the game iff z € H.
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Definition 1.11. For a set X and a subset B C w* x X the game quantifier is
defined as

OB = {z € X : Player I has a winning strategy in G(B")}.

Definition 1.12. A set A C X in a Polish space is X1-inductive if there exists an
F, set B C w* x X such that
A=0B.

This terminology will be justified by the following.

Definition 1.13. An induction is a map ® : P(w) x X — P(w) such that H C H’
implies ®(H,z) C ®(H',x) for every fixed x.

Let ® be an induction and fix 2. Then let us iterate the map H — ®(H,x)

starting with (:
20 (2) = 0,
(I)(Q-H)(x) = <I>(<I>(a)(:1c)7x),
) (2) = Upca®P () for limit o

Since this is an increasing sequence, and w is countable, there is a least countable

ordinal « such that
(@) (z) = pletD(g),

It is easy to see that this ®(®) (z) is the least fixed point of the map H +— ®(H, ).
For this o define

Definition 1.14. ®(°)(z) = &) (z).

Definition 1.15. We say that ® is a X1-induction if {(H,z) € P(w) x X : n €
®(H,z)} is 31 for every n.

And finally, by results of Solovay, Wolfe and others (see [16]) we have

Theorem 1.16. Let X be Polish and A C X. Then A is X}-inductive iff there
exists a X1-induction ® such that

A={reX:0ed>®)(z)}.
We will also need some basic properties of 31-inductive sets.

Lemma 1.17. Let X C Y be Polish spaces. If A C X is X1-inductive in X then
it is also X1-inductive in'Y .

Proof. Let ® : P(w) x X — P(w) be a Ei-induction such that
A={reX:0ec o) (z)}.
For (H,y) € P(w) XY define

W(H,y) = {;)P(H,y) if y € X,

otherwise.

Clearly, this is a X1-induction, and

A={yecY:0ec 0™ (y)}
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Lemma 1.18. Let X andY be Polish spaces, A C X XY-inductive, and f: Y — X
Borel. Then f~Y(A) is also $}-inductive.

Proof. Let ® : P(w) x X — P(w) be a ¥}-induction such that
A={recX:0ecd > ()}
For (H,z) € P(w) x X define
V(H,z) = ®(H, f(x)).

It is easy to check that this is a X}-induction, ¥(®) (z) = &) (f(z)) for every a
and z, hence ¥(*) (z) = ®(>)(f(z)) for every z, therefore

fHA) ={z e X:0ecv™ ().

Fact 1.19. The set S C X is OGs iff X \ S is OF,.

Proof. Pick an Gs set H C X X w® witnessing that S is OGs. We only have to
interchange the roles of Player I and II. Define

H ={(z,{(n) " 2): (z,2) € H},

and let H” = X x w¥ \ H'. It is easy to check that H"” is an F, set witnessing
X\ S is OF,. The same argument works for the reverse implication. O

The next definition is key to our purposes.

Definition 1.20. A set A C X in a Polish space is X1-inductive hard if for every
zero-dimensional Polish space Y and every Xi-inductive set B C Y there exists a
continuous function f : Y — X such that B = f~1(A). If it is also X1-inductive,
then it is called X} -inductive complete.

We will also need the following variation.

Definition 1.21. A set A C X in a standard Borel space is 31-inductive Borel-
hard if for every standard Borel space Y and every Xi-inductive set B C Y there
exists a Borel function f : Y — X such that B = f~1(A). If it is also X}-inductive,
then it is called X1-inductive Borel-complete.

Since every standard Borel space can be equipped with a zero-dimensional Polish
topology, if a set A C X in a Polish space is X1-inductive hard/complete then it is
also ¥1-inductive Borel-hard/complete. However, the following question is open.

Question 1.22. Does X1-inductive Borel-completeness imply X1 -inductive com-
pleteness for a subset of a Polish space?

Remark 1.23. Since every uncountable standard Borel space is Borel-isomorphic
to the Baire space, in the definition of X1-inductive Borel-hardness/completeness
it suffices to only consider the case when Y is the Baire space.

Now we show that this is actually also the case for Xi-inductive hard-
ness/completeness. Indeed, let B C Y be a E1-inductive set in a zero-dimensional
Polish space. By [II, Theorem 7.8] there is homeomorphic embedding ¢ : Y — w®
onto a closed subspace. By Lemma ©(B) is X1-inductive in the Baire space,
hence there exists a continuous f : w* — X such that o(B) = f~1(A). But then
f o works.
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We will need the following game of Brendle-Hjorth-Spinas [3], which we will call
the BHS game.

Definition 1.24. We fix a set H C w* x w*. Playing the BHS game on H begins
with Player I playing
o w_; € [w]<¥ and s¢ € w*-1,
e wy € [w]<* and
o vy C WV
to which player IT responds with
e a natural number k.

After the n’th move of player I, the two together have constructed the sequence

(80, w0,v0), ko, (1, w1,v1), k1, (Sn—1, Wn—1,Vn-1), kn—1,
at which point
(1) player I picks
® 5, €w¥n-1,
o w, € [w]<Y,
o v, € WY,
such that s, (i) > k,_1 for each i € dom(s,,),
to which
(2) player IT responds with a natural number &,,.

Player I wins iff w = |, w; belongs to w® (i.e. it is a total function), v; # 0

1€w
for infinitely many 4, and letting v = (vg " w1 ~ ...) be the resulting real we have
(v,w) € H.

Fact 1.25.

(1) The BHS game played on H is determined if H is Borel.
(2) If H € T11,, then II\ -determinacy implies that the BHS game played on H
s determined.

Proof. This is a corollary of the following. O

Fact 1.26. There exist a G5 set P C w¥, and a continuous surjection f : P —
w® X wY such that for every H C w* Player I has a winning strategy for the
BHS game played on H iff I has a winning strategy in the game G(f~*(H)) (and
similarly, Player I1 has a winning strategy in either game iff they have a winning
strategy in both games).

Proof. Use a bijection between the set of allowed moves (s,w,v), k and the set w.

The condition that J;.,, s: as well as v = (vo " v; 7 ...) are total functions defined
on w are easily checked to be Gs. O

For the sake of completeness we include a proof for the following.

Lemma 1.27. ([3| Theorem 1.1])

Suppose that the BHS game played on H C w® X w® is determined. Then Player
I has a winning strategy iff proj, (H) is dominating, so Player II has a winning
strategy if and only if proj,(H) € ND.
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Proof. Tt is clear that a winning strategy of I implies that proj, (H) is dominating.

Fix a winning strategy o for II, so ¢ is a function that assigns a natural number
k to sequences of the form (sg,wo,vo), ko, (51, w1,v1), k1, -, (Sp—1, Wn—1,VUn—1).
Note that if o is a winning strategy, and o’ is pointwise greater than o,
then ¢’ is a winning strategy, too.  Also, it is enough if o is defined
on sequences (Sg,wWo, Vo), ko, (81, w1,v1), k1, -+, (Sn—1,Wn—1,Vn—1) wWhere s;(j) >
k; for j € w;_1, ie. I doesn’t break the rule. Now for each sequence
(s0,wo,v0), (s1,w1,01), ..., (Sn—1,Wn—1,V,—1) there are only finitely many possi-
ble good kg, k1,...,kn_1, SO we can assume that o is defined on sequences of the
form (sg,wo,vo), (81, W1,01)s -+, (Sn—1, Wn—1, Vn—1)-

Similarly, for each  (s,w,v) there are only finitely many
(s0,wo,v0), (81, W1,01), -, (Sn—1,Wn—1,Vn—1) with s = Uicn Sis
v = (vp T v T ... " wp_1), and w,—1 = w, by increasing
o((so,wo,v0), (81, W1,V1), ..., (Sn—1,Wn—1,Vn-1)), or o(s,v,w) if necessary,
w.l.o.g. we can assume that

J((Soﬂl)(),l)o), (81,11.)1, ’Ul), ey (sn,l,wn,l,vn,l)) =0 (U Siy Wn—1, (’UO S0 Un1)> .
i<n
Finally, we can assume that o(s,w,v) < o(s,w’,v") if s C s, w U dom(s) C
w' Udom(s’), v C v’ and one of the above is proper inclusion.
Assuming that a winning strategy o for I exists with the above properties we are
going to define y € w* and prove that for all = € proj; (H) we have (3°°n) z(n) <

y(n).
For a fixed n we define y(n) by the following recursion. We are going to define

the sequence kén),kgn), ce ™ be recursion (and we will let y(n) = ké")) Set
k:(()n) =o(h,n+1,0), define

(1.1) k:l(z)1 =max{o(s,n + 1\ dom(s),v) : s€ (k)% q€ [n]>F, ve (k)ST},
and let y(n) = ky,. It is easy to see that
(1.2) K < kB << kW

by our assumptions.

Fix (z,z) € H, m € w, we are going to find m’ > m, such that y(m') > z(m’).
Let ng > m be large enough so that
(1.3) k‘(()n“) =o(@,ng+1,0) > max{z(j) : j <m}.
Claim 1.28. Either

(i) there exists so C x | ng with x [ m C sg, vo C z | ng, such that
(Vi € ng + 1\ dom(sg)) z(i) > o(so,no \ dom(sg), vg),

(1) or xz(ng) < y(ng).
Proof. First we let s§ = x | m, v§ = 0. Define iy € ng + 1\ m be such that
x(i1) < o(sg, no+1\dom(sg),vs) if such ¢; exists. Let s} extend sf with dom(s}) =
doms§ U {i1}, s7 C « if 4; is defined (otherwise let s7 = s§). Second, if i; exists
and z(0) < o(s§,no + 1\ dom(s), v), then let vi be z [ 1, otherwise vj = v§. We
can define similarly i, s5,v3 as well as i, 57, v, for £ < ng —m + 1, with the rule
that if s} freezes then we freeze vy, too (i.e. s = sy, implies v; = vy ).

At the end, we have s;, .1 Cx[no+1, v 11, Sz [ng+1-—m.
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First we deal with the case when ng = 7, for some 1 <p <ng —m+1, so
(1.4) z(np) < o(s,_1,m0 + 1\ dom(s,_q),v, ;).
Now using and one easily checks that
o(z [ myno+1\m,0) = o(sh,no+ 1\ dom(s}),vy) < k(™)
Then by induction, for every £ < p
o(s5,n0 + 1\ dom(s}), v}) < k%),
thus by and

x(ng) < 0(3271,n0 +1\ dom(szfl),v;ffl) < kgi)p_l < k;’gﬂ) = y(no).

Second, if ng is not i), for any 1 < p < ng—m+1, then clearly s, _,, = s _,, 11
(80 vy = Uh,_ma1), and letting so = sy .14, Vo = Up .4 clearly
holds. g

Lemma 1.29. Suppose that there exists so C x [ ng with x [ m C s, v9 C z [ ng,
such that

(Vi € ng + 1\ dom(sg)) z(i) > o(sg,no + 1\ dom(sg), vg).
If ny > ng is mazimal such that

(Vi € ny \ dom(sg)) x(i) > o(sg,n1 \ dom(sg),vo),
then either
(1) there exists s1 C x | ny, v1 such that dom(s;) Ndom(sg) =0, vo
ny, and
(Vi € my + 1\ (dom(s1) Udom(sp)) :
x(i) > o(sgUsi,ny + 1\ (dom(sg) Udom(sy)),vo ™ v1),

(i7) or x(ny) < y(ni).

Proof. Let s§ = v = ), define i; to be the least i € ny + 1\ (dom(s;) U dom(s))
such that

x(i) < o(soUsg, (n1+ 1)\ (dom(s§) Udom(sg)),vo ~vf) =
= 0(s0, (n1 + 1)\ (dom(s) Udom(so)), vo)

(which exists by our assumptions), and let s = « | {i1}. Define v] to be v§ ™
(2(lvol + |vg])) if

z(Jvol + |vg ) = 2(Jvo]) < a(s0 U'sg, (na + 1) \ (dom(sg) U dom(so)), vo ™ vg),

otherwise let v = vg.

We can define similarly s, s5, v5 as well as iz, s5,v; for £ < nq +1 — |dom(sg)|,
with the rule that once ¢4 is not defined we have s7,; = s7, v;, | = v, moreover,
we always choose iy to be the least 7 that satisfies the required inequality.

Similarly to the claim, if n; does not equal i, for any ¢, then necessar-
iy 83, 41-jdom(so)] = Snmi—|dom(so)|* Vni+1—|dom(so)] = Y and letting

¥ ok
S1= 57 4 1_|dom(so)|> Y1 = Uny+1—|dom(so)|» WE aI€ done

Otherwise,

*
n1—|dom(so)|’

Ty, =t < o(sgUsj_q,(n1+ 1)\ (dom(sy_;) Udom(sp)),vo " v;_1),
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one can check that for each ¢ < ny; — |dom(sp)| we have
o(soU s}, (n1 +1) \ (dom(s}) Udom(so)), vo " v}) < iy oy < 00 = y(na),

and we are done.
O

By the argument in the proof of the lemma we can obtain infinite sequences
80,51y Vo, V1,..;and n_y =0<m <ng<n; <...,such that either

o for some £, x(ng) < y(ne),

e or the following holds.
(1) s¢ C x, dom(sp) C ny,
(2) dom(sz) (£ € w) are pairwise disjoint,
(3) \WI < mg— g,
(4)
()

vo v L T L C oz,

for all Z

Vi € megr \ U dom(s,) | z(i) >0 U Spy M1 \ U dom(sy),vo ... Tvg |,
p<t p<t p<e

in particular,

(Vi € dom(sg41)) z(i) > o U sp,dom(sg+1),v0 ... Twe |,
p<t

(6) there exists i € ng+1 \ U,<, dom(s)

z(i) <o Usp,n4+1+1\ Udom(sp),vof\...ﬁw ,
p<t p<t

and the least such ¢ is in dom(sg41). Similarly, if

z Z|vp| <o U Spy Mgy + 1\ U dom(sp),v0 ... " wg
p<t p<t p<t
then Ve4+1 ?é @
Conditions shows that I can play (sg,dom(sey1),ve)ee,, against IT if 1T is
playing according to o, moreover, | J,c,, s¢ € z, vo " v1 7 ... C z. On the other
hand @ says that (J,c,, dom(sy) = w, >, |ve] = 00, s0

(U Sg,Uof\Ulf\...> = (z, 2).

lew

Since (z,z) € H, I wins, contradicting that o is a winning strategy for I1. O

In this paper solely the group Z“ will be considered, and so we will use the
additive notation for the group operation.

For an integer-valued function f : X — Z the notation |f| and ¢f will be used
for the function defined by = — |f(x)| and = — ¢f(z) for z € X and ¢ € Z. Also
we will write f < g if for each z € X we have f(z) < g(x).
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2. CLOSED REGULARITY OF HAAR POSITIVE SETS
In this section we prove Theorem Let us start with an easy observation.
Lemma 2.1. Let f € w¥ be arbitrary. Then the set
I(f) ={9€Z:3*necwlg(n)| < f(n)}
is Haar null in 7.

Proof. Let f'(n) =2"(f(n)+1). We will show that the measure py witnesses that
I(f) is Haar null. Let h € Z* be arbitrary. Clearly,

() +n=) Ulg+n:lgm) < fn)},

kcewn>k

and for every n € w we have

2f(n) _ 2
/ h: < < < —
g+ b o) < S < 28 < 2
Thus, using Y, ., & < oo and the Borel-Cantelli lemma, we get that z (I(f) +
h) = 0. O

The following fact, essentially proved in [3], will play a crucial role.

Fact 2.2. Assume that A C w* is a dominating set and f : A — w* is a Borel
function. If either

.« AeTHw),

e or for somen >0, A€ XL, (w”) and we assume II}-determinacy,
then there exists a closed set C C A such that C € ND and f | C is continuous.

Sketch of the proof. We recall the BHS game from Definition In case one we
let n =0,s0 A € 2L, ;(w). Fix aset F € ITL(w” x w¥) with proj,(F) = A.
By Fact the BHS game on F is determined, so necessarily I has a winning
strategy (Lemma [1.27).

Let W = {s;,ws, vy : t € w<“} be given by the winning strategy o of I. (This
could be defined inductively, we let (sg, wg,vy) be the first move of I, i.e. o(0), and
let (s, w;,v;) be o((sg, wp,vy),1), etc.)

So w; C w and dom(sy) C w are finite, sy : dom(syp) — w, and for t # () we
have s; : wyp)—1 — w and for all i € wyypey—1 5¢(7) > t(Ih(t) — 1), finally, for
every x € w* we have that w = dom(sp) U |J,, Wen, where the union is disjoint. If
T C w<¥ is a tree, define Cryw =

{yew?:sp Cyand Iz € [T] Yn € w(y | Wyt = Szin+1)}-

Since o is a winning strategy, C,<« w C A. It is easy to see that the map ¢ w :
[T] — Cr,w defined by assigning to x € [T'] the unique y € Cr with the property
that Yn € w(y | Wy = Szin+1) is continuous and open. Moreover, one can also
check that the set Cryy is closed for every T and W.

A Laver-tree is a subtree T of w<% such that it has a stem s (that is, a maximal
node with V¢ € T (t C sV s C t)), and for every t ¢ s from T the set {n € w :
t~ (n) € T} is infinite.

Consider now the Borel map f o ¢y<w w : w* — w*. By [8, Example 3.7] there
exists a Laver-tree T C w<* such that f o ¢,<w w [ [T] is continuous. Clearly,
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drw = ¢u<ww | [T], and since this map is open, f [ ¢rw([T])(= Crw) is
continuous. Thus, it is enough to check that the set Cr - is dominating.

Let z € w® be arbitrary. It is not hard to define an = € T such that ¢ w(x) >* 2
inductively: indeed, for every large enough n (namely, if n > lh(s), where s is the
stem of T), if | n is defined, we can find an m so that m > max{z(i) : i €
Wgin} and [ n = (m) € T. Then for an z obtained this way, it follows from
Vi € wgpn (M < Sgpny1(4)) that whenever n is large enough and ¢ € wy, then
¢r,w () (@) > z(i). The fact that |w;| < Rg implies that ¢ w(x) dominates z. O

Now we are ready for the proof of the main result. Our strategy will be somewhat
similar to the idea of the proof of Theorem[3:3] just significantly more sophisticated.
To a given 31, 1 (Z¥) set A ¢ HN we will assign a IT} (Z“ x w*) set D that encodes
the witnesses for A € HN, i.e., codes for possible witness measures p and compact
sets K, and translations t € Z* with proj,. (K)+t C A and p(proj. (K)) > 0. The
coding will be constructed so that it ensures that proj,. D is dominating. Using
the results of Brendle, Hjorth, and Spinas, we will chose a dominating closed subset
of D with some additional properties, and from it a non-Haar null subset of A will
be reconstructed. A compactness argument will yield that this set is in fact closed.

Proof of Theorem[0-3. Let A € 3, (Z*) be a non-Haar null set, and assume IT}-
determinacy. Let H C Z* x w* be such that proj,.(H) = A, with H € F(Z* x w®)
if n =0, H € IIL(Z“ x w¥) if n > 1. Fix a Borel bijection 9 : 2* — K(Z“ x w¥)
and define a Borel partial mapping ¢ : w* x Z¥ x Z* — K(Z* x w*) as follows: let
(b,t,c) € dom(¢) iff the conjunction of the following holds:

(1) c—te2v.

(2) 20 < Jt].

(3) projz. (¥(c — 1)) C [Lne, [0, b(m)]-
(4) m(projz. (¥(c = 1)) > 0.

Let us use the notation +? for the (Z* x w¥) x Z¥ — Z* x w* mapping that
is the translation of the first coordinate, i.e., (r,z) +Pt = (r + ¢, z). Define ¢ for
(b,t,c) € dom(¢) by letting

o(b,t,c) =(c—1t) +P ¢,
in other words, ¢(b,t,c¢) = ¥ (c — t) +P ¢ is the compact subset of Z* x w* defined

by {(r,a) +7 ¢ : (ryx) € (e — 1)},
Finally, we will need a homeomorphism bij : w* — w* x Z* x Z*. In order to
be precise, let us fix a concrete one by letting for every m € w

e bij(f)(0)(m) = f(3m),

o for i € {1,2} define bij(f)(i)(m) =
f(Bm+14)/2, if f(3m +1) is even,
—(f(Bm +1i)+1)/2, if f(3m +1) is odd.

Lemma 2.3. Let D = {f € w¥ : ¢(bij(f)) C H}. Then D is dominating.

Proof. Assume otherwise, and let f € w* witness this fact. Without loss of gener-
ality, we can assume that f is constant on the sets of the form {3m,3m+1,3m+2},
and it attains only positive values. Define an element f’ € Z“ by f'(m) =
2(f(3m) +1).
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Using Lemma and A € HN we get that A\ I(3f') & HN. Since A is
universally measurable (Fact this yields that there exists ¢ € Z“ such that
(A\I(3f")) —tis not ps-null. Now, using Fact[1.6{again for the set H +? (—t), and
the measure f1 we get a compact set K C H+P (—t) (or, equivalently, K+Pt C H)
with jup(projya (K)) > 0.

Consider now the function g = bij ! (f’,t,t4+¢~1(K)). We claim that g >* f and
g € D, contradicting our initial assumption and thus finishing the proof. In order
to see g >* f, notice that, as () # projz. (K)+t C (I],,[0, f'(m)]+t)N(A\I(3f")),
necessarily f' 4 [t| >* 3f, so |t| >* 2f’. Then, it is straightforward to check from
the definition of bij that g >* f holds.

Checking g € D is just tracing back the definitions: clearly, bij(g) = (f’,¢, ¢ +
¥ ~1(K)) € dom(¢) holds, as we have already seen , (2), and for 7 note that
b(t+ 01 (K) — £) = K and jup (projge (K)) > 0. Finally, o((f',t,¢ + v L(K))) —
K+PtCH. ([

Using Fact we get that dom(¢) is a Borel set, and as +? is continuous,
¢ is a Borel map. Moreover, using from Fact if n =0, or|(5)|if n >
0, {K € K(Z* x w¥) : K C H} is II}, so D must be II} as well (so D is
Borel in our main case, when n = 0). Since non-dominating sets form a o-ideal,
by passing to a dominating Borel subset of D, we can assume that there is an
mo € w and a sequence (5,7,7) € w™ x Z™° x Z™° such that for each f € D if
bij(f) = (b, t,c) then 2b(k) < [t(k)| for each k > mg and for each k < mg we have
B(k) = bk), (k) = (k). 7 (k) = (k).

Now Fact implies the existence of a closed dominating set C' C D such that
¢ obij | C is continuous. We claim that the set C" = projz. (|J,cc ¢(bij(z))) is
closed and non-Haar null, which finishes the proof, as it is clearly a subset of A.

First, we show that the set is closed. Let r,, € C’' with r,, — r and as-
sume that r,, € projz. (¢(bm, tm,cm)), where bij_l(bm,tm,cm) € C. Then, r,, €
pI‘Oij (¢(bmatma Cm)) = pI‘Oij (?/J(Cm - tm) +7 tm) and by (bmatma Cm) € dom(¢)
we get that projz. (¢¥(cm — tm)) C [1,[0,bm (k)] and by our assumptions on D we
have 2b,, (k) < |t (k)| for k > mg. Then |ry, (k)| > |tm (k)| — [bm (k)| > |tm(k)]/2
and so 2|r, (k)| + 1 > max{|bm (k)|, |tm(k)|, |em(k)|}. By our assumptions on the
mo-long initial segments of the elements of bij(D), and the convergence of r,, we
get that the sequence (b, tim, Cm )new Must contain a convergent subsequence, and,
as bij is a homeomorphism, bij_l(bm7 tim, Cm) contains such a subsequence as well.
If f € w¥ is its limit then of course f € C, and the continuity of proj,. o¢obij [ C
yields that € projz. (¢(bij(f))) € C’ holds.

Second, assume that C’ is Haar null. By Lemma there exists a b € w*
such that for each ¥ >* b the measure pp witnesses C/ € HN. Since the set
C is dominating, there exists an f € C such that f(3m) > b(m) holds for every
large enough m. Then if bij(f) = (b',¢,c), by definition b'(m) = f(3m), so
pp must witness that C” is Haar null. On the other hand, proj;.(¢(b',t',c')) =
projz. (V(c' — ') +P ¢') = projz. (W(c' —t')) +¢ C C’, so ppy must witness that the
set projy. (¥(c’ —t')) is Haar null as well. But, (&',¢,¢') € dom(¢) holds, so by
we have uy (projz. (¥(c’ —t'))) > 0, a contradiction. O
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3. UPPER ESTIMATE OF THE COMPLEXITY OF THE HAAR NULL IDEAL

As a warm up, we calculate the complexity of the codes of Haar null analytic
subsets of and the complexity of the closed Haar null subsets of Z“ in the Effros
Borel space.

We will also make use of another consequence of the results in [3].

Fact 3.1. Suppose that X is a Polish space, let A C w* x X be a X1 set. Then
the set Syp = {x : A%z € ND} is X} -inductive.

Proof. The fact is a consequence of the following. O

Theorem 3.2. If F C (w* x w¥) X X is a closed set, where X is a Polish space,
then the set {x € X : proj,(F*) € N'D} is X1-inductive.

Proof. Let P, f: P — w” X w* be as in Fact [[.26] let H = {(y,2) € P x X :
(f(y),z) € F}. Now H is clearly G5 as P is Gs and f is continuous. We note that
for each x € X proj; (F®) is dominating iff 7 has a winning strategy in the BHS
game played on F'* iff I has a winning strategy in the game G(H?"). So we obtained
that

{z € X : proj, (F”) is dominating} = X \ {z € X : proj, (F*) € ND}

is ©Gs. We just need to invoke Fact which implies that {z € X : proj, (F*) €
ND} € OF,, we are done.
[

It has been shown by Solecki [I7], see also [12} [19], that the codes for the closed
Haar null subsets, as well as the set {C' € F(Z*) : C € HN} are neither analytic
nor co-analytic. (In fact, Z* can be replaced by any non-locally compact Polish
group admitting a two-sided invariant metric).

So the next result is sharp.

Theorem 3.3. IfU C Z* x w® is a $1 set then the set S = {x € w¥ : U® € HN'}
is X1-inductive, in particular, it is AJ.

Proof. By Fact it suffices to define a 31 subset A of w¥ x w* with the property
that z € S <= A® € ND. Let

(h,x) € A — 3g € Z(up(U* 4+ g) > 0).

It follows from [I1, Theorem 29.27] and Fact that the set A is 7.

Let x € w* be arbitrary and assume that U* € HA. We show that in this case
A% = w¥. Indeed, for any h € w® the condition U® & HN implies the existence of
a g€ Z® with u,(U® + g) > 0.

Now assume that U? € HN, and towards a contradiction suppose that A% &
ND. Then, we apply Lemma [I.9) to U” and get a b € w*. Pick an h € A* such
that h >* b. Then on the one hand pu; should witness that U” is Haar null, on the

other hand p,(U® + ¢) > 0 for some g € Z¥, a contradiction.
O

The next theorem is an extension of a result of Saint-Raymond.

Theorem 3.4. If A € 1 (w¥ x X) where X is a Polish space, then {z € X :
A% is not cofinal wrt. <} is Xi-inductive.
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Proof. We are going to define an analytic set B C w* x X such that for each z if
A% is cofinal wrt. < then so is B?, and if A% is not cofinal, then B* € N'D.

Let B C (w*)¥ x X be defined as ((y;)icw,x) € B' < (Vi) (yi,z) € A,
which is clearly analytic. Now fix a bijection f = (fo, f1) : w = w X w, and let
g: (W)Y x X = w* x X be the bijection defined as g((¥i)icw,x) = (2,z), where
2(3) = Yro(jy(f1(4)). It is straightforward to check that setting B to be the image
of B’ under the homeomorphism g has the required properties. O

The following are immediate now.

Corollary 3.5. The following sets are X1-inductive.
(1) {C e F(Z¥):C € HN},
(2) {T € Pr7r(Z):[T] € HN},
(3) {C € F(Z¥ x w¥) : proj,; C € HN},
(4) {T € PrTr(Z x w) : proj,[T] € HN},
(5) the set {x € X : U® € HN'}, where U € X} (Z* x X), X is Polish.

4. LOWER ESTIMATE OF THE COMPLEXITY OF THE HAAR NULL IDEAL

The following theorem summarizes the lower bounds of the complexity of the
Haar null ideal in various settings. As mentioned above, the first clause is by
Matheron-Zeleny [12]. The second clause improves this to completeness instead of
Borel-completeness in the natural setting of trees, where this makes sense, since a
Polish topology is also present. The last three clauses extend this to analytic sets
instead of closed ones: we show that if we naturally parametrize the set of analytic
sets, then the set of parameters for which the analytic set is Haar null is hard in
the appropriate sense.

Theorem 4.1.
(1) {C € F(Z*): C € HN} is Bi-inductive Borel-hard,
(2) {T € PrTr(Z): [T) € HN'} is Xi-inductive hard,
(3) {C € F(Z* x w*) : proj; C € HN'} is ¥ -inductive Borel-hard,
(4) {T € PrTr(Z x w) : proj;[T] € HN} is Xi-inductive hard,
(5) There exists a universal 1 set U C Z* xw* such that {y € w* : UY € HN}
is B} -inductive hard.

Before proving this theorem, we need a couple of lemmas. Similarly to [I2] the
main point will be to apply results of Saint-Raymond [16] and Solecki [I7] to obtain
the second clause, and the remaining four clauses will be easy corollaries.

Lemma 4.2. {T € PrTr(w) : [T] is not cofinal wrt. <} is X1-inductive hard.

Proof. Denote A = {T € PrTr(w) : [T] is not cofinal wrt. <} and also B = {T" €
Tr(w) : [T] is not cofinal wrt. <}. By [16, Theorem 6.] the set B is ¥1-inductive
hard. Therefore it suffices to show that B is a continuous preimage of A. Let us
define a map ¢ : Tr — PrTr that “concatenates finite sequences of Os after all
elements of a tree” as follows:

o(T)={t"0F:teT kecw}

Clearly, this is a continuous map sending trees to pruned trees, and it is also
easy to check [T] is not cofinal wrt. < iff [p(T)] is not cofinal wrt. <, showing
B =p1(A). O
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Lemma 4.3. {T € Pr7r(w) : [T] is not cofinal wrt. <*} ={T € PrTr(w):[T] €
ND} is X1-inductive hard.

Proof. Let C = {T € PrTr(w) : [T] is not cofinal wrt. <*}. We will show that A
from the previous lemma is a continuous preimage of C'.

Let w = UjewH; be a partition of the naturals into infinitely many infinite
sets, end for each i let e; : w — H; be a strictly increasing enumeration. Note
that if s € w<* then dom(s) N H; is an initial segment of H; for every 4, hence
e; ' (dom(s) N H;) is an initial segment of w for every i. Therefore, if we adopt
the convention that a composition s o e; is defined on its largest possible domain,
namely on e; *(dom(s) N H;), then we get that s oe; € w<.

Let us define a map ¢ : PrTr — PrTr that “repeats a tree infinitely many
times” as follows:

o(T)={sew¥:Visoe; € T}

Clearly, this is a continuous map sending pruned trees to pruned trees, and it is
also not hard to check that [T7] is not cofinal wrt. < iff [¢(T")] is not cofinal wrt. <*
showing A = p=1(C). O

The next preparation we need before proving Theorem [£.1]is a version of a result
of Solecki [I7, Theorem 2.1.]. On the one hand, we only need the special case when
the group is Z“, but we also need some extra information that can actually be
extracted from Solecki’s proof, however, that proof is rather hard and technical, so
we have decided to include a simpler form here

Lemma 4.4. There exist disjoint intervals Iy, I, ... C Z such that |Ix| = k+1 for
every k, and for every interval J C Z

Hkew:JNI £0} >2 =

Proof. Tt is easy to see that Iy = [ag,ar + k| works if aj is a rapidly increasing
sequence. U

Theorem 4.5. There exists a closed set F' C Z“ and a continuous open surjective
function S : F — w® such that for A C w*

AEeND < S (A) € HN.
Moreover, if [s] is a basic open set in Z“ then S([s] N F') is basic open.

Proof. Let I be the intervals from the previous lemma, and let us define
F= (kak)w.

Then F is clearly closed.

Now, for every x € F there exists a unique y € w“ such that z(n) € I, for

every n, and let us define
S(x) =y.

Clearly, S is continuous and surjective. It is also clear from the definition that
the image of a basic open set is basic open, which in turn implies that f is open.
Hence it remains to check that A € ND <= S~1(A) € HN.

First we check that if A is dominating then S~!(A) is compact-biter, hence not
Haar null. It clearly suffices to check this for compact sets of the form

Xn[0,y(n)],
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where y € (w\ {0})“. Since A is dominating, there exists € A and N € w such
that 2(n) > y(n) for n > N. But then [I,)| > [[0,y(n)]| for n > N, hence it is
easy to construct a translation ¢ € Z“ such that

{z € xu[0,y(n)] : 2(n) = 0 for every n < N} +t C Xplypm) =
=S5"z)cSH(A),

hence a (relative) basic open subset of x,[0,y(n)] can be translated into S—1(A).
Next we check that if A is not dominating then S71(A) is Haar null. Let y € w®
such that
(4.1) Vo € A 3%°n with y(n) > z(n).
By replacing A with the larger not dominating Gg set
{z € w”: I®n with y(n) > z(n)}

we may assume that A is G, hence S~1(A) is also Gy, therefore universally mea-
surable.

We claim that the measure pio, will witness that S—!(A) is Haar null. Let ¢ € Z¢
be a translation. We need to show that

(4.2) 4oy (S7H(A) + 1) = 0.

Case 1. 3%°n such that [{k € w: [0,2y(n)] N (Ix +t(n)) # 0} >
Then, for every such n applying the previous lemma with J
t(n)] yields that

2.
= [t(n),2y(n) —

1[0, 2y(n)] N ((Unl) +t(n))| _ 1

2y(n) +1 2’

hence the “measure is halved” at infinitely many coordinates, therefore even
pay ((Urdk)” +1) =0

holds, hence (UyI;)® = F D S~1(A) proves ([4.2).
Case 2. V*°n we have |[{k € w : [0, 2y(n)] N (I + t(n)) # 0} < 1.
Then there are only countably many x € w“ such that

(%[0, 29(n)]) N (o (L + () # 0.

IN

Therefore, since
Sil(A) = U:CEA Xn (Iw(n) + t(n))a
it suffices to prove that for every z € A we have
t2y(Xn(Lzn) +t(n))) = 0.

But this is clear, as by (4.1) the measure is again “halved infinitely many times”. O
Lemma 4.6. There exists a continuous map ¢ : PrTr(w) — PrTr(Z) such that
[T e ND < [p(T)] € HN.

Proof. Let ¢(T') be the unique pruned tree such that
[o(T)] = S~H(T)),

that is, for every s € Z<% we have s € ¢(T) iff [s] N S™L([T]) # 0.
Then [T] e ND <= [¢o(T)] € HN is immediate from the previous theorem.
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Hence, the last thing to be proved is continuity. We have to show that for every
s € PrTr(Z) the sets o Y1({T" € PrTr(Z) : s € T'}) and ¢ 1 ({T" € PrTr(Z) :
s € T'}) are open in PrTr(w).
o Y{T e PrTr(Z):s €T'}) ={T € PrTr(w):s € o(T)} =
{T € Pr7r(w):[s]N[e(T)] #0} =
{T € Pr7r(w):[s]nSTY[T]) # 0} =
{T € Pr7r(w):S(s]) N[T] # 0},
which is easily seen to be open, since S([s]) is open.
Similarly,
e {1 ePrTr(Z) s ¢ T'}) =
{T € PrTr(w): S([s])n[T] =0},
which is also open using that by the last clause of the previous theorem S([s]) = [
for some t € W<,

~+

}

O

Now we are ready to prove the main theorem of the section.

Proof. (Theorem 4.1
(2) By the previous lemma we obtain that the continuous preimage
e YT € PrTr(Z) : [T) € HN}) = {T € PrTr(w) : [T] € ND},

which is a 31-inductive hard set by Lemma hence {T € PrTr(Z): [T] € HN'}
is also Xi-inductive hard.

(1) Here we only use the well-known and easy fact that the map T +— [T] is a
Borel-isomorphism between Pr7r(Z) and F(Z*), hence it preserves Xi-inductive
Borel-hardness by Lemma [1.18

(3) The map ¢ : F(Z¥) — F(Z* x w*) defined as

P(C) =C xw”

is easily seen to be Borel, and clearly

Y H{C € F(Z* x w¥) : proj; C € HN'}) = {C € F(Z¥): C € HN},
hence {C € F(Z* x w¥) : proj, C € HN'} is Zi-inductive Borel-hard by (1).

(4) Analogously, the map o' : PrTr(Z) — PrTr(Z x w) defined as
W(T) = Urer({t} x w!')
is easily seen to be continuous, and clearly
proj, [¢/(T)) = [T] for every T,
hence
YT € Pr7r(Z x w) : proj, [T] € HN}) =
{T € PrTr(Z):[T) € HN},

hence {T € PrTr(Z x w) : proj,[T] € HN'} is Ei-inductive hard by (2).

(5) By Lemma w® is homeomorphic to PrTr(Z x w), hence it suffices to
prove that there exists a universal X1 set U C Z% x PrTr(Z x w) such that
{T € Pr7r(Z x w) : UT € HN'} is X}-inductive hard.

Define

U={(z,T) € Z¥ x PrTr(Z x w) : x € proj; [T}
Then it is easy to see that U is 1, and the horizontal section UT = proj; [T
for every T. Hence, on the one hand, U is universal, and on the other hand,
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UT ¢ HN <<= proj,[T] € HN, therefore {T € PrTr(Z x w) : UT € HN} is
3 1-inductive hard by (4). O

As a spin-off, combining Theorem with the next theorem we obtain a more
general version of the above mentioned result of Saint-Raymond: one can param-
etrize the class of 31 subsets of w* (using an universal X1 set) such that the pa-
rameters corresponding to the sets that are not cofinal wrt. < form a Ei-inductive
complete set.

Theorem 4.7. There exists a universal X7 set U C w¥ x w* such that {y € w* :
UY is not cofinal wrt. <} is X1-inductive hard.

Proof. The proof is essentially the same as that of (4) and (5) above.
By Lemma [£.2]

{T € PrTr(Z) :[T] is not cofinal wrt. <}

is 31-inductive hard.
Let o' : PrTr(w) — PrTr(w x w) defined as
(1) = Urer({t} x ).
Again
Y'H{T € Pr7r(w x w) : proj;[T] is not cofinal wrt. <}) =

{T € PrT7r(w) : [T] is not cofinal wrt. <},
hence
(4.3) {T € Pr7r(w x w) : proj;[T] is not cofinal wrt. <} is BI-inductive hard.

As above, by Lemma it suffices to prove that there exists a universal X1 set
U C w* x PrTr(w x w) such that {T" € Pr7r(w xw) : UT is not cofinal wrt. <} is
>1-inductive hard.
Define
U={(z,T) € w’ x PrTr(wxw):z € proj;[T]}.
Then again, UT = proj, [T] for every T, hence,
UT is not cofinal wrt. < <= proj,[T] is not cofinal wrt. <,

therefore {T € PrTr(w x w) : UT is not cofinal wrt. <} is X}-inductive hard by

[@3). O

5. OPEN QUESTIONS
Let us finish the paper with a couple of open problems.

Problem 5.1. In Theorem (5) we have shown that there exist a universal Xi
set U C Z¥ X w* such that {y € w* : UY € HN'} is E1-inductive hard. Is this true
for every universal 31 set?

The following problem has already been asked several times, here we repeat it
since we believe it may be closely related to our result about closed regularity of
the Haar null ideal.

Problem 5.2. Let P be the poset of non-Haar null Borel subsets of Z* ordered
under inclusion. Is this a proper forcing notion?

And finally,
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Problem 5.3. Does Theorem [0.4 remain true if we replace Z* by other Polish
groups? What about the case when G admits a two-sided invariant metric? Or
when G is a separable Banach space?
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