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ABSTRACT. For a given stationary set S of countable ordinals we prove (in
ZFC) that the assertion “every S-ladder system has Ng-uniformization” is
equivalent to “every strongly Xi-free abelian group of cardinality ®; with non-
freeness invariant C S is Rj-coseparable, i.e. Ext(G,®{2,Z) = 0 (in particular
Whitehead, i.e. Ext(G,Z) = 0)“. This solves problems B3 and B4 from the
monograph of Eklof and Mekler [EMO02].

§ 0. INTRODUCTION

On the subject and all background needed see Eklof-Mekler [EM02].

By [She74] there may be a non-free Whitehead group of cardinality Ry, by [SheT7]
this may occur even under CH, in both proofs the main idea is that the group the-
oretic problem is similar to the combinatorial problem of uniformization. This
intuition materialized as a theorem stating that the existence of a non-free White-
head (N;-coseparable, resp.) group of cardinality N; is equivalent to the existence
of a ladder system on a stationary subset of w; that admits 2-uniformization (Ng-
uniformization, resp.); see [She80] and [EMO02, XIII.0, XIII.2.] where also a compre-
hensive list of problems is presented. More is done in Eklof-Mekler-Shelah [EMS92],
[EMS94], Eklof-Shelah [ES94]; see the updated book Eklof-Mekler [EM02]. In fact
if a group G of cardinality ®; is Whitehead, then it is Ri-free (i.e. each countable
subgroup of G is free), and MA + —CH proves that for an abelian group G of
cardinality 8; being a “Shelah” group (a strengthening of the notion of Ri-free
groups, see Deﬁnition is equivalent to being Whitehead [EMO02, XII. 2.5, XIII.
3.6]. Therefore it is natural to ask whether uniformization principles themselves
together with a strengthening of Nj-freeness imply the Whitehead property. P.C.
Eklof, A.H. Mekler and S. Shelah explored the close connection of Rg-uniformization
and the characterization of V;-free abelian groups of cardinality N; in terms of the
Whitehead property and the following important problem remained open:
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Problem. Are the following two assertions equivalent?

(a) Every strongly Ri-free abelian group of cardinality X1 is Whitehead,
(b) every ladder system (ns : 6 < wy limit) has No-uniformization.

This problem was first stated explicitly more than 30 years ago (in fact it arose
implicitly more than 40 years ago), and is the crux of the problems listed in the
Appendix of [EM02]. Our main theorem here settles it, and (the main case of, i.e. ,
the case of a strongly X;-free group, of) B3 and B4:

B3. If we have, say, all uniformization results that can be deduced from MA +
—CH, then is every strongly Xi-free (every Shelah) group of cardinality X1 a White-
head group?

B4. If every strongly Ni-free group is a Whitehead group, are they also all N;-
coseparable?

Although the case of Shelah groups is certainly of interest, historically the stress
has always been on strongly N;-free groups. Model theoretic considerations suggest
that the general case of Shelah groups might be more intricate than the more natural
(and more familiar to algebraists) property of being strongly N;-free [EKIT4]. We
also remark that by the already cited theorem [EMO02] XII. 2.5, XTII. 3.6] we cannot
replace strongly R;-free by N;-free.

In in the proof of Theorem the group theoretic problem is translated
to a combinatorial one which is proved to be equivalent to the uniformization of
ladder systems in §2| (Theorem . We have to remark that in some sense §1fis
enough for answering B3, as (Bg) from Theorem is a combinatorial principle
which follows from MAy, by Claim Still it is better to show that (Ag) from
Theorem (i.e. the ladder system uniformization with parameter S) can serve as
a sufficient (and in fact necessary) condition, since that is a classical, old principle,
and it is nicer to phrase.

Moreover, in Proposition we prove an equivalence between uniformization of
all ladder systems 77* that are “very similar” to a fixed ladder system 7 on a fixed
stationary set S, and all strongly N;-free groups of cardinality N; whose structure
in terms of non-freeness in some sense can be described by 7* (see (B)g 7+ from
the proposition) have the Whitehead property: We will argue that the Whitehead
property of the groups in Kg 5 (see Definition implies Ryp-uniformization of 7.
This class is related to the more general (but less convenient to use) class where
the equation is k,Ysn11 = Ysn + Tns(n) (related to the ones used in [She81]).

Notation 0.1.

1) Let o, 8, v, 6 be ordinals (here always < wy), m, n, k, £ are natural numbers,
Q is the set of countable limit ordinals.

2) For sets u, v of ordinals, OP,, ,, is the following function: OP,, , () = B iff & € v,
B € uand otp(a Nw) = otp(8 Nu). Here we let u, v, w vary on finite subsets of
w1.

3) By a sequence we mean a function on an ordinal, where for a sequence 5 = (s, :
a < dom(3)) the length of § (in symbols ¢g(3)) denotes dom(s). Moreover, for

sequences 3, t let 5t denote the natural concatenation (of length £g(3) + £g(?)).
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4) Let V*n mean for every n large enough; let us define © C* y, if |z \ y| < Vo, so
for the functions f1, fa f1 C* fo iff {z € dom(f1): 2 ¢ dom(f2) or fi(x) # fa(x)}
is finite.

5) Z is the additive group of integers, Z,, is the direct sum of Rg-many copies of Z.
The word group here always means abelian group.

Definition 0.2.

1) An abelian group G is Ni-free if all of its countable subgroups are free abelian
groups, i.e. isomorphic to the direct sum @;.,Z for some cardinal p (where of
course for a countable free abelian group u < w). By classical results [Fuc73, Thm.
19.1.] it is equivalent to demanding that each finite rank subgroup is a free abelian
group.

2) An ¥y-free group G is a Shelah group, if for every countable subgroup H < G
there exists a countable subgroup H' < G with H < H’, which moreover satisfies
that for every countable group F < G

FNH =H = F/H is free.

3) An Ri-free group G is strongly Ri-free, if for each countable subgroup H < G
there exists a countable subgroup H' < G with H < H', and G/H' being N;-free.
4) G is a W-group means G is a Whitehead group which means: if Z C H, H/Z = G
then Z is a direct summand of H.

5) G is Wy-coseparable means: if Z, C H and H/Z, = G then Z, is a direct
summand of H where Z,, is the direct sum of w-many copies of Z. We call an
N;-coseparable group also a W,,-group.

Definition 0.3.
1) For S C Q we say that 7 is an S-ladder system if 7= (ns : 6 € S), 15 a strictly
increasing w-sequence of ordinals < ¢ with limit 4.
2) We say 7 has s-uniformization when: for every ¢ = (¢5 : § € §), ¢5 a function
from ran(ns) to k there is a function ¢ from w; to k, uniformizing ¢, i.e., for every
0 €8, cs C* ¢, ie. for every n < w large enough c(ns(n)) = ¢s(ns(n)).
3) We say that the ladder systems 7', 7% on the stationary set S are very similar
when 7° = (nf: 5 € S), and for each § € S for some kq, k2 < w we have

ki +n)+w:n<wl={Njlka+n) +w:n < w}
(which is equivalent to stating that

i) +w:n <w}="{nkn)+w:n<w}.

)

Definition 0.4.
1) We say S is stationary when for every closed unbounded C' C Q,SNC # {.
2) Call S simple if S C {a < w; : w? divides a} (ie. SN{a+w: a<wi}=0).

§ 1. ABELIAN GROUPS
Before stating our main theorem we need an array of definitions.

Definition 1.1.

a) If G is an abelian group, A C G, we let clg(A) be the subgroup of G that
A generates (if G is fixed, we may suppress it).
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b) The subgroup H < G is a pure subgroup if for every g € G,n € Z, ng € H
implies g € H. As the groups in this paper are mostly torsion free (except
for some quotient groups of the N;-free groups, when we divide by a non-
pure subgroup), for every such group G and set A C G we have that the
pure closure cly (A) := N{K : A C K, K a pure subgroup of G} of A is
equal to {z : for some n > 0, nz € clg(A4)}.

C) For K1, Ko C G, let K1 + Ky = {I+y rx € Ky,y € KQ} IfKiNKy = {O}
we write K1 @ K.

d) For K < G we say that {g; : i € I} C G is independent over K if there
exists no non-trivial Z-linear combination of {g; + K : i € I} being equal
to 0 in the quotient group G/K.

e) We call a set independent if it is independent over the trivial subgroup {0}.

f) If G is an abelian group of cardinality X, then we say G’ = (G} : i < w;)
is a filtration of G, when
f1) G' = (G’ : i <w) is increasing, continuous,
f2) for each o GY, is a countable pure subgroup of G,

f3) G = Ua<w1 G:x
Definition 1.2. For a fixed stationary set S we will consider the following asser-
tions.
(A)s = every S-ladder system (n5 : 6 € S) has Rp-uniformization,
(B)s = if G, G’ satisfy (x)s(G,G’) below then G is a Whitehead group (W-group
in short
(x)s(G,G): (a
(
(

*

G is an abelian group of cardinality Ny,

=

G is Ny-free, i.e. every countable subgroup of it is free,

)
)
)*
)* G' = (G} i <wy) is a filtration of G, and
{6 € Q: G/Gj is not Ny-free} Cns S
(which means that the set {§ € Q: G/GY is not R;-free} is con-
tained in S up to a non-stationary set),
(6)* G is strongly RNj-free, i.e., for every countable H < G there is
a countable subgroup H' < G extending H such that G/H’ is
N;-free (follows from () if wy\S is stationary),
(C)s = if G, G’ satisfy (x)s(G,G’) above, then G is Nj-coseparable (one of the
equivalent definitions is Ext(G,Z,) = 0 where Z,, is the direct sum of w
copies of Z, i.e. G is a W,-group).

6

Theorem 1.3. Let S be a stationary subset of wy. Then
(A)s| — — [(C)s}
Before proving this we state its immediate corollary:

Corollary 1.4. The following are equivalent:

(a) every ladder system (ns : 0 < wy limit) has Rp-uniformization.
(b) Every strongly N;-free abelian group of cardinality R, is Whitehead,

However, unfortunately the following falls out of the scope of the present work:

Problem 1.5. Are the following two assertions equivalent?

(a) Every ladder system (ns : § < wq limit) has Np-uniformization.
(b) Every Shelah group of cardinality 8y is Whitehead,
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Proof. (Theorem Note that [(C)g={(B)s| is immediate. For the implication

ﬁ{E see [EM02], XTII. Proposition 2.9.]. However, this citation only proves
that |(B)g| implies that every S-ladder system (ns : 6 € S) has 2-uniformization,

and the statement that

(every S-ladder system (75 : 6 € S) has 2-uniformization) =

= (every S-ladder system (ns : § € S) has Rp-uniformization)

is only an exercise, so a possible reference for this is [She78, Lemma 1.4]. Because
of some inaccuracies in this Lemma, here (in Lemma we provide a cleaned-up
proof for the sake of completeness.

When we will have finished Lemma we turn to our main theorem, i.e. that
(A)g| implies Towards this Proposition is the key, and we will need a
sequel of lemmas to be able to reduce the task to the proposition. After having
proved all the ingredients for the second clause of Proposition [I.7] and put them

together (right before Definition [1.35]), we will argue that |(A)g|implies [(C) ¢

Lemma 1.6. [She78 Lemma 1.4] Suppose that S C Q is stationary. If ev-
ery S-ladder system has 2-uniformization, then every S-ladder system has Ng-
uniformization.

Proof. Let (nd : 6 € S) be an S-ladder system, (¢ : § € S) be a coloring with
No-many colors, so ¢ is defined on {n§(i) : i € w}. We define a ladder system
' = (n}: 6 € S) and a coloring (c} : ¢ € S) with two colors. Define the function
€ : w1 Xw — wy so that it is an injection, and (o, n) + w = 4w, i.e. for each limit
B, e(B+m,n) is of the form §+1 for some finite I, moreover e(a,n) < e(a,n+1) for
each a, n. Fix a § € S, we are going to construct n}. Define kg = c(n2(0)) +1 € w,
and let

) = =(12(0),0),
(1) = =(2(0),1),
ko —1) = e(Q(0),ko — 1),

and c}(n}(j)) = 0 for j < ko — 1, ck(ni(ko — 1)) = 1. We define the sequence k;
by induction with the rule k;+1 = k; + ¢3(nd(i + 1)) + 1, and parallel to that the
function 0} [[ki, kit1), and c}(ni(¢)) for k; < € < ki+1 as follows. Let n}(k; +j) =
e(nd(i+1),5) for 0 <j < c(nd(i+1)). As for the coloring, set

Wy Glied) =0 frj<defie,
cs(ms(ki +3j) =1 forj=khipr —ki —1=c5(ns(i+1)))).
Suppose that the function d' : wy — {0, 1} is a uniformization for (¢} : ¢ € S).
We let d°(ar) be
(1.2) d’(a) =min{n € w: d'(s(a,n)) =1}

(or d°(a) = 0, if the set in question is empty). Fix a § € S, suppose that for all
0> m d'(n}(0)) = c;(ni(£)) holds, and let i € w be minimal such that k; > m
(where k; is the auxiliary sequence used for constructing 77(% and c¢}). We claim that
for n > i the equality c2(n{(n)) = d°(n3(n)) holds true. So fix such an n, and let
a =n2(n), hence

(1.3) 15 (k1 + ) = e(a, j) for j < (a) = (0§ (n)).
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Note that m < k,_1, so d*(n}(€)) = cs(n}(¢)) for € € [kp_1,kn), which means that

(Vi < kn = kno1 = 1(=c5(13(n)))) = d' (e, 1)) = c5(e(er, 5))-
Recalling we obtain d*(e(n§(n), j)) = d*(n} (kn—1+ 7)) = cs(nt(kn—1+j)) for
j < cY(n), so by this translates od'(e(md(n), 7)) = d*(nt(kn-1+7)) =0if j <
c§(n3(n)), and d* (E(ng(n)vcg(ng(n)))) = d'(n; (kn—1 + c§(n§(n)))) = 1. Therefore,

by the way we defined d° (1.2), d°(n2(n)) = 2(n§(n)), as desired. OLemmaTg

Proposition 1.7. Fiz a stationary set S C wy:
(0) If 1=(ns: 6 €8) is aladder system on S and 7} satisfies ran(ns) C Q for
each 0 € S (so necessarily S is simple), 7 is very similar to 7, then
(A)sz = (A)sq
(i¢) if = (ns: 6 €S) is a ladder system on S and 7 satisfies ran(ns) C Q for
each 6 € S, and the ladder system 7* is very similar to 7, then
(Asn = (C)sa,
(iii) for every ladder system 77" on S
(B)S77]* = (A)S,ﬁ*a
where under (A)s5, (B)s,q+, (C)s,5+ we mean the following:

(A)s,5 = the ladder system (ns : 6 € S) has No-uniformization,
(B)s,;+ = whenever G and the ladder system 7" = (ny + 6 €8) satisfy (x ) (G, G")
below for some G’ then G is a W-group,

()3 (G, C):
(a)™ G is an abelian group of cardinality Ny,
(B)T G is Ryi-free, i.e. every countable subgroup of it is free,
(v)* the sequence G' = (Gl : o < w1) s a filtration of G, where for

each o < wy G, /G, is of rank 1, and

{6 € w1 : G/GY is not Ny-free} C S,

()" G is strongly Ri-free, i.e., for every countable H < G there
is a countable H' < G extending H such that G/H' is Ry-free
(follows from ()T if wi\S is not bounded in wy ),

()" for each 6 € S for some sequence (ysy¢ : £ < w) € “Gj
which is a mazimal independent sequence over G, we have for
each n € w:

a<d: " (GL  U{ysre:l<n})# X X

-
{ AP (Gl U {ysre: L<n})+ Gy | = ran(75).

(C)s,5+ = if G satisfies (*)g’ﬁ*(G7G”) above for some G’ then G is a W,,-group,

Remark 1.8. Probably we cannot state the alternative version of Proposition
defining (A) g5, (B)s,; modulo nonstationary sets. However, (A)s; <= (A4)s .5
if (S,7), (S’,7) are club similar, see the definition below.

Definition 1.9. We call (5°,7%), (S,7!) (where S°, S are stationary subsets of
w1, ' is a ladder system on S*) club similar, when there exists a club set C, and a
bijection 7 : w; — wy such that

(1) CnSY=Cnst,

(2) 71(CNS% =id[(C' N SY),
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(3) for each § € wy we have § € S° <= (d) € S?, and if they hold, then
{ﬂ(ng(n)) tnEwp=" {nflr(a)(n) :nEwl

Lemma [L.10] proves [()] Claim Claim |1.13] Claim |1.25| together will prove
clause in Proposition (After finishing the proof of Claim [1.25} i.e. having

proved Lemma we will put the pieces together and formally verify )
After that we will turn back to the proof of at the end of the section (starting
with Definition concluding with Lemma [1.41])

Lemma 1.10. If S C wy NQ is a stationary set, and the ladder system 7 = (ns :
0 € S) is such that for every 6 € S ran(ns) C Q, and 77 has Ro-uniformization, then
every ladder system 7* very similar to 1 has Rg-uniformization.

Proof. First observe that since 77 and 77* are very similar, for each § for large enough
n (depending on §) we have 1s5(n)) +w = nj(n*) + w for some n* (depending on n
and ¢ of course), moreover, since 75(n) is limit this means that n}(n*) = ns(n)) +1
for some [ € w. In fact, for such 4, for some Ny, there exists a strictly increasing
sequence (Nj, : n > Ns) such that

Ns(n)) + w = n;(n*) + w whenever n* € [N(;H,Nginﬂ),

hence for all (Vn > Nj) for some lp <13 < -+ < Iy= Ni, -1

S,n+1"
ns(n)) +1lo = 15(N3.),
5

ns(n) + b = mi(Ni, +1),

(1.4) (Vn > Ns)

;1= N5 (Ngppn — 1)
Now define the coloring (¢s : & € S) of the ladder system 7 by
cs(ns(n)) = {l € w: ns(n) +1 € ran(n;)} € [w]=~,

and fix (Hy, : a < wy), (mg : 6 € S) such that for every 6 € S, Vn > ms
cs(ms(n)) = Hy; (). We may as well assume that ms > N, so that

(1.5) D#{lcw: ns(n)+1eran(ng)} = Hy,n) (Vn > ms)
Suppose that (cj : 0 € S) is a coloring of 7* with Ng-many colors, define the
coloring ¢§ : ran(ns[(w \ ms)) on 7 by

(1.6) ¢ (ns(n)) = (c5(ns(n) +1;) + 7 < [Hysml),
’ where Hng(n) = {lo <h<---< Z‘H

ns(n)) + In;

S,n+1

ns(ny =11+

(Note that, since n > ms, ns(n) +1 € dom(cs) = ran(ny) for all | € H,,,).) Tt
remains to check that a uniformization of ¢’ gives rise to a uniformization of &. Let
the function ¢’ uniformize ¢’; we define ¢’ as follows. The domain of ¢’ is defined
for any limit 8 so that

dom(c/) n [6764—0\)) = {B+l076+ ll)' : 'B+li—1}a
where Hg = {lo,l1,...,li—1} (possibly dom(c¢’) N[3, 8+ w) = 0). Set (8 +1)’s so
that
(1.7) "(B) =(d(B+1;): j <|Hgl)
hold (and so ¢”’(B) is a finite sequence).
Fix 0 € S, (recalling that ¢’ is a uniformization for ¢”) set m§ > ms so that

(1.8) for n. > mj : " (ns(n)) = c5(ns(n))



8 MARK POOR AND SAHARON SHELAH

We claim that setting mg = N ., whenever m satisfies m > my, then ¢’ (n; (m)) =

cs(nj(m)), which will finish the proof of the Lemma. (Note that, recalling (1.4,
since mj§ > ms, and ms > Nj, we clearly have mj§ > Nj, so Né*mg is defined.) Fix
m > mf, let n > mj be the unique natural number for which

m e [Ng:n7Ng,n+1)'
It suffices to show that

(e5(n5 (N5,.)), 505 (N3, + 1)), -+, (05 (N30 — 1)) =
(5 (N5))s ! (05 (N5 + 1)) s (05 (N5 iy = 1))
2

Ns, recalling (1.4) we obtain that for some Iy < I} < -+ <

(1.9)

Now, since n
lNg,n,+1_Ng,n_1:
n5(n) + b = 3 (N +3) (%5 < Nimas — Ni),

(1.10) and

{lew: ns(n) +1leran(ng)} ={lo,lr,...,Iny, ,,—n; -1}
Now (1.10]) together with (1.5)) (and n > mg) give us
(111) H775(n) = {lo’ll""’lNg,nJrl_Ng,n_l}'
Then (1.9) (what we want to verify) is equivalent to

(cs(ns(n) +1;) = J < Hyymyl) = (' (s(n) + 1)+ J < [Hyym)s
which is equivalent to (reformulating both the left-hand side and the right-hand

side by (1.6) and (1.7)):

(1.12) c5(ns(n)) = " (ns(n)).
Finally, remembering that ¢ uniformizes ¢’, n > mf, (1.8) implies that (1.12]
holds true (and so (1.9)), too), as desired. OLemmdTTal

The following will be useful for the proof of Theorem (as Proposition has
stronger premises).

Claim 1.11. Let G be a group, G*, S satisfy (*)s(G,G*) from ?eﬁm’tion and
suppose that C° C wy is a club, then (#%) SnC\ fatw: a<w:}(G,G") holds for some
G', where the symbol (xx)s(G,G") denotes the following assertion:

(x%)s(G,G"):
(a)* G is an abelian group of cardinality Ry,
(B)* G is Ry-free, i.e. every countable subgroup of it is free,
(v)** the sequence G' = (G : i < wi) is a filtration of G for which
{6 € Q: G/G5 is not Ny-free} C S,
and for each o < wy Got1/Go is of rank 1,

(6)* G is strongly Ry -free.

Proof. We can choose the sequence (G2 : o € w; N (Q U {0})) such that:

B (a) G§ = {0},
(b) each GY is a pure subgroup of G,
(c) for each « the quotient group G/G
free), and GY, ,/G? is of rank N,

0

atw 18 Vi-free (hence strongly N;-
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(d) the sequence (GY, : o € w1NNQ) is continuous, increasing, U, ¢, no Gor =
G.
B2 So for a suitable club C of w; with 0 € C, for each i € C' we have GY = G7,
and
(1.13) Yae C\S: G/G° = G/G? is N-free

(as (G¥ : i € wy) was chosen to be a witness of (x)s(G,G*)). Moreover,
we can assume that

(1.14) {a+w:a<w}nC=0,
i.e. each element of C is divisible by w?, and
ccch.

We are going to define the filtration G’ = (G, : i € wy) witnessing (x*)snc (G, G")
with G, = GY = G/, for each o € C. (1.13)) and imply that this suffices.

For each o € C' let {ya4n : n € w} C G5, be a maximal independent set over
GY so that

B if GY, /G is free, then {yotn + G% : n € w} is a basis of GO, /GY.
Now letting succe () = min(C \ (a + w))
B4 we choose (for each a € C) {y, : v € [@+w,succc(a))} so that {y, +
G2, : 7€ [a+w,succe(a))} forms a basis of the free group G(S)UCCC(Q)/G(}HW
moreover (as succo(a) is not of the form 8 + w for any S by ,
Bs, for some strictly increasing sequence (4, : n € w) in [a + w,succe(a))
cofinal in succe(a) with g = a (equivalently, (0, +w : n € w) € “[a+
w + w, succe(a)) is cofinal) we demand also that

{yy +G3 L\t V€ [6n +w,6n41 +w)} is a base of ngHer/Gg"_W

Now it is easy to see by induction on « € C, that

Bs for each a € C the set {y; : j < a} is a maximal independent set in GY,
and as GY is a pure subgroup of G, necessarily G = cl”({y; : j < a}),
moreover from the choice of {y; : o < j < a+w}, a € C implies that
Gy = P ({y;: 5 <atw)),

Hs letting G; = cl™({y; : j <i}) (i <wq) it is easy to see that the sequences
G, y; (i < wq) satisfy the following.

(a) G= U G}, and (G, : i < w) is an increasing continuous chain of

i<wi

countable pure subgroups of G such that G, = {0}, G}, /G is of rank
L,

(b) {y; : i < a} is a maximal independent family in G/, for every ordinal
a < wq,

(c) for each i € C we have G}, = GY = G, and G}, , = GY,

(d) for each limit ordinal o ¢ SNC the quotient G, /G, is R;-free (hence
for every a = 8 4 w as the elements of C are divisible by w? ,

Proof. (Hg) @ follows from the definition of the G}’s, while follows from
Now for|(d)|fix & < wy limit, a ¢ SNC. If o € C, then G, |, = G2, by|(c)|(as well
as G, = GY), and using o ¢ S and we are done. If a € [8+w, succe(f)) for
some 3 € C' (so a+w € [B+w,succc(B)) by (L.14)), then recalling the construction

of y,’s for v € [8 4+ w, succe(B)) in there is some &,, such that d,, + w > «. Now
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it clearly suffices to argue that for each countable group H with G/, C H both
H/(HNGS ) and (HNGS | )/G5 are free, as extending a free group by a free
group always yields a free group. As[H,]implies that

G, = Gfg-i-w © (Syep+w,a)Lyy), and

G:s,ﬂtw = G23+w D (Brye(b+w,60+w)LYry);

clearly G5 /Gl = ©rela,s,+0) LYy +GY,), 50 G, /Gy, is a free group, but then
(HN G5 )]Gy is free as well, as every subgroup of a free group is free.
Now recall the so called Second Isomorphism Theorem.

Lemma 1.12. (Second Isomorphism Theorem) If H, N are subgroups of a (not
necessarily abelian) group G, and N is normal, then H/(HNN) ~ HN/N through
the mapping h(H N N) — hN.

This implies that H/(HN G} . )~ (H+Gj ,,)/G5 - But we have already

seen that Gj | = GY . in and G/GY |, is Ri-free by / so its
countable subgroup (H + G5 ,,)/GY ., = (H+Gj ,,,)/G5 |, must be free.
(I

UctaindiIm

Lemma [1.12] immediately implies the following.

B7 If a filtration G” = (G” : «a < w;) of G satisfies (x)s(G,G") for some
SN{a+w: a <wi} =0, then for each ordinal a, the groups G2 C GI ., C

atw
G satisfy: if K C G is countable, then K/(Gl,, ,NK) ~ (K+G/_.,)/Gh,.,

is free, in particular, if G, , N K = G, then K/GY, is free.

We now prove the following, slightly more general claim than what is needed for

Theorem [1.3] (but essential for Proposition [1.7)/(ii))-

Claim 1.13. If G is an abelian group, S C Q\{a+w: «a < wi} is stationary,
and the filtration G = (Go, @ a < wi) satisfies (xx)s(G, G) (from Claim , then

there are

1) a mazimal independent sequence (T4 : o <wi) € “*G,
2) for each § € S a strictly increasing sequence (v : n € w) with limit §,
3) and a ladder system 7= (ns: 6 € S)

satisfying
(e); for each a <wi: G =l ({z;: i < a}),
(e);; whenever G/Gy is Ny-free (in particular, if 6 ¢ S is limit) then Gy, =

G§ D (@nGwZI'(H»n), and
()i if d €5, n €w, then for the set

R <d0: " (Gopr1U{zspe:l<n})#
n clP* (Ga U {$5+g Al < n}) + Ga+1 ’
we have
vy,  ran(ns).

(8)iy for each d € S, n<m € w and v. < y,, we have

(G, U{zsti: i <m}) =clP (G, U{zs4i: i <n}) P (EBT:_HIZQS(;H»).
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Moreover, if 1° = (nY : 6 € S) is a ladder system on S, and (x ) o(G,G) holds,
which is the conjunction of clausesMﬁ’om (x%)5(G, G) (fmm C’lazm
and the additional clause
(e)** for each 6 € S for some sequence (ysyo : £ < w) € “Gsyn which is a
mazximal independent sequence over Gg, for each n € w

a<d: " (Gar1 U{ysse:l<n})# . o
C
{ AP (G U {ysre: £<nd)+Gar [ = ran(ny),

holds, then we can assume that
(8), ran(ns) C ran(ny?).

Proof. First we construct the xzg’s. We proceed by induction on § € Q (ie. §
is limit), and choose the x54¢’s (¢ € w). Fixing such a 4, if § ¢ S then using
(+x)s(G, Q) it can be easily seen from clause that G54, /Gs is a free abelian
group of rank Xg so we can pick a system g, 541, Zs42, - .. such that {zsy; +Gs :
i € w} is a basis of Gs4w/Gs (e.g. apply induction and in each step invoke Fact

with Hy = G5+n/G5+n, H, = G5+n+1/G5+n to obtain x(sn).
So we can assume that 6 € S. Without loss of generality:

W, 6 €S5S = Gsiw/Gs is not free,
as we can decrease S (and (**)s(G, G) will still hold).

Definition 1.14. We fix a system {zs1; : ¢ € w} C Gsyo being a maximal
independent family over G so that if moreover holds, then the system ys4, =

zs+e (£ < w) witnesses

So for every n < w we can consider the set

(]. 15) w5 — a<o: cl” (GaJrl U {Zé+e U< n}) 75
. " AP (Go U{zsp0: £<n}) +Gagr [

Subclaim 1.15. If {251, : i € w} C Gstw 18 a mazimal independent family over
Gs, and w’s are defined as in (1.15)), then for each n < w and ordinal o, < § the
set wi Ny is finite.

Proof. Fixing a, <, n € w we define for each a < a, the groups

H,= oI’ (GoU{z540:¢<n}}), and

Ko= Hy/Gy.

Observe that by Lemma (the Second Isomorphism Theorem) if a < 8 we have
that the canonical mapping

Ppa: Ka=Ha/Go — (Ha+Gp)/Gs < Hp /Gy = Kp

(i.e. v8,0(h+Go) = h+Gpg) is an embedding of K|, into Kz, moreover ¢ gowg o =
0y foreach a < 8 <y <, so {Ka, ¢80 : o< <a,} forms a direct system,
so we can assume that K, < Kg if o < . It is easy to check that

(x)1 Ho + Gp # Hp iff g o is not surjective, and

(%)2 Ua<5 K, = Kz if B < a is limit, i.e. the sequence is continuous.

Observe that a, +w < § as a, < J € S (no v € S is of the form £ 4+ w) but note
that «, is not necessarily limit. Recalling that {zs1¢: ¢ < w} is independent over

Gs, thus over Gy, 4. and Gg for any 8 < o, too, so by the definition of Hg we
have Hg N Gq,+w = Gp. Therefore by (the main clause of)

(1.16)



12 MARK POOR AND SAHARON SHELAH

(*)s the quotient Ky = Hg/Gp = Hp/(Hp N Ga.4w) ~ (Hp + Ga.4w)/Ga.tw

is free whenever < a. (so free for each 5 < ).
In order to finish the proof assume on the contrary that for infinitely many
a < a, we have K, C Kqoy1, let § < a, < J be a limit point of this set, i.e. 8
is a limit ordinal, and for cofinally many o < 8, Ko, € K41 holds. But Kp is a
free group of finite rank (of rank n), so finitely generated, and so for some o« < 8
K, = Kg must hold, which is a contradiction. UsubeclaindTIHl

For future reference we remark the following fact that follows from the previous
proof.

Lemma 1.16. If H < H' < G are pure subgroups in G, go,g1,-..,9j—1 ¢ H' are
independent over H', and G/H' is Ri-free, then cI”(H U {go,91,...,9j-1})/H is
a free group (of finite rank).

In particular, if G is an abelian group, S C Q\ {a+w: a <wi} is stationary,
and the filtration G = (G, : « < wy) satisfies (¥x)s(G,G) (thus G/Gaty is Ni-
free), then for any § € S, B <9, go,91,--.,9i—1 ¢ Gs which are independent over
Gs we have

c”(GgU{g0,91,-..,9i-1})/Gg is free (of finite rank).

Proof. Note that cI®(H U {go,91,...,9j—1}) N H = H (as otherwise for some
K —h € H' \ H we would have b/ — h = kogo + --- + kj_1g;—1 contradicting
that the g;’s form an independent system over H') and proceed as in the proof
above. OLemmdTTgl

In addition to the claim observe that:
W, if ) € S and a, < §, then

P (Go, U{zs10: £ <n})/cl(Gqo, U{zs4¢: £ < n}),

is a finite group (and a torsion group, of course), similarly, if & < § < §,
and w® C w?, then

P (GpU{zs4e: £ <n})/ (P (Go U {2540 : £ < n}) + Gp)

is a finite group.
At this point recall that if we assume then

a<d: " (Gar1U{yste:L<n})# . 0
-
{ P (Go U{ysae: £<n})+Gar1 | = ran(1ls),
and since in that case zs4n = Ys+n (n € w) by Definition we have

a<d: P’ (Gap1U{zs1e:0<n})# . o
{ P (G U {2p4e: £<n}) + Gary [ S T2005)

Note that if we choose zs1¢ to be any 2’ € Gsipr1 \ Gsie, then the sequence
will satisfy This justifies the following.

Definition 1.17.
by induction on n € w we define (z5y, : n < w) so that for each ¢, x51s €
Gs+o41 \ Gs4¢ holds as follows.
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1) Choose first
W< < <<=

n<w

such that if holds, then moreover
(1.17) Vn : wflﬂ \ 78 C ran(n?).
(recalling how we defined w?’s in (T.15), i.e.

W4 as< 0: " (Gar1U{zs1e: 0 <n})# )
n clP” (Ga U {254_[ U< Tl}) + Ga+1 ’

2) Second, by induction on n < w choose x5y, € clpr(G%s’ U{zspe : £ <
n}U{zs54n}) \ Gs1n as above such that:

Clpr(G,y;sl @] {$5+g < n} U {25+n}) = Clpr(G,Yg @] {x5+4 < TL}) B Lxs s,

Choosing such xs51,’s is possible by the following known fact (applying to the
finite rank group Hy = cI” (G s U{zs10 1 € < n} U{z54n})/G,s, which is free,
since cl”(Gys U{Ts4e 1 £ <} U{254n}) NGqsp = Gy (recall , and letting
Ho = cl” (G U{msie: £ <n})/Gys).

Fact 1.18. Let Hy < H; be free abelian groups of finite rank, where cl?fl (Hy) = Hy,
i.e. Hy is a pure subgroup, and for some g we have cI*"(HyU{g}) = Hy. Then for
some g* € Hy \ Hy we have Hy = Hy ® Zg*.

Proof. Since Hy is a pure subgroup H;/Hy is torsion-free. As H; is a finite rank
free group, it is finitely generated, so is Hy/Hy, therefore w.l.o.g. Hy/Hy is a finitely
generated group of rank one. This means that H;/Hj is isomorphic to a subgroup
H* of the additive group Q, with the generating set {niq*,...,nrq¢*} with ¢* not
necessarily belonging to H*, but the greatest common divisor of {ni,na,...ng} is
1. Now by a standard elementary argument for some ¢1,0s, ..., 0, € Z

bing + bong + -+ lgny = 1,
so H* = Zq*, i.e. a free group. Choosing g, so that g. + Hy generates Hy/Hy

clearly works. UpaciiIs
Fact 1.19. Let Hy < H; be free abelian groups of finite rank, where cl?fl (Hy) = Hy,
i.e. Hgy is a pure subgroup, and for some Hp-independent set {go,g1,...,9n} we

have cI”(Ho U {g; : i < n}) = Hy. Then for some g € cI”(HoU{g; : j < i})
(i < n) we have Hy = Hy @ (®i<nZyg]).

Proof. By induction, apply Fact at each step for cI”"(HoU{g; : j <i}) and
c”(HoU{gj: j<i+1}). UracTTa
Note the following simple observation which is easy to check:

M; By induction on £ one can prove that x4, € eI (G5 U{zs1; 1 j < £}),
and so

Ve 298 (G, Uzseg 1 < 0)) = (G, Uase ¢ j < 6)).
Definition 1.20. For § € S, v < J, n € w we define the group
Hj‘/’n =cl” (G, U{xs1¢: € <n}).

So using this, the choice of the xs4,’s in[1.17]implies that
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M, foreachd € S, ne€w:

Hs iy = P (Gog U{aspe s £ <n+1}) = P (Gs U{asie £ < n}) © Zasin.

Now we are ready to argue After proving Subclaim we are going to finish
the proof of Claim by constructing 75 : w — 4, verifying and possibly

(®).)
We have to remark the following (easy) corollary of

Subclaim 1.21. For each § € S, n € w, v, <72, it is the case that

(ij*,n_s_1 =) (G4, U{xspe: 0 <n+1}) =’ (G, U{zsie: £ < n}) ® Lxsiy,.

Proof. Since H,‘;ML is the pure subgroup generated by {z, : o < v }U{zs1r: k <
n} and the set {z,: a < wi} is independent we only have to verify that

9 9
H’y*,n—i-l = H’y*,n + Zxs4n.

Now suppose that
g€ H’f*,n+1 \ (Hg*m ® Zxé.l,_n).
On the one hand g € Hfjwﬂ_1 = cl”(G,, U{xs4s: £ <n+ 1) implies that

s—1 n
(1.18) 9= ZQkxik + Zpkl“zwk,
k=0 k=0

{io,il,...,is_l} C Vu, {qO7ql,...,p0,p1,...,pn} - Q On the other hand g <

5 s ) _ ;
H .41 C vayn_H = H'y:i,n @B ZZsyn, SO g = go + 2xs+n, Where z € Z, and gg is

a Q-linear combination of elements of the independent set {z, : a <2} U {zs, :
k < n}. This means that p, = z € Z, and go € cl” (G, U{zs4e : £ < n)), as
desired.

UsubelaindIZT
Subclaim 1.22. For each d € S, n <m € w, v, < 'yfl, we have
H) = H) @ (8], Zasg).

Proof. Fix 6 € S, n € w, we proceed by induction on m. For m = n the statement
is void, for m = n 4+ 1 the statement is exactly Subclaim Assume that we
already know that H’(i*,m = Hﬁj*m ® (@;’Z}Zaﬂgﬂ-). Now by Subclaim m (as
Vo < Vous 80 e <)

HY gy = HY_y © Zasym = HY_, © (O], Zass;) ® Lasym,

UsubclaimIz2)
Recall that the v3’s were defined in as

s [ a<d: o (Gayr1U{aspe:l <n})#
Un = clP* (Ga U {.’E(;Jrg < n}) + Ga+1 ’

and observe that Subclaim clearly implies that
B for each 6 € S, n < m < w we have

(Vo6 e S, Yn<mew) v, Ny =vSnA2,
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since an easy calculation yields that for any fixed 7. < 73 (so 7. +1 < ~J) the
conditions

9 é
Hv*,n + G7*+1 7é H 1m0

and the assertion

HS 4G = H) 4 (Zasyn + Zasingr + - + Zasm-1) + Goy 1

#

Hiﬂ,m = Hg*+1,n + (Zxsim + Lsyni1 + -+ Lxsm—1)

are equivalent. (In fact it can be shown that v C vJ, ; holds for each n.)

B Define v° := |J vC.

n<w

Subclaim 1.23. For each § € S, the set v° = |J v9 is a subset of § such that

n<w

a < 6= Nais finite.

Proof. Fix a < §, set n to be so that a < 43, we need to verify that |J 03, Na is

m<w
finite. By clearly
U vfn Na= va Na,
m>n
whereas for each v) N (i < n) (and for i = n) is finite by applying Subclaim
with the roles z51; = x5 (1 < w).
Therefore, we obtained that v° N« = J,., (v? N @), which is finite, as desired.
|jSubclainim

Moreover, for future reference we have to remark that

W, if 3 < 3 are two consecutive elements of v, then for each n and 0 € (83, 3]
HYyp=c"({za: a<BUf{as+j: j<n})=H,+Gs

(by an easy induction argument, using the definition of v since v3 N (B, 8") =
0).

If v° is bounded in § (e.g. by some 7)) we get a contradiction to “Gsi.,/Gs is
not free”. (Why would this lead to a contradiction? If vs C 72, for some m < w,
then using Subclaim [I.22]

H)s =P ({ga: a<p}U{zsye: £<w)}) = H)s & (07, Zasio),
and so the group Hfig oo/ G~s s free ((x)s)), but from our indirect assumption and
Hfié o + G5 = G4, s0 by the isomorphism theorem H’?fn,oo/G’an ~ Gstw/Gs

is free,mcontradicting )
Therefore, by Subclaim and |v?] = Ry:

Mg if 6 € S then v° is an unbounded subset of § of order type w.

Definition 1.24.

B; We let 15 : w — & enumerate v° in increasing order.
n g
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Finally we have to argue that |(¢)**| implies |(e),| i.e. v° = |J, o, v C ran(n).

So suppose that n € w is the least natural number such that v, ; ¢ ran(ng), pick
9 € v ,\ (v5Uran(n?)) (note that by v) = ), thus n > 0 necessarily). Now
and 6 € v, | \ vJ imply that 73 < 6, so we obtain

(1.19) 0.0l y\ (ran(n) Und).
But by [l
Vo 2405 AP (G, U sy ¢ S 1Y) = elP(Ga, Ufaseg + <)),

hence recalling the definition of v3,; and w),, in clearly v3 ;1 \ 75 =
w? 1\ 75. Now by the definition of the 49,’s (L.17) from wd 4\ C ran(n)),
$0

5 5 5 5 0
0 € Un+1 \’Yn = wn+1 \’Yn g ran(né)
contradicting (|1.19)), we are done.
UclainTIa

Claim 1.25. Suppose that G is an abelian group, S C w1 \{a+w: a <wi} is

stationary, the filtration G = (G, : i € wy) satisfies (%) (G, G) (from Claim|1.11]
and (xo 0 a <wi), 7Y, (Y21 6 € S,n € w) satisfy[1){3)] of Claim|1.19

i.e.

(1) (o : a<wi) € “*G is a mazimal independent sequence,
(2) for each § € S the sequence (3 : n € w) is strictly increasing with limit §,
(8) and 7= {ns: 6 € S) is a ladder system,
for which
(e); for each a <wi: Go =l ({z;: i <a}),
(e);; whenever G/Gs is Ry-free (in particular, if 6 ¢ S is limit) then Gty =
G§ 2 (@n6w2x5+n); and
(8)iii if 6 €S, n€w, then for the set

s | a<d: o (Gay1U{zspe:l <n})#
Un clP” (Ga U {1‘5+g U< ’I”L}) + Gat1 ’

we have
o)  ran(ng).
(0)ip foreachd € S, n<m € w and v, < y,, we have
P (G, Ud{wsgi + i <m}) =P (Gy, U{msyi: i <n}) @ (O] Zasy).
Then
(every ladder system 77’ very similar to 7' has No-uniformization) =
= (G is a W, group).
Proof.

Definition 1.26. Fix § € S. Using {z4: a <wi}, 7 (n € w) and 7

(1)1 for each n we can find a Yj,, such that:
() Y5 C{x;: i <nj(n)} is finite, and
(B) letting m be such that n}(n) € [v5,_1,73,) we demand

Clpr(Gng(n)-‘rl U{zsye: £ <m}) = Gné(n)+1 + I ({@s4e 1 £ <m}PUYs,),



BETWEEN WHITEHEAD GROUPS AND UNIFORMIZATION SH486 17

(in other words, one can have a system
90" 90" g € PGy 1 U @sge 1 £ <mb),
each g"’m is a Q-linear combination of elements of {54, : ¢ <m}UYs, so

that go™ + G, 1(n)+15 g+ G, L(n)+1s -+ s g™+ Gpi(ny+1 freely gener-

ates H17 L (n) 41, m/Gnl(n)+1) p0581ble by e.g. using Lemma and we can
assume that Tyi(n) € Y5 n holds,

(1)2 define us, C 15 1(n) by the equality Y5, = {To: o € us,} U {xng(n)}.
We claim that
A; if§ € S, n € wis fixed, and m is chosen such that n}(n) € [v5,_1,72,), then
it follows from the demand above on Yj,, that for any £k <m

(G nk(n)+1 U{xsre: L < k}) = nt(n)+1 + clpr({m(;H A< kYU Ygﬁn),

and so we can write gg’ 9y ,...,gZ’kl as a Q-linear combination of ele-

ments of {z54,: ¢ < k}UY5, so that gy’ L@ nh(n)+1> 91" +G Ln)+1s -
&

g+ Gpi(ny41 freely generates H%(n)ﬂ)k/G% (n)+1-

(Why is |A4] true? If g € cI” (G0 U {zste : £ <k}, then g € cI” (G40 U
{Zs1¢ : £ < m} obviously, and so

g:glﬁ—ijwg;lm
j<m
with k;’s being integers, g;“m’s are from m g € Gng(n)+1- But since each

97" € P(Gp1(ny1 U{wsse 1 £ <m}), and the set {251, : n < m} is independent
over GG, hence over Gn§(n)+1 too, so

> kgl ™ € A Gy aUfsee s £ < kY) = P ({za @ < mm)+1}U{sse € < k).
j<m
But we know that

Z kij .g;z,m S Clpr(Yn U {x[;Jrg < m}),

j<m
where Y,, C {z, : a < n}(n) + 1}. So recalling that {zg : 8 < w;} is an
independent system, we get that
Z kigp™ € P (YaU{asse : £ <mp)Nel” ({zo 1 a < ng()+1 U {wssp: £ < k}) =
j<m

=clP"(YV, U{zsie: £ <k},

so g € cI”(Gp(ny1) +”' (Yo U{zspe s £ <k}, indeed, as desired.)

Moreover, (ublng that n}(n) € [v3,_1,75,) implies n}(n) +1 < 72,), clause
in the premises says that if & > m then H?® ni(n) H 1 &3] (@f;}anHj),
S0

+1,k ( )+1,m

Ao if § € S, n € w are fixed, then for every k > m (hence for every k € w)
AP (G ny+1 UA@ste £ <k}) = Gy + el (@40 - £ <k} UY50).
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Now we recall that if & is fixed, then (n}(n), n}(n+ 1)) Nv = 0 by condition
we obtain:

P (Grrngry Uaspe s £ <k}) =P (Gpany 1 U{@ste 1 € < k}) + Gy
this means that in |As| we could as well write Gn% (n+1) in place of Gné (n)+1:
A3 (Vo €S, Vn e w) for every k € w
P (G ngr) UL@ore 1 £ <k}) = Gignyny + P ({@se 1 £ <kPUY50).
Similarly,

Ay for each V C n}(n+ 1) with us,, C V, letting Gy := cI® ({24 : @ € V}),
and G‘té’k =cl”({zq: @« € VUI[J,0+k]}) an easy calculation yields that

G;ék — GV + Clpr({x5+g < k'} U }/6,71)7

equivalently, there exists some independent set {g(‘)/ ’k,g¥ ’k,...,g:’_kl} €

P ({zste: € <k} UY5,), such that

GYr Gy ~ @1 l(g]" + Gy),
which equivalence is justified by the following: first let H; = cI® ({xs1¢ :
0 < k}UYs,,), Ho = cI?"(Ys,,), and apply Fact so Hy = Hy®(®i<xZg;)
(where for each i < k g; € cI” (Y5, U{zs+; j < i}) holds). Now observe,
that Hy NGy = Hy, so by the second isomorphism theorem the mapping
g+ Hy — g+ Gy is an isomorphism from H;/(H; NGy ) onto H1 + Gy /Gy,
as desired. But note that by H; + Gy must be G"t‘s’k7 otherwise the
isomorphism between

H,+ Gy /Gy

and

Hi+ Gy + Gpinyn)/Grimar) = A (Grpnpny U{asse 1 € <k} /Grinyn
(viewing both groups as subgroups of @©;<;Qxs;) cannot be surjective.

Now we can turn to proving that G is W,-group. In order to do this we fix

A; the groups K < H, and a homomorphism ¢ from H onto GG, where K is the
kernel of ¢, and K is a countable free group, so w.l.o.g. K =Z,, = ®;<,Z.

We reduce the task of finding a suitable homomorphism to a more general com-
binatorial problem. This will need some preparations: from Definition to[1.31]
in this section we prepare the ground for stating Theorem as Section [2] is de-
voted exclusively to the proof of that theorem. At the end of the section Definition

1.33| and Lemma put the present problem (i.e. that of Proposition in
the frame of Theorem and justify that.

Definition 1.27. We say that p° is a S-uniformization frame when p° = (5,7, 1) =
(SP", 7P uP”) satisfies

(a) (ns : 9 € S) is an S-ladder system, i.e., S C w; is a stationary set of limit
ordinals and for each § € S,ns is an w-sequence of ordinals < ¢, strictly
increasing, with limit §;

() @ = (usy :0 €8, n€w), with us,, being a finite subset of ns(n),

Definition 1.28. Let p° be a S-uniformization frame.
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1) We define the sets

b = (05,)" = U (usj Ufns(NH UL, 6+ k] (5€S, nk €w),
Jj<n
we call bfl’k a p’-basic set.
2) We let
B=B"={t,: deSnkeuw},
and call B the base of p°.
3) A subset  of w; is called p°-closed (or closed if p is clear from the context)
when :
(o) e+lex=cecu,
(B) if 6 € SNz, then for some 0 < N = N(§) < w for every n < w:
(1) ns(n) €z iff n < N,
(1) [ns(n),ns(n+ 1)) Nz #0 — ns(n) € =,
(#4¢) if ns(n) € x then us, C z.

Definition 1.29. Wesay p = (5,7, 4, ¥) = (SP, 77, aP, UP) is a special S-uniformization

problem when p® = (SP, 7P, 4P) is an S-uniformization frame, and there exists a
countable set C such that

[, ¥ is a function with domain B , and for each b € B* W(b) is a countable
non-empty family of functions with domain b, range C C' satisfying that
for any n there is a countable Y,, = TP such that if b € BP0, |b| = n then
{fo OPy,, : f€T(b)} €T,y

[, If we define the function ¥+ with domain [w;]<® = {u : u C w; finite}
by Ut(u) = {f € “C: Vb Cu (be B = f[|be Ub))} then for
each u € [w;]<™0 U*(u) is a non-empty family (which must be countable,
of course).

O, Ifb,0' € B, bCV and f € U(b) then f | be U(b).

g Ifu Co € wi]<N, f € UH(u) and u is finite and p°-closed then (If')[f C
frevt(v).

Claim 1.30. If p = (5,7,a,V) = (SP, 7", 4P, UP) is a special S-uniformization
problem, then for each n < w there exists a countable set T such that:
Vo € [w1]": {fo OP.,:fe ¥t (x)} e},
Proof. If x € [w1]™, then clearly there are only finitely many b € B* with b C z.
Now by the definition of ¥ in [[Jy| the set
{fo OPr,n : f S \IIJF(I)}

can be coded by ( OP;;L(b) . be B b C ), ie. the relative position of the finitely
many basic sets that are included, and

<{fo OPpn: fEUD)}: bCa, beBp0>.

But note that this latter sequence has its entries from J,,, Tr by so there are
only countably many ways to choose the parameters (which will define the set in
question), we are done.

Hctainiza
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Definition 1.31.

1) We say f is a solution of p, a special S-uniformization problem when f
is a function with domain w; such that for every u € [w;]<™° we have
f 1 uwe ¥t (u) (equivalently, for each b € B, b Cu f | b € U(b)).

2) We say that f is a partial solution of p if f is a function with domain C w;
such that for every finite w C Dom(f) we have f [ u € ¥ (u).

3) We say p is simple if @ < w1 = a+w ¢ SP.

Convention 1.32. From now on if p is a special S-uniformization problem, then
p-closed will mean p°-closed.

Here we state the main theorem of Section 2

Theorem Let S be a stationary set of limit ordinals < wy [which is simple,
i.e., Va <wi)(atw ¢ S)] and 7* be an S-ladder system. Then (D)g 5+ < (E)g 5+
where

(D)s,7+ for any ladder system 7 on S if 0 is very similar to 7*, then it has No-
uniformization

(E)s,5+ for every ladder system 7 very similar to 7", for every simple special S-
uniformization problem p with 7° =7, p has a solution.

Now we only have to translate our lifting problem to a special S-uniformization
problem to finish the proof of Theorem [I.3]

Recalling [A5|fix a map F : {zo : a <wi} — H such that o F(z,) = 24, (note
that F' does not necessarily induce a homomorphism from G = cI* ({z, : o < w1},
only from the generated free group cl({z, : « < wi})). Note that in the case that
F induces a homomorphism F : cI” ({2, : a < w;} — H, then clearly po F = idg.
Now observe that

Hs the stationary set S together with 7', @ from Definition form an S-
uniformization frame p°.
So if we can form an S-uniformization problem, each solution of which yields a
suitable homomorphism from the entire G, then we will be done.

Definition 1.33. Fix § € S, and b € B? (from Deﬁnition sob=
{nk ()} U 6,0 + k] for some n, k).
(®) Define f € W(b), iff f : b — Z, = @rewZ, and the function F*/ : {z, :

a€by — H, Ftf(2,) = F(z4) + f(a) extends to a homomorphism F+/ :
cfy {za: a€b}) — H.

i<n (U6, U

We encapsulate the missing claims in the following assertion.

Lemma 1.34.

(®)1 ¥ (from Definition together with the S-uniformization frame p° (from
Definition satisfies the demands in Definition [1.29]
moreover,

(®)2 for every p-closed set U, and partial solution f of p with dom(f) = U the
defined map
Ft': {zn: a€U} — H,
To = F(za)+ f(a)
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induces a homomorphism F+I . cdfy({za: a€U}) — H.

Proof. First recall that every countable subgroup of G is free, and every free group
is W-group (just pick a set freely generating the group and pick an arbitrary
preimage for each generator), in particular:

Hi for every pure subgroup G, = clgy ({g; : ¢ < N <w}) < G of either finite
or countable infinite rank there exists a homomorphism ¢ : G, — H with
potp=idg,.

Using Fact for every pure subgroup G, = ¢l ({g; : © < N <w}) < G of either
finite or countable infinite rank, and pure subgroup G, of G, of finite rank G, is
a direct summand of G, (i.e. G« = G & G'), (and of course G’ is free) so

Hs for every pure subgroup G, = clZy({g; : @« < N < w}) < G of either
finite or countable infinite rank, pure subgroup G.. of G, of finite rank,
and homomorphism ¥° : G,. — H with ¢ o 9 = idg,, there exists a
homomorphism v : G, — H extending ¢° with ¢ o) = idg, .

For the requirement it is clear that for each finite b € B the collection ¥(b)
of mappings is non-empty. We claim that for any fixed b € B, |b| = n,

B there exists k = (k§ : j <mn, a €b) with (Vj < n, Ya € b) k¥ € Z, such

that for each fo € ¥(b) we have

b)Z{fEJ: d_E nZw}

n—1
(where f7 j(a) = fo(a) + > =g k' - de)),
which would clearly complete the proof ofu So pick a basis {eg,e1,...€,-1} C
2 ({z; + i € b}), write 7, = Y7_ k%e;, and fix fo € W(b). As for each f :
b — 7Z,, there is at most only one way F+/ : {z,: o € b} — H can extend to a

homomorphism F+f from cl”({xq : « € b}) there is obviously a bijection between

the sets {F'+f — F+fo . f € U(b)} and "Z, (i.e. the attained value on the base
{ep,€1,...€en—1}). Changing back from the base {eg,e1,...,en_1} to {zs: o € b}
it is easy to see[Hz] For [ note that
Hs4 whenever f : u — Z,, is such that the mapping F*7/ : {z, : a € u} extends
to a homomorphism from ¢l ({z4 : a € u} it is obviously a homomorphism
from clf; ({zo : a € b} for any p-closed b C u,

and similarly [[J] is as well obvious. For [y recall [Hi] and [Hg] so it is enough to
prove that if U is p-closed, f : U — Z,, satisfies that for each b € B f [ b € ¥(b),

then F*/ extends to a homomorphism F*/ : ¢l ({zo : @ € U}) — H. (And so if
U is finite, U C V, then [Hy - means that we can further extend the homomorphism,
so recalling Definition [I.33] and [J;] the corresponding mapping from V will belong
to UH(V).)

So fix U and f with [(b CU) — (f [ b € U(b))]. Let 6 +k < wy (with §
limit) be minimal such that F*/ does not extend to clfy ({zo : a« € UN (5 +k)}).
Since this extension (if exists) is unique it is easy to see that only successor steps
may be problematic, so § + k —1 € U. Moreover, § € S necessarily, since the
To’s were given by Claim and so otherwise Gy = Gs @ (Bi<pZxs1s), so if
FHf 1 {zq: a €UNG} extends to Gyns (and FH [ {z,: a €[6,6 +k)} clearly
extends to the k-rank abelian free group), then it extends to their direct sums as
well.
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Now there exists u = {ag, a1, ..., ¥m—1} € UN(d+w) finite, and kg, k1, ..., kn_1 €
Z, d € Z \ {0} such that

*

. koxao —+ klxal + e+ kmflxam,l

7 el {zo: acUNi+w}) <G,

but

m—1

k; (F(za,) + f(a;)) € H is not divisible by d.
j=0
Now w.l.o.g. (since the p-closedness of U implies that (V8 < wq): (B+1€U —
Bel):

Hs for some k < m we have ay—p45 =0+ j for j =0,1,...,k — 1, whereas

{ao, a1, ... g1} €.

By the minimality of § the function F ¥/ extends to a homomorphism from clfy {zq
a € UNé}). As U is p-closed, (recalling Definition either ran(n}) C U,
and then each us, C U, or there exists a minimal n such that U Né§ C 77(}(71). No
matter which case holds, we have

Be Vjew: (ny(j) e U) = (us; CU),

therefore as us; C n}(j)’s are finite ((1)1} in Definition [1.26) w.l.o.g.

Br ifn;(j) € {ao, @1,y am—g—1}, then Uy ; (us 0U{n5 (0)}) € {ao, a1, ... g1}
Let jo € w be such that

Bs U<, (use U{n;(0)}) S {ao, 1,y amog—1} S n5(jo +1).
Therefore by Y5, € {za, : © € m}, and by we obtain ¢* = go + g1,
where g1 € I’ (Y5, U{za : a € [0,6 + k)}, and go € G,1(jo41)- But as g* €
A" ({za: a € (UNni(o+1) U666 +k)}), Ysjo C{xa: a€Unni(o+ 1)},
obviously g1 € eI ({zo : o € UNn;(jo+1)}). But F/ | {z : o € UnNd}
and FH | (Vs o U{zsri: i <k})=F7 [ {24 a€ bf.mk} both extend to the
corresponding generated pure subgroups, so to their sums, so to g* as well, which
is a contradiction.

|:lLemdeE

UctaindT23

Having finished the proof of the last ingredient, we can put all the necessary
claims together to argue of Proposition

Proof. (Clause of Proposition Suppose that § C Q is stationary, 77 is a
ladder system for which ran(ns) C Q for each 6 € S (so necessarily S is simple,
a+w ¢ S for any a). Let G be a group of size Ry, G’ = (G, : a < wy) a
filtration of G, and the ladder system 7* are such that 77* is very similar to 7,
(*)}'T7 (G, G") holds from the proposition, i.e. clauses W@ are satisfied. This
implies that (x*)s(G,G’) from Lemma holds, and we can apply Claim
Let (2o : a < wp), and the ladder system 7' (and 42’s) be given by the claim.
Moreover, since we are in the proof of Clause of Proposition we assume
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(e)* for each 0 € S for some sequence (ys4¢ : ¢ < w) € “Gj ., which is a
maximal independent sequence over G, we have for each n € w:

a<é: o (Ghyy U{yspe:<n}) #
o c* * )
{ AP (Gl U{ysse: £L<n})+ Gy | = ran(ry;)
This means that clause stated in Claim with the role 7 := 7* i.e.
(e)** for each 6 € S for some sequence (ysi¢ : ¢ < w) € “Gsy, which is a

maximal independent sequence over Gy, for each n € w

a<d: " (Gar1U{yste: L <n})# . 0
C
{ AP (GoU{ysse: £<n})+Goy1 | = ran(n; ),
is also satisfied, we also know that for each § € S, for the output 77(} of the claim:
ran(nt) C* ran(i).

At this point we claim that every ladder system 72 that is very similar to 7'
has Ng-uniformization, using that every ladder system very similar to 7 has No-
uniformization: we define 13 so that n3(n) € Q for each n and 77® is a ladder system
very similar to 2. Then, since for § € S we have ran(ns) C €, and

ns(n)+w: new}={nin)+w: new},
we obtain
{ns(n)+w: newrD* Njn)+w: ncwl={nin)+w: ncw}

Since both 1s(n)’s and 73(m)’s are limit ordinals, clearly

{1s(n) : n€w} D {nin): new).
Now the fact that 7 has Ng-uniformization implies that 7> has Ng-uniformization,
and by Lemma [1.10] 72 has No-uniformization, too. This means that we can appeal
to Lemma [1.34] (applying it to (zo : o < wi), and the ladder system 7', and the
v3’s), which completes the proof of clause of Proposition
DClause (ii) of Propositio

Having proved clause [(ii)| of Proposition with all the necessary ingredients
we can verify = |(C)g| from Theorem [1.3] So suppose that S C w; is a
stationary set of limit ordinals, and every S-ladder system has Ng-uniformization.
Fix a strongly N;-free abelian group G and filtration G’ which satisfy (x)s(G,G")
from Definition Now applying Claim we can replace S with S\ {a +w :
a < wi } (with the fact that every S-ladder system has Np-uniformization remaining
true), get the filtration G = (G, : a < wy) and (x*)s(G, G) (from Claim .
Moreover, we can apply Claim which gives us & = (z, : @ < wi) and the
ladder system 7 on our new S, and that G, Z and 7 satisfy It remains
to invoke from Proposition (A)g,5 holds (with 77 given by the claim), so we
obtain (C')g 5. Thus it suffices to check that (*);ﬁ* (G, G") holds for some filtration
G': set G' = G, " = 0, Ys4n = Tstn (6 € S, n € w) (recall [(o)]l(e);,)). This
finishes the proof of = (assuming Theorem .

It is only left to prove clause from Proposition so we fix the ladder
system 77" on S.

We define the free abelian group F' to be generated by
1
{Ta: a<wi}U{gs:;: 6€8, i<jew}
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First we will need some definitions and claims

Definition 1.35.
(1) For a sequence p = (ps;;: 0 €S, i,j €w) € SxAty (where by AT we
mean (4,7 : ¢ < j € w)) we define the abelian group G by the generators
{za: a<wi}U{ys;;: 0€8, i<jew}
and by the relations
(1.20) P6,i,iY8,i,5 = ¥5,0,0 — (Tnz(jy — Tyz(iy) (6 € S, i <),
and
(1.21) P8,i,i¥6,i+1,i+1 = ¥5,00 — Tyz(i) (0 €S, i Ew),
i.e. a group isomorphic to F//Kj, where K is the subgroup of F' generated
by
{Pps,i,j¥s:.5 — (W00 = (Enz (i) — Tyz())) = 6 €5, i <jew},
{ps.i,i¥s,i41,i41 — (U500 — Eyzi)) = 0 €5, 1 € wh,
(2) Define Kg 7+ ={Gp: P esxat Z, (Vo € S) (pss,j: 4,5 €w) is a sequence

of pairwise relatively prime positive integers }.
(3) With a slight abuse of notation we define the group G5 when p = (ps,; :

e s icw) e SXAT7 t6 be Gp, where p/ = <p:$,i,j :0€S, i,j Ew)is
defined by the equalities
p:ii,i = ps.i (i € w),
pis,i,j =1(i<j).
The following is standard, but for the sake of completeness we include the proof.

Lemma 1.36. Suppose that we are given p = (ps;;: 6 € S, i € w) € S*“Z. If for
each 0 the sequence (ps; ;j: © < j € w) consists of pairwise relatively prime positive
integers (i.e. there are no common prime factors of s ; and ps . if (4,7) # (k,1),
possibly ps;; = 1 for some (i,7)), then for the filtration GP = (G B €w)
defined as )
Gg = Clpr({xavya,O,O Ta< B})
the assertion (>|<)§,7 (Gp, GP) (from Proposz'tion holds, in particular the groups
in Kgg- are strongly No-free.
Proof. First we prove that the collection
I'={zo: a<wi}U{yso0: d €S}

forms a maximal independent family. If this were true, then it would imply that
{za +Gh: B<a<wi}U{yso0+Gp: B <€ S} is independent in Gy/G.

As Gy =c”({za: a<wi}U{ys00: 0 € S}) we only have to argue that I is
independent. Working with the representation of G as F//Kj, it is enough to show
that the set )

I'={&q: a<wi}U{yso: 6€S}CF
is independent over Kp. But the generator set
{ps,i,j¥s..5 — (W00 = (Enz () — Tyz)) : 6 €5, i <j € w}
U
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{ps,i,i¥s,i41,i01 — (Ps,0 — Tz(iy) + 0 €S, i € w}
freely generates K, so comparing the coefficients clearly
l(l) N K5 = {0},

SO

©1 the system

I={zqs: a<wi}U{ys00: 0 €S} isindependent in Gz,
indeed. In particular,

©2 G is torsion-free.
Second, we can argue that for any fixed 3 ¢ S, the quotient GP /Glﬁ7 is Ni-free.
By [Fuc73, Thm. 19.1.] it suffices to prove that every subgroup of finite rank is
free. Since a subgroup of a free group is always free it is enough to show that a
cofinal system of the finite rank subgroups (w.r.t. <) consists of free group. So
ﬁX J = {maoﬂ xala AR 7xaj71}7 L = {y5070,07 y5170,0? AR 7y5g71,070} fOI” some j?e < OJ,
where B <o < a3 < - < ajq gvandﬁﬁéo <0 <-or <oy < y. We would
like to prove that cI”"((L U J) + G}) < Gp/GY is free, and by the above remark we
can increase J and L, and assume that

©3 if Ys,,,00 # Yoy, 00 € L, ng‘ko (ng) = ngkl (ny) for some 0 < mg,nq, then

o, (n0) = Tnz, (m) € -

Now we claim the following. By the characterization theorem of finitely generated
abelian groups [Fuc73, Thm 15.5.] the claim finishes the proof of Lemmam

Claim 1.37. If L and J are as above, then clpr((LUJ)—&—Gg) < G,;/G’g is generated
by
{#+G}: 2€ LUK}U
U {ya,o,o = Tpz(n))
Psn,n

¥6,0,0 = (T (m) =T (n))
Ui Ty

+Gg © (Ys,00 € L,n € w) A (xng(n) eJ Vv nin) < B)},

+ Gg © (Ys00 €L, n<mew)A
(@nzmy) €V m5(n) <B) A (@yzmy € J V m5(m) <) }
in particular it is finitely generated.

Proof. (Claim |1.37) Recalling the definition of the group G we have that the set
Yy U UY UY; generates GZ—,/G’B), where
G ={za +Gh: B<a<w},

% ={yso0+Gh: 6€9\},
gZ{(yé,0,0 - xng(n))/pé,n,n + Gzﬁ) ) S S \ ﬁa ne LU},
G3{(¥6,0,0 = (Tyz (m) = Tyz(n))/Psnm + G 6 € S\ B, n<m € w},
o it is enough to verify the following subclaim.
Subclaim 1.38. Let h € Gﬁ/Bg be given, suppose that
h = Za<w1 ka(l‘a + GIZ})+ B
+ 2565\5 ks5.0,0(ys5,0,0 + Gg)+

+ Y scsmew Font1nt1 ($6.0,0 = Toz (m)/Psnn + Gh)+ i
+ 2 sesnemew Knm (50,0 = (Znz(m) — Tnz (n))/Po,n,m + GB).-
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Then the following hold:
i) for everyd € S\ B, n<m€Ew, if ysoo ¢ L, then
Dsnm 1 konm — h &P (LUJ),
and
Psn,n Jf ké,n+l,n+1 = h ¢ Clpr(L U J),
1) for every 6 € S\ B, n <m € w, if (Yys0o0 € L), and either (xng(n) ¢ J&
ns(n) > B), or (xng(m) ¢ J & n;(m) > ), then
Ponm { kspm — h &P (LUJ),
(This would finish the proof of Claim[[.37 i.e. h € cI”"(LU.J) implies that h is a

Z-linear combinations of the finite set in the claim and possibly adding (x, + G’;)’s

(o>, xq ¢ J), or (y5,0,0+Gg)’s (6 € S\ B, ys0,0 ¢ L). But since h € I’ (LUJ),
we have that for some 0 # ¢ € Z, ¢h is a Z-linear combination of elements from
LUK.)

Proof. (Subclaim [1.38)) Fix § > 8. We prove first [i), so we fix § € S, and we need
to show that if ys o0 ¢ L, n < m € w, then

Donym t kspm — h ¢ P (LUJ),
and
Psn,n Jf ké,n-l—l,n-&-l — h ¢ Clpr(L U J)

Suppose on the contrary, and consider a counterexample h € cI® (L U J), and
the values

kspm (n,m € w),
which are not all 0’s. Clearly (recalling [O1):

k =k
k6}070 + Z d,n,m + Z d,n+1,n+1 —0.
Ps.n,m Ps,nn

n<m n=0

Now since the sequence (psnm : n,m € w) consists of pairwise relatively prime
integers, even the fact that this sum is an integer implies
Vn<méew: psnmlksnm,
and
Vnecw: pﬁ,n,n|k5,n+1,n+1~
Now we can argue Now for this fixed § we can replace the relevant elements
of % U%, (i.e. those that have y;50,0 occurring in them) by the sum of elements

from %, and ¥, we arrive at another Z-linear combination with the same sum h,
which derived decomposition satisfies

[(VTL < m) kg,nym =0& k57n+17n+1 = 0]

(only ks 0,0 may be nonzero).
By the above argument we can of course assume that

(1.22) (V6 e S,¥new): [¥s00¢L— ksntint1 =0]
and

(1.23) (VoS ¥n<mew): [ysoo & L — kspm =0
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So let a > 8 such that

(1.24) To & .
Again, h € I’ (L U J) implies
0= kqo—
_ Z ks nt1,nt1
0€5,Y5,0,0€EL, n€w, nf(n)=a  psnn
S,n,m
o 2565,%,0,06[/, n<mew, N} (n)=a ps n.m

5,l,n
+Z5€S,y5,0‘0€l~ I<n€w, n;(n)=a psin

But by [©g] it follows from z, ¢ J that there is at most one dy € S for which
¥5,0,0 € L, and o € n3(n) for some n. W.l.o.g. we can assume that there is such a
do, (and n5 (no) = a) otherwise we are done. So

0= ko—

_ ksgno+1,mg+1
péo,no,n

_Z 250,n0,m .
M>N0 Psg,ng,m

ks:0,1,nq
+ Zl<n0

Psg,l,ng

Using that (psy,n,m : 7 < m) consists of pairwise relatively prime numbers, we are
done.

DSubclairrm
UclainT37
|:lLernm

In order to complete the proof of clause we have to verify that if for each p
satisfying the demands from Lemma [I.36] the group G is Whitehead, then 7* has
No-uniformization.

Claim 1.39. Suppose that the sequence p € Sxaty satisfies that for each § € S
Ponm = n < m € w) is a sequence of pairwise relative prime integers, and the
group G € Kg g« (from Definition is Whitehead.

Then for every sequence & = (Asnm : 0 €5, n < m € w) € Sxwz7 there is a
solution (bs : § € S) € 57, (ca : a <wi) € “'Z of @, which means that

(1.25) VoeS, n<mew: bs+asnm= Cz(m) — Cn3 (n) (mod psmm)s
and
(1.26) VoeS, new: bs+asnn= Cr (n) (mod ps.n.n)-

Proof. Define the abelian group H generated by
{20 Y pm + @ <wi,d €S,n<mewuU{d}
freely, except for the relations
(1.27)  Psnm¥Ysmm = Y500 — (:E:g(m) - x;g(n)) —a5nmG (€S, n<meuw),
and
(1.28)  Psmn¥sniints = Y500 ~ (Tyz(m) — Tyz(n)) — @onnG (0 €S, n€w).

Now similarly to calculations in the proof of Lemma [1.36] one can check that
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©1 the system
I"={z}: a< wl}U{y§7070 :0e StU{¢}

is a maximal independent family in H, and
O clfj({¢}) = Z¢ (using the condition on p, by the same argument as in

Subclaim .

It is also straightforward to check that there is a homomorphism ¢ : H — G} send-
Ing zo to 27, Y500 10 Ys,0,0, and ¢ to 0, since it respects the relations defining the
groups in and . Now since each element in H is a Q-linear combination
of I*, implies that

O3 Ker(p) = Z( ~ Z,
so there is a homomorphism f : Gy — H with p o f =idg,. Now clearly

Oa f(WYsmm) = Yjnm €ZC (8 €S, n<m),

O5 f(za) —xk €Z¢ (a < wy),
so we can define the vectors b, ¢ by the following equations:

O bsC = f(yé,o,o) - y;o,o (5 € S)v

O7 ol = f(xa) — 2% (v < wy).
Then recalling (L.27), fixing § € S, n < m € w and using f(Ysn,m) = Ys.nm T+ €C
for some e € Z (which holds by on the one hand

Y500 = (@3 m) = Tnz(n)) — @0,mC = Do m¥Y5,mm:
and on the other hand,
p(s,n,m(yg,n7m+6c> = pé,n,mf(yﬁ,n,m) = f(pé,n,myé,n,m) = f(%,o,o*(%g(m)*iEng(n))) =
F(5,0,0) = (f (@yz () = F (@3 (n) = b6CHY5.0,0 = (g (m) S 02 (m) — Cng ()~ Tz (m))>
SO Pénm €+ C = Dsnm (Y3 pm + €0 — Y5 ) can be written as:

*

(bzs{: + Y500 — (Cng(m)C + xj;g(m) = Cpr(n)C — xn;(n)))—(yéo,o - (m:]:;(m) - x;;g(n)) - a57n,mc) )
hence
Pénm - € C = b6< - (cng‘(m)C - Cn(’;(n)<) - (_aé,n,mg)

so by [O7] the coefficients of ¢ must be equal:

Psn,m * € =bs — (Cpz(m) — Cpz(n)) + A5,n,m-
Finally,

b6 + A5 nm = Cng (m) — Cng (n) (HlOd pJ,n,m)a
as desired. (Checking that bs+asn,n = ¢z (n) (mod ps.n,s) is completely analogous. )

Uctain{T3
Claim 1.40. Suppose that
o the groups in Kg g+ (from Definition are all Whitehead,

moreover, assume that we are given the sequence (ds, : 6 € S, n € w) € F*“w.
Then there exists a sequence (d, : o < wi) € “w with the property

and
(Vo el) VnVk>0: d;E(”-Fk) #+ d;;g(n),

i.e. for some N the sequence <d;g(l) : 1 > N) is injective.
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Proof. For each ¢ € S define the sequence psn.m (n < m € w) so that each ps,.m
is a prime, and if (n,m) # (k,1), then ps n m # Ps k.1, Moreover,

Ponn = 4dsn,
Note that this necessarily implies that
(VM)EBN)(Ym>n>N): psnm > M.
Now by our assumptions the group Gp is Whitehead, and defining (aspn,m : 0 €
S, n<m € w) as
(1.29) s.nm = |Psn,m/2],
then for some (bs : 0 € S), (co : @ < wi) holds. This means that for each

0 € S, for every large enough n |bs| < psn,n/4, so for such n’s (1.29) and (1.20)
clearly imply

|Cn§(n)| > pé,n,n/4 > d6,n~
Moreover (for the same fixed §) if N is so large that N < n < m implies the
inequality |bs| < ps.nm/4, then one can easily get from (L.25) that
|Cng (m) — Cn§(n)| > pé,n,n/4 > 07
so choosing d¥ = |c,| works.
Uclain{Tan

Claim 1.41. Suppose that

o for every G € Kg 5 (from Definition G is Whitehead.
Then 77* has Ng-uniformization.

Proof. Fix a system (fs : 0 € S), where for each 6 € S

fs :ran(ny) — w is a coloring with countably many colors,
and using Claim fix (d} : a <wp) with
(1.30) V6eS: lim d. ) = oo,

n— o0

w.lo.g. Ya d¥ € 2Z + 1. Now apply Claim again in order to obtain a system
(ea : ¥ <wi) € “lw satisfying
(1.31) (V6 €8) Vn: epsn) = dpe gy - (fs(n5(n)) + 1),
and
(1.32) (V6 €S8) (BN =N(9)) (Vn,m=N): [(n#m) = (eyz(n) # €nz(m))]

X; Choose ¢, to be the e, ’th prime (so in particular

(V6 €8) V¥ qpeny 2 dy(y - (f5(n5(n)) +1))),
Xy let for each § € S, n € w

Psn = Qng (n)» itn > N((S),
=1 otherwise.

X3 and note that by (1.32) (ps, : n € w) is a sequence of pairwise relatively
prime integers, with
(V1) ps.n = Qnyx(n)-

Now
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X, define the system (as,, : 6 € S,n € w) as
asn = dp () - fs(n5 (1)),

and apply Claim again, i.e. we obtain the solution (bs : § € S) € 5Z,
(ca: ¥ <wy) € “"Z:

(1.33) V6 €S, n€w: by =cyzn) — asn (mod ps.p)-
Now
X5 for each @ < wy we define f*(a) € w as follows. Let
ch€dkqo+Ud: keZ, t€{0,1,...,]q./ds] —1}}

be the element of that set of minimal distance from ¢, (if that set is not

empt}’)a let f*(a) =1l € {07 L..., an/dZJ - 1}3 where CZ = kOQa + eOd;'
Fixing § € S, using (in order to prove that f* uniformizes the fs’s) it clearly
suffices to prove that

(1.34) (V6 € 8) V>nIk € Z |kqns (n) + f5(n5(n)) - dype () — Cnzm)| < e () /2
(recall that 0 < f5(n5(n)) -d
(L-33),

:;g (n) < dnz(n) holds for each § for large enough n). By
bs + asn = bs +dy () - f5(05(n)) = ¢z (n) (mod psn).
First recall that ps.n = gz (n) for large enough n (by 7 so for any large enough
n, for some k = k(n) € Z
bs + dp () - fo(5 (1)) + kdyz (n) = Cyz(n)-
Rearranging this equation one obtains
dpsny - Js(5 () + kayz (n) — ¢z (n) = —Ds.
Therefore for large enough n = n(d) we have |bs| < d;g(n) /2 (by (L.30])), obtain-
ing (|1.34), we are done.
Uclain{TaD

DTheorerr@ assuming Theorerr@
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§ 2. SPECIAL UNIFORMIZATION PROBLEMS: A COMBINATORIAL EQUIVALENCE
The purpose of this section is to prove our main theorem:

Theorem 2.1. Let S be a stationary set of limit ordinals < w1, which is simple
(i.e. Va: a+w ¢ S). Then (A)s = (B)s, where:

(A)s every S-ladder system has Rg-uniformization,
(B)s every special S-uniformization p has a solution, see below.

We shall prove more in [2.6] below.

Definition 2.2. Assume p is a special S-uniformization problem, ¥ = WP,
1) We say x1, @2 are U-isomorphic when: |x1| = |z2| and for any by C xy, by € BP,
fe a function with domain b, (for ¢ = 1,2) satisfying

OPul,ug (b2) = bla

f1oOPy, b, = fo
we have f; € U(by) iff fo € U(by).

Observation 2.3.
1) Let p be a special S-uniformization problem. The number of ¥-isomorphism
types is < Ng.
2) For every finite u C wq there is a finite p-closed v extending u.
3) The relation “f, 71”7 are very similar S-ladder systems” is an equivalence relation

on the set of S-ladder systems (see Definition|1.31|(4)).
Proof. his follows by clause (c) of Definition and see Claim 2.7/ below. O
As a warm-up we show (but we rely on Claim below).

Claim 2.4. If p is a special S-uniformization problem, then the forcing notion
Qp = (Fp, Q) satisfies the c.c.c. and lFq, “U{f : f € Gq,} is a solution for p”
where F, = U{UT (u) : u C wy is finite, p-closed}.

Proof. For the second phrase just note that F, is non-empty (by clause of
Definition [1.29) and for every o < wy the set Zo, = {f € F,, : @ € Dom(f)} is dense
open in Q, by clause [[Jg in Definition [T.29]

As for the first phrase, “Q, satisfies the c.c.c.”, let f, € ¥(z,) for a < wi,
where each z, is p-closed. As each z, is finite, for some stationary Sy C S the
sequence (Z, : « € Sp) is a A-system with heart v*, and for a # 8 in Sp, zo N =
23N B = xo Nxg = u*. Without loss of generality o € Sy = fo [ ©* = f* and
B <ae€ Sy =z C a. Observe that this together with the closedness of the x3’s
imply that

(2.1) a<fBeSy =sup(zs) +w < min(xg \ us).

Let f(a) = min(So\(a + 1)) for a € Sy. We define v, = u* if the ordinal § :=
min(zg(a) \ B(a)) ¢ S, and otherwise if this 6 € S let

vy = cl? U {ns(m)}Uusn)Uu” |,

n<w, ns(n)<a



32 MARK POOR AND SAHARON SHELAH

so clearly v, C «, and it is finite by Claim [2.7] below.
Subclaim 2.5. For each a € Sy the finite set yo = Tp(a) U va is p-closed.

Proof. First we check clause @ of Definition Pick € +1 € y,. Since both
Tg(a) and v, satisfy @ the ordinal € must be in either zg(,), or v,. Now let
0 € SNyq. If 6 < a, then necessarily 6 € v, and since v, is p-closed we are done.
At this point we also note that

(22) (VdeSNnysNna) (Vn,k): [bi’k C Yo — bfl’k C ) (since vq D u™).

Second, suppose that 6 > a. Then § € zg(0) \ @ = 2g(a) \ B(a) (since zg(4) N
Bla) = u* as f(a) € Sp). We will distinguish two cases depending on whether § =

min(zg(a) \ B(@)), or § > min(zgea) \ B(a)).
If 0 > min(2g(q) \ B(a)), then for each n we have

ns(n) € xa@y <= ns(n) < max(dNagn) \ Bla)) <= {ns(n)} Uusn C T5(a),
(since wg(q) is p-closed), so
(2.3) n5(n) €Yo = {Ns(n)}Uuspn Cya <= ns(n) < max(dNzga)\L(a)).
Now if 6 = min(zga) \ B(c)), then for each n
ns(n) €Evy <= ns(n) <a <= {ns(n)}Uusy, C va,
SO
(2.4) n5(n) € ya = ns(n) <a <= {ns(n)}Uusn C Ya,
and we are done. For future reference we note that (2.2)), (2.3)), (2.4)) together imply
(2.5) (Ve SNys\a) (Vn,k): [bfl,k CYa — (bi’k Cuoy V bfl,k C 25(a))]-
USubclaimzal
Now for some v* € [w;]<®0 and stationary subset S; of Sy we have
a €51 = (vo =0").
For each o € Sy we can find g, € Ut (y,) = ¥ (24(4)) extending fg(,), which
exists by clause in Definition Now w.l.o.g. we can assume that for every
a1 < ag in S7 we have f(a1) < ag (intersecting S with a club if necessary), and
Joy [V* = ga, [v* (by passing down to a smaller stationary set). Observe that if
ag < ag in S, then Yo, Uya, = v" UTga,) UTg(a,) is p-closed, since by the proof
of Subclaim [2.5|for any 6 € (S Nya, \ az2) either for all n € w:
15(n) € Yo, = {ms(n)} Utisn S Yo, <= ns(n) < max(d N zp(ay) \ Bl)),
(which is the case if 6 > min(zg(a,) \ B(a)) = min(ya, \ f(a))), or
N5(N) € Yoy = ns(n) <z <= {ns(n)} Uusn C Ya,
(when 6 = min(zg(qa,) \ B(®)) = min(ya, \ B())). This means that
(26)  for 6 € (SNyay \a2): (Y, k) : B0k € Yau Uban] — [0 4 € Yao]-
Whereas if 6 € (SN (Yo, U ys,) Naz), then 6 € ys, (this holds for any € € (ya, U
Ys,) Nz), SO
(27) ifé € (S N (yag Uy51) N a2) : (Vn,k) : [bg,k C Yay U yOé2] - [bi,k - yal]'

Therefore, as fg(a,)Uf3(a,) is a function (since they agree on u*), so (by (2.6), (2.7))
f8ta1) Y fa(as) € ¥ (Yo, UYa,), hence are compatible in Q, as required.  Ociainzal
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Our main theorem (Theorem will follow from the following slightly more
general one:

Theorem 2.6. Let S be a stationary set of limit ordinals < wy which is simple,
ie, Vo <wi)(atw ¢ S), and 7* be an S-ladder system. Then (D)g 7 < (E)g 5
where

(D)s,5+ for any ladder system 7 on S if n is very similar to 7* then it has No-
uniformization

(E)s,5+ for every ladder system 7 very similar to 1*, for every simple special S-
uniformization problem p with ° = 7, then p has a solution.

We shall prove Claim [2.6] together with proving Theorem

Proof. Proof of 2.6
(E)s.p- = (D)s.5-

(D)s,7+ is essentially a special case of (E)gz+: let 7 be very similar to 7* we
can replace 7s5(n) by ns(n) + 1 and use the value of the prospective solution f at
6 to say from which n onwards the uniformization demand for c¢s holds, that is,

cs(ns(n)) = fns(n)) if n > f(9).
In detail, this will look as follows. Given (15 : 6 € S), (¢s : 6 € §) as in (D) g5+
recalling Definition [[.:29 we now define a special S-uniformization problem p with
(i) 7" = (n5 : 6 € S), where nj(n) = ns(n) +1 (n <w),
(i%) uén () forevery d € S, n <w (sobnk—{né(): i <n}UId o+ k),
(éi7) WP (b‘s .) is the set of all functions f from b  to w such that:

o (Viel[f0).n)): Fs(i) = cs(ns(i)).
It has to be checked that

() (p) is indeed a special S-uniformization problem (recall that {ran(ns) : § €
S} is an almost disjoint family), and

(B) 7,7 are very similar.

The second clause is immediate, let us deal with the first clause for which we need
to check that WP satisfies clauses [J;HJ,| from Definition [1.29] For a fixed 6 € S,
n, k € w we note that ¥ (b5 i) is determined by (cs(ns(j)) : j <n) € "Tlw, so
holds. It is easy to see that clauses [[J] and [J] hold. Finally, fix a finite u C w that
is p-closed, f € U (u), v D u, |v| < Rg. Now observe that if we could define f(«)
for all the a’s that belong to v \ u, and « is of the form a = n;(¢) for some ¢ € w,
0 € u (and so a = ns(¢) + 1) so that f(a) = cs(n5(¢)), then we would be done.

We claim that whenever § < ¢’ both belong to wN S, and ns(k) = ns (1) for some
I,k € w, then n5(k) = 05 (1) € u. This will finish the verification of clause («).
But since u is p-closed, in fact for each [ with 5, () < § we have 5}, (I) € u, since
8,8" € u (just recall B)|[(8)] (i1))

Now let f’ be a solution to the special uniformization problem p = (5,7, @, ¥), as
guaranteed in (B)g,z+ (i.c., as defined in Definition[I.31[1)). We check the function
¢:w; — w defined by: ¢(a) =: f(aw+ 1) is as required in (D)g 5+ for 7:

Fix § € S and n € w for which n > f(§). Consider the set b3 ,, containing
ns(n) = ns(n) + 1, and 6. Since f is a solution, fy = f[bfho € UP (bi,k), thus



34 MARK POOR AND SAHARON SHELAH

(recalling the definition of \I/p(bi’k) in clause (ii)):

f(ns(n)) = fo(ns(n)) = cs(ns(n)),
as n > fo(6) = f(0). Therefore, (for n > f(6)):

c(ns(n)) = f(ns(n) + 1) = f(n5(n)) = cs(ns(n)),

as desired.

(D)Syﬁ* = (E)Syﬁ*.

So from now on we are going to work under the assumption that for all 77 similar
to 77" have Rp-uniformization. After the following preparation Lemma Lemma
Lemma together will conclude the statement.

Let p be a special S-uniformization problem with 7° = 7 = (55 : § € S), also
(hs:0€S), (usn: 6 €8, n€w)and ¥ as in Definition [L.29] are given such that
7] is very similar to 7* and S = SP. So it is enough to prove that p has a solution.

(We usually suppose p is the index so closed means p-closed, etc.) The proof is
broken to stages (and definitions).

Claim 2.7. Let p° = (S,7,4) be an S-uniformization frame. For every finite
x C wy there is a p°-closed finite y, * C y C wy satisfying max(r) = max(y),
moreover, if we are given v = (vq : « < wy) with for each a: vy € [a] N0, then we
can prescribe y to be v-closed, by which we mean

acy — vy Cy.

Proof. We prove this by induction on ¢, = max{a € {0} UQ : a < sup(v)}
Case 1, 0, = 0: trivial, let u = [0, sup(v)].
Case 2, 6, > 0 and 0, ¢ S:

Let m be such that max(x) = J + m, note that sup(x N J) < § and so by the
induction hypothesis there is a p-closed finite y’ C J§, containing x N J, and we let
y =19 Ulds, s +m].

Case 3, 6, > 0 and 0, € S: Choose m such that max(z) = §, + m and choose n
such that ns, (n) > sup(z Ndy). Let

= (xNd&)U{ns,(0): L <n}U U Us,, ¢
£<n

so max(zT) < ns(n) < d, (so d,+ < ;). Hence by the induction hypothesis there
is a p — v-closed y’ such that for some k < w we have
v Cy Cmax(x™) +1<ns,(n) <6,
and let y = 3/ U [, 0, + m|, remembering that d, +m = max(z) it is easy to check
that we are done.
UctainEz
Also note that

(T)1 the intersection of a family of p — v-closed subsets of w; is closed,
hence
(T)2 for any finite 2 C w; the closure of z, cI’~" = N{y : y is finite p — o-
closed and contains x} is finite, p — v-closed, contains = and has the same
maximum.
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Note the following assertions

(1)3 If ¢s5 is a function with domain ran(ns) for each 6 € S satisfying
(%) for each a < wy, the set ¢* =: {¢5(a) : « € ran(ns),d € S} is count-
able,
then we can uniformize (¢s : 6 € S), i.e.
e find a function ¢ satisfying Dom(c) = w; and ¢(a) belongs to {cs(«) :

a € ran(ns)} U {0}, for every a < wy and A (¢5 C* ¢);
6es
e moreover, there are m = (ms : § € S) and a function m : w; — w such

that for every § € S we have:

n € [ms,w) = f(ns(n)) = cs(ns(n)),
and (V*n)(m(ns(n)) = ms),

[Why? Let gq : {cs(c) : o € ran(ns)} — w be one to one, let ¢§ : ran(ns) = w
be c5(n5(n)) = gysn)(cs(ns(n)). Now we can find a function f’ which uniformize
(c5 : 6 € 5), see Definition ). It exists as we are assuming (D)g;+. Let
ms = Min{m:0 <m <w and (Vn)(m <n <w — f'(ns(n)) = cs(ns(n)).

Then we apply (D)s5- to (cj : § € S) where ¢f is defined by c§(ns;(n)) = ms,
getting f”. Let m = f” and define ¢ with domain w; by ¢(«) satisfies g, (c(a)) =
/(@) when f'(«) € ran(g,) and c¢(«) = 0 otherwise.]

For a given sequence (c§ : § € S), we use ¢’, m’ to denote uniformizing functions
like ¢ and m as above.

Definition 2.8. Suppose that q = (5,7, @, ¥) is a special S-uniformization problem

satisfying
a) usnU{ns(n)} C us i,
b) 0= U Us,n-

n<w
We call q very special if in addition to @, @| there is a system 0 = (v, : @ < wi)
with for each § € S, n € w: usn = Vys(n)-

Lemma 2.9. Let p = (5,7,4, V) be a special S-uniformization problem. If 7j has
Wo-uniformization, then there is a very special S-uniformization problem p’, each
solution of which is a solution of p.

Proof.
Definition 2.10. If p = (S,7, @, ¥) is a special S-uniformization problem, and we
are given v = (vs, : 0 € S,n € w) with

(Wo6e S, Vnew): usn Cvsn Cns(n),

(so p%y = (S,7,v) is an S-uniformization frame), and for each b = (bfl’k)”grﬁ € BPo
let

FEDB(B )" HT) = VbeBP: bC(8),)" ) — (f1beu(),

then we can define the tuple
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Claim 2.11. Ifp = (S,7,4, V) is a special S-uniformization problem, and we are
given v = (Vs : 0 € S,n € w) with

(Vo6e S, Vnew): usn Cusn Cns(n),
(so p%5 = (S,7,0) is an S-uniformization frame), then pi 5 = (S,7,v,®) from the
definition above is a special S-uniformization problem, moreover, each solution g of
pig 1S a solution of p.

Proof. First we check [, in Definition Let w € [w1]<“* be an element of BP+?
(recall Definition [1.28). Now as w is finite w N S is also finite, and it is easy to see
that {b € B* : b C w} is finite. Now since (bf%k)po*‘{’ Db, € B*’, and the fact
that

(Vkew) Tp={{foOPy,: feUD)}: be B |b=k} iscountable
it can be easily seen that [ indeed holds.

For [ notice that if b C b” are in BP*°, then by a reformulation of the definition
of &:

o)= () {f:¥'—=C:flbev)}
beEBP bl
o) = () {f:V' = C:flbevb)}
beBP b’
Finally as every p,g-closed set is p-closed as well, moreover, observe that if a
pp-closed set w contains the p-basic set b} , as a subset, then for b = (bf%k)pow
we have w Db D bi,k- This implies

w is pyg-closed — T (w) = Ut (w),

so [[Ig holds as well.

As for the moreover part again recall that for each b € BP there exists b’ € BP+?
with &’ D b, so if g is a function with dom(g) = wq, Vb’ € BP+° g | b’ € ®(V'), then
VbeBP gbe V(). UclainzIT

(T)a4 So using the claim, replacing us , by any finite ug ,, satisfying us, C uj,, C

ns(n), and redefining ¥ as there it suffices to solve the derived special
uniformization problem.

(T)5 we can define by induction on § € S, n € w the finite sets ug,, (and the

S-uniformization frame p% ,, = (5,7, %)) satisfying us, C ug ,, so that
(a) us, U{ns(n)} C us i,
(b) 6= U usp

n<w
and the special S-uniformization problem pyg = (S,7, @, ¥) from Defini-

tion it suffices to solve the problem p, 7.
Observe that
(T)6 if u C wy is p-closed and o < wy are given, then u N « is p-closed.
Definition 2.12. Suppose that p = (59,7, @, ¥) is a special S-uniformization prob-
lem, m = (ms : § € S) is a sequence of natural numbers, define p \ m = p’ as
follows. Let
o, the ladder system 77 —m = 77 on S be defined as

n5(n) =ns(n+ms) (6 €S, new),
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e, and the system @’ is defined as
ug,n = Usntms (g 7’5(” + m5) = 77(/5(”))7

o3 and for each p’-basic set (b/)i,k = Uj<n(us; U{ns(5)}) U[6,0 + k) (so here
(b/)‘ZLJ~c just equals the p-basic set bfz-‘rm(;,k)? let ‘I’/((bl)i,k) = \I’(bi+m5,k)~

Claim 2.13. Suppose that p = (S,7, 4, V) is a special S-uniformization problem,
and furthermore u satisfies clauses @ and @ from Definition . Assume that
m = (ms:0 € S) is a sequence of natural numbers. Then p’ = p\m = (S,7,u', V")
is a special S-uniformization problem, moreover, for every solution f of p’, [ is a

solution of p too.

Proof. Tt is easy to see that m and @ from Definition imply B C BP, and
W(b) = W' (b) if b e B, so automatically hold. Also each p’-closed set w is
p-closed, and so

Urw)= [ {frw—>C:flbeW ()} =

beB? bCw

= () {(frw—=C:flbevd)},
beB? bCw

and if b € B¥ \BP/, then b = bfl,k for some n < mg, b C (bg,k)p,, and if b C w, w
is p’-closed, then (bfné’k)p = (bg)k)p' C w. Finally, since for any f € \Il’((b&k)"l)
we have f € \I/((bfn&k)p), and fb € ¥(b) (by for p). This easily implies that
for any p’-closed w, we have U+ (w) = (¥*(w))’, and so p’ is indeed a special S-
uniformization problem (similarly to the proof of Claim [2.11). (Note that p-closed
sets are not necessarily p’-closed.

For the moreover part observe that each old basic set bfb’ s = U jgn(u&j U
{ns(4)}) U[0,d + k) is contained in the new basic set
(bg]ax(O,n—mg),k:)p = U (U:;)j U {773(3)}) U [67 d+ k)a

j<max(0,n—mj)

and for each g with g € W' ((b° )P") (since we have

max(0,n—ms),k
U'(b) = U(b)P)) for b e B
by definition) we have g | (bf%k)" € \Il((bfhk)p) as [[J | holds for p.
UctainzTd
Definition 2.14. If ¢ = (5,7,a, V) is a very special S-uniformization problem

witnessed by o = (v, : @ < wi), then we call a set X C w; v-closed, if X is
g-closed, and for each o € X the inclusion v, C X also holds.

(1)7 if the special S-uniformization problem p = (S, 7, 4, ¥) is very special wit-
nessed by o = (v, : a@ < wy), then with some slight abuse of notation we
may refer to also the tuple (S, 7,7, V) as p.
We summarize some useful facts about very special uniformization problems for
future reference.

Fact 2.15. Ifp = (S,7, @, V) is a very special uniformization problem, which fact
is witnessed by T = (v, : v <w1), then
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(T)s (@) vysny U{ns(n)} C vsnt1,
0) 6= U vy

n<w
therefore

(¢) ran(ns [n+1) Cvsni1
Also, bf%k = Uy ) U{ns(n)} U [6,0 + k] (so B> ={b ,: 6 €S, nkew})

(T)o for @ € [wy]<Mo
geVt(z) = MoeSVnk: (b5, Ca)— (g1b), e WD)

(T)10 for x C wy is p-closed, if
(a) for each « € z, if a € ran(ns) for some 6 € SNz, then v, C x,
(b) for each & € x either for some n [ns(n) € x A xNJ C ns(n+1)], or
ran(ng) C 1,
(c) for each a+1€x: o € x.
(T)i1 If m € Sw, then the special S-uniformization problem p’ = p \ m is also
very special witnessed by the same v, and then
e ifx Cwy is (p\m)— v-closed, then it is p — v-closed as well,
e for the basic sets we have

BP\M — {bfL,k eBP: n>ms, k€ w}7
\I/P\ﬁl = P er\ma
e hence
if 2 € [n] 0, then (WH)PV (2) = (UF)° ().

(T If v/ = (v}, : @ < wy) is such that for each o v, C v, C « and v., is finite,
then letting uyg,, = vi}s(n) the special uniformization problem pyz (as in

Definition is very special witnessed by v'.
Observe that Claim and the following finishes the proof of Lemma [2.9]

Claim 2.16. Ifp = (S,7,4, V) is a special S-uniformization problem, u satisfies
[@)l[p)] from Definition2.8] (where i} has Ro-uniformization), then for some m = (mg :

5 € S) € Sw the special S-uniformization problem p \ m is very special.

Proof. We have to find a sequence m, such that for any « if o = ns(ng + ms) =
n5(n1+mg ), then us n, = s n,. So define the functions ¢s for 6 € S by c5(ns(n)) =
Us,n. Again, as for any fixed o < wyq

{es(@): €8S A acran(ns)} C [o] <0

there exists some function ¢* uniformizing (¢s : ¢ € S) and m with for each
4, n > ms the equality ¢*(ns(n)) = cs(ns(n)) holds, which is exactly what we
wanted. Uclainz1g

DLemmaIm

Definition 2.17. We call the very special S-uniformization problem q = (.5, 7, v, ¥)
nice if it satisfies that for every § € S ran(ns) C , and for the system 7 = (v, :
a<wi): a¢Q— v, =0.
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Lemma 2.18. Let p = (5,7,0, V) be a very special S-uniformization problem. If
each ladder system n* = (n; : 6 € S) very similar to 77 has Ng-uniformization
then there exists a a very special S-uniformization problem p' = (S,7,9',¥’), and
a sequence of natural numbers m = (mgs : § € S), such that p” = p’ \ m is nice,
and if p” has a solution, then so does p.

Proof.

Definition 2.19. Assume that F is an equivalence relation on wy, satisfying that
each equivalence class is a finite convex set (and p = (S,7,7, ¥) is a very special
S-uniformization problem). We define p’ = p/E as follows.

Let {e; : i < wq} list the equivalence classes in increasing order (hence § € e;
for § limit ordinal < wy); assume further 7/ = (5 : 6 € S),0 = (vo : @ < wq) are
defined as follows:

() nj enumerates in increasing order

{a: (An)ns(n) € en}
(so 7' = (ns:0 € S) is an S-ladder system),
(B) if a < wy, then
o, v, ={B<a: forsome~y€e, egNu, #0}
oy then v/, = cl” (v7) (where 7* = (v} : o < wi)),
(v) ¥ with dom(¥') = B®")° = {(bfL’k)’ : 0 €S, n,k € w}is defined as follows

for |dom(g)= U el &

ae(b,‘fl,k)’

VoeB: bC | ea — glbeU(b)

(xe(bi,k/)’
whete for g € (U ca) we let dom(f,) = band (@) = {9(6): (51). -+ .9(5;-1)

where e, = {0 <a§1 << Bt
() ' =p/(E,m) =p/({ea : a <wi})is (S,7/,0, ).

Claim 2.20. Suppose that p = (5,7,0 = (v 1 a < w1), V) is a very special S-
uniformization problem. Assume that E is an equivalence relation on wy, satisfying
that each equivalence class is a finite convex set. Then

(x)1 p' = (S,7,7,9') forms a very special S-uniformization problem (defined
above in Definition m,

(%)2 if f' is a solution for p’ then there is a solution for p (which is defined
naturally satisfying the equality (f(8): B € eq) = f'(a)),

(x)3 new closed sets essentially are old closed sets, that is, if u' C wy is p’-closed
(i.e. for i ,0') then J{ea : @ € u'} is p-closed (i.e. forq,v),

(*)a 7, 7,7* are very similar (see Definition[1.51](4)),

(x)5 p' = (S, 7,0, 9') satisfies
(a) for each 6 € S: U,e0, Uy () =0

(b) for each § € S, n € w: ’U;é(n) U{ns(n)} C ’U;g(n+1).
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Proof. We first verify If  is p’-closed, letting ¢ = (J{en : « € z}, then
it is enough to show that if § € = (equivalently, § € x¢), and 7s(k) ¢ z¢, then
(ns(k),0) Na® =0, or else, ns(k) € 2° implies v, () C z°.

First, if ns(k) ¢ 2¢, then for the natural number n defined by ns(k) € e (n)
clearly n5(n) ¢ z, so for each a € (n5(n),d), a ¢ x, which in turn implies that
[min(e,; (n)),0) Na® =0, so (ns(k),d) Nz = 0. On the other hand, if ns(k) € =
then nj(n) € z, so v;g (ny € @, in particular ’U:;g(n) C z, and so recalling again
Uns(k) & 27

Now we can turn to here we use that v/,’s are defined in two steps (instead
of just letting v, =v%). Sofix 6 € S, n € w, it is clear from the construction that

ns(n) € v* ny(n1) - ”;g(nﬂ) (since n5(£) € vy, ) always holds if £ < k by (T .
For v/ ) = =cl” (U;g(n)) C ’U;yg(n+1) we only have to argue that v* ,(n) C W (nt 1)

But as we have already seen that n%(n) € v, (1) the v*-closure of v* ol must

n+1)
contain ”;g(n)'

We are ready to argue |(x);} For it can be easily seen that ‘I'/((bfl,k)/) can
be defined by a single member of J,_,, Te¢, and the position of the (finitely many)

p-basic sets in ¢ (3 ) €a- 1t Is straightforward to check that if y = 2 = Uoen €a

aEcx
and g € (1) (y), then fg € UT(x). Moreover, if x is p’-closed, then y = 2 is
p-closed, and similarly to the proof of Claim [2.11]] ‘ one can easily check that f, €
(I1)(y) is equivalent to g € (¥’)"(x)) (check that 1f some p-basic set b2 . ke S €
contributes to the restrictions (Where n*, k*,n,k as 1n )) then by the p’ closedness
of z there is a corresponding p’-basic set (b‘S x) Cx).

Finally, let f' = f, for some function g with domain wi. It is straightforward
to check that as for each § € S, n,k e w f' = f, | (bf%k)’ € ‘If’((bf%k)')’ by the
definition of ¥’ we have g | bi*,n* € ‘I'(bi*,k*) (where n*, k* as in, and for each
bi*,k* there exists some (bfy,k/)/ with bi*’k* C Uae(bi, ) €ai, 80 We are done.

Uctainizz
Applying Claim we have the following (thus finishing the proof of Lemma

pT):
(1)13 (if the very special p = (S 7,0, W) is given) for some E and m the very spe-
cial S-uniformization p” = (p/E) \ m = (S,7”,0"”, V") given by Definition
satisfies ran(ny) C Q, and a ¢ Q — vl = 0.

Proof. Define for ¢ € S the function 7} : w — § listing
{a€Q: [a,a+w)Nran(ns) # 0}.

As each § € S is divisible by w? according to our assumptions (i.e. S is simple
we are proving Theorem 7' = (ns : 6 € S) is an S-ladder system, which is
also very similar to 7, and hence to 7*. For § € S, define ¢s5 by ¢s(n5(n)) = ns |
(ksn + 1), where ks, < w is the maximal k such that ns(k) < 175(11) + w. Note
that the assumptions of [(1)s] hold (concerning (x), ¢s() is from “>(a + w) which
is countable). So the conclusion of (a) of |(T) - )3| holds, say, witnessed by c. Let aFf8
iﬂa:ﬁorazé—l—kz,B—(S—i—ﬁforsome(SESandk‘ZEw andc(é)lsa
finite sequence with last element in [o, @ +w) N [B, S+ w). Then use Claim to
obtain the very special S-uniformization problem p’ = p/E. Soif p’ = (S, 7, v’ \II’),
then for each 0 € S, ran(nj) contains only finitely many ordinals out51de Q, say,
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the largest is at most the ms — 1’th. Now apply letting p” = p’ — m, and
if p” = (S,n”,9"”,¥"), where each ran(n}') consists of only limit ordinals, then we
can clearly assume that v, ,; = 0 for & < wy, this does not change the set B*"
of p”-basic sets or p”-closed sets (Definitions [1.28] [[.29)), since ran(ns) C €2), so it
doesn’t change the set of solutions. (I

|:lLemmm

We summarize the steps taken so far in the following lemma.

Lemma 2.21. Suppose that S is a stationary set of limit ordinals which is sim-
ple, every ladder system 7 very similar to 7* has Ng-uniformization. For every
special S-uniformization p there exists a very special S-uniformization problem
q = (S,7%,09, W) which is nice, and every solution to q is a solution to p, too,
and every ladder system very similar to % has Ng-uniformization.

Proof. By Claim and we reduce the problem to solving the special uni-
formization problem p gz = (5,7,@, V), where @ satisfies @, @ from Definition
Then Claim yields p” = (S,7",0"”,9"), a very special S-uniformization
problem on the ladder system 77"/ = 77 \ m for some m, which is very similar to 7.
Finally, applying Lemma to p”, it reduces our problem to solving a very
special S-uniformization problem p"”' = (S, 7,7, ¥""), where 77/ is very similar
to 77”7 (and satisfies that for each § € S ran(ns) contains finitely many ordinals
outside {2, as is seen from the following). Moreover, for some m, p”’ \ m is a very
special S-uniformization problem on 7(*) = 7" \ m which is nice, and 7*) being a

finite modification of 77, is very similar to 7 (so q = p”’ \ m works). OLemmdz21]

Fact 2.22. If the nice S-uniformization problem q = (S,7,0,¥) and (ms: 6 € S)
are given, then q \ m is also nice, each solution f of the latter is solution for q as
well.

Lemma 2.23. Let p = (S,7,9,¥) be a very special S-uniformization problem,
which is nice, and the S-ladder system 7 = (ns : § € S) has No-uniformization.
Then p has a solution.

Proof. In this finishing lemma we will not introduce new types of uniformization
problems, but we still need to remove (for each é € S) proper initial segments of
ran(ns) (i.e. appealing to Fact finitely many times, obtaining nicer and nicer
systems (Claim [2.26] Lemma [2.28] Lemma . The consecutive refinements
(applications of Fact [2.22) may ruin earlier steps, for example the system o in the
following claim, or the reader may think of the difference between p-closedness and
p — m-closedness, so we will have to do it carefully. However, finally after Lemma
[2:34) we will not replace p by p — m, instead, in Claim [2:37] we will construct a
solution for p using p — m-“histories” for m given by Lemma (see below in
Definition .

After Claim we will put the pieces together to complete the proof of the
present lemma (Lemma [2.23).

Claim 2.24. Suppose that 7 is a ladder system on S with Wo-uniformization. Then

there exists U = (Vo : « < wy) and ladder system 7' on S such that
a) 7' =7 —m for somem € Sw, i.e. for each € S

n5(n) = ns(n +ms),
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b) for each o < wi, vy is a finite strictly increasing sequence of ordinals < a,
c) for§ € S, n <w we have
Vns(n) = 05 | M,
Proof. For each d € S define
cs(ns(n)) =ns I n,

(note that for each a {cs(a) : 6 € S} C <“a, so is countable), let ¢ : w3 —

<Ww; uniformize cs. Finally define v = ¢(a), so w.l.o.g. for each a < w; V) =

(2(0),2(1),...,v2(|v2| — 1)) € <*a and let

ko, = max ({n <l Vo # 0 T 0)}U {—1}) +1,
and let

ms=min{m ew: VW >m)ns | {= 1/25(5)}.

Now observe that for each § € S, if £ > myg, then k) = ms, so letting

Vo = (0 (ka), V2 (ka +1),..., 00100 = 1)) € Ival=kaq,

15(n) = ns(n + ms)

works. UcClainzza

Definition 2.25. Assume that 7 is a ladder system on the stationary set S. We
say that the system of sets (4, : n € w) is a 7j-rank, if the following hold:

(¥)a (Ay :n € w) is pairwise disjoint, covers S U (U{ran(ns) : § € S}),

(%)p if 6 € SN A, then ran(ns) C 4,41,

Observe that
(T)14 if A is an f-rank for the ladder system 7, and (ms : 6 € S) € “w, then A

is also an 77 — m-rank.

Claim 2.26. Suppose that 7] is a ladder system on S with Ro-uniformization. Then
there exists m = (ms : 6 € S) and A = (A, : n € w) such that letting ' =7 —m
(from Definition A is a 7 -rank.

Proof. First apply Claim [2.24] so (after possibly replacing n with n — m* for some
m*) we can assume that there exists (v, : @ < wj) such that

V6eS, new: vym =ns5 [ n.
Define for ¢ € S the function c; : ran(ns) — w as

cs(ns(n)) = |vsl,

let ¢* : w1 — w uniformize {cs : § € S). Now define the function g : w1 — w by
g(a) = min(c* (@) + 1,|va]), (note that

(2.8) g(a) < |ral) (a € wr),
and choose ds so that
(2.9) m >ds — [g(ns(m)) = c*(ns(m)) +1 = |vs| +1] (> |vs] = g(9)).

Let By = {a <w;: g(a) =k}. So (2.9) and (2.8)) together imply that for each ¢
* 0 € By,
e while ran(ns [ [ds,00)) C By, for some k > g(d),
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e sowelet Cp, = {5 € S : ran(ns | [ds,00)) C By}, which is a partition of S,
and
(Vkew) Cr C | B;-
i<k
Now we construct the A;’s as follows in the form of A; = f~1(i) for a suitable
function f. We define f [ U;<; Bj, (ms : ¢ € (U,<; Cj)) by induction on i so that
for each i € w

() for each § € |J,; C; we have

Vm > ms: f(ns(m)) = f(8) + 1.

So suppose that f | U<, Bj, (ms : & € (U,<;Cj)) are already constructed.
For each 6 € SN (U,<; Bj) with ran(ns | [ds,00)) C Bit1 define the colouring
cs : ran(ns) — w as c¢s(ns(n)) = f(6). Now if ¢ uniformizes the c§’s, then let
f 1 Bix1 = ¢ | Biy1, and choose for each § € S a suitable my. Uclainz2g

Definition 2.27. Let p = (5,7,7, ¥) be a very special S-uniformization problem.
We call the system @ = (w, : @ < wy) p-pressed down, if

e, for each a, w, C « is p-closed,
o, for each 0 € S, n we have v,;(n) € Wysn) S Wyy(nt1), (in particular

ran(% [ ’fl) - w’r]g(n))
o3 for each § € 5, n € w: ws C wy;(n)-

Lemma 2.28. Let p = (5,7,0, V) very special S-uniformization problem with 7
admitting No-uniformization, the fj-rank (A, : n € w) given by Lemma m Then
there exists m = (ms : § € S) and a (p \ m)-pressed down system © = (wy : @ <
w1). (And niceness is of course preserved if p is nice.)

Proof. We can apply Claim and so remove an initial segment from each ran(ns).
First we construct m = (ms: § € S), w(® = (w((lo) Do < wy) with
e, for each 6 € S, n > ms: Ups(n) © wgg)(n),

(0) (0)

ey foreach 6 € S, n > ms: w, () = w5 Uvy,(n)-

We are going to construct <w§0) : 0 € A;) by induction on i. If v € Ay, then

v ¢ ran(ns) for any § € S, we can let w§°) =uvy C 1.

Assuming that w, is constructed for each v € Ujgi Aj, and ms for 0 € Uj<i Aj
note that if v € A; 11 Nran(ns), then § € A; by our assumptions on the A,’s ((x)s|
in Claim [2.26). For § € 4; N S define ¢5 : ran(ns) — [w1]<¥,

(0) i ,(0)
_ ] owsT Uy ifws” Cns(n),
cs(ms(n)) { Uns(n)s otherwise,

note that v, C « by the definition of very special uniformization problems (Defini-

tion , so ws C ns(n) implies that cs(ns(n)) € ns(n)] <N (since v,y € ns(n)),
thus we can find a function ¢* with dom(c*) = A; 41 uniformizing the ¢s’s. W.l.o.g.

*

we can assume that ¢*(y) 2 v,, set w%‘” = ¢*(y). Choose mg so that n > mgs im-
C*

plies ¢5(ns(n)) = ¢*(ns(n)) and w§” Uy, () = ¢*(1s(n)) (thus wl), = c*(ns(n)) =

w((so) U Uy (n) if 0> ms).



44 MARK POOR AND SAHARON SHELAH

Once we defined the entire sequences m, @(®) it is straightforward to check that

defining w, = clp\m(wéo)) works (since vy, C w§°> for v € wy, and for each 9,

(0) (0) (0) (0)
ns(n) = W5 U Uns(ny, SO W D wg ).

n > mg, we have w ns(n) =

|:lLemm

Observe that if we have a very special S-uniformization problem p = (S, 7, 7, ¥),
and thus obtain the 7-rank (4; : i € w), and the p-pressed down system w then it
can be easily seen by induction on k that

(T)15 for any dg, o1, ..., 0k, and ny,na,...,ng with §;11 = ns,(n;+1) we have
ws, € ws, & v5, C wyy.

Recall that if ns(n) = 6*, then ran(ns | n) C vs- by [(¢)| from S0

(T)16 if we fix any 50, 51, ey 5g, and ny,na,...,Ny with 51'_;,_1 = ns; (ni+1)7 then
for any j < £ ws, 2 ran(ns; [ njy1), in particular o7 > ns; (n;41 — 1), so

(Vj <€) 6¢ € (ms; (g1 — 1), ms;(nj41)).

Definition 2.29. If 7 is a ladder system on a stationary set S, then the sequence
(ha : @ € w1) € “tw is permitted (for i), if for each 6 € S the sequence hy,; )
(n < w) is strictly increasing.

Claim 2.30. If7 is a ladder system on a stationary set S admitting Ro-uniformization,

then there exist sequences m = (ms : 6 € S) € w, h = (ha : a € w) € “w,
such that h is permitted for i =7 — .

Proof. The proof is an easy application of Rg-uniformization, and it is left to the
reader. O

Definition 2.31. Let 77 be a ladder system on the stationary set S.

1) We say that 6 = (8;,...,8;1¢) is a f-history, if i € Z, £ > 0, and for each
0 <k <L Givkt1 = N5,y (Nitr+1) for some npiq € w.

2) We let n° = (n;r+1: k < £) denote this sequence associated to ¢.

3) We call the fj-history 6 = (d;, ..., 8;1¢) maximal, if there is no 7-history ¢*
properly extending ¢ (i.e. no suitable &;_;, nor d; 4,41 does exist),

4) We call the f-history 6 = (J;,...,d;4¢) long, if there is no §;_; such that
(61‘_1, Giyonns 57;4_@) is a 7-history.

Observe that

(T)17 if 77 is a ladder system on S, (A, : n € w) is a f-rank (Definition [2.25),
then for each 7-history 6 = (&;, ..., di+¢) necessarily §,1 5 € Aj4x for some
j € w for each k < /.

Moreover, the following also holds.

Claim 2.32. Assume that
(A) 7 is a ladder system on S, (A, : n € w) is a f-rank (Definition 2.25)),
(B) p=(S5,1,0,V) is a very special S-uniformization problem that is nice,
(C) w=(wy: a<wi) is a p-pressed down system,

then
(1) for any 6 < wy the set ws is p-closed,
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(2) and for any mazimal f-history § = (8;,0;11,...,04¢) and for any choice of
tivk €w (k< /l) the set
w* = ws, UU{[0k,tx] : k € [i,i+£)}
is p-closed.

Proof. The fact that w;s is p-closed is just part of the definition of being p-pressed
down. Second, use that ran(ns) C € (by|[(T)13|as p is nice), while for a fixed history
(5 = <617 57;4_1, e 75i+€>7 U(SHI« g ’LU(;Hk g w(;iJrl, SO

U 141 U {5i+k+1} - w* N §i+k - N8itk (ni+k+1 =+ 1)

(where 0jy k41 = 05,4, (Nitk+1))
implies that w* = ws, UU{[0k, tx] : k € [¢,7 + €)} is indeed p-closed. Oclainizaa

Definition 2.33. Let 7 be a ladder system on the stationary set .S, assume that
0 = (04, ...,0;4e) is an 7-history, and (h, : a < w) is permitted for 7, assume that
(W : o < wi) is given. Then we let

wi = wi(7,h, W) = ws,,, U(U{[0k, 0k + hs,,.] 1 k € [i,i+0)}).

Lemma 2.34. Assume that
(A) 1 is a ladder system on the stationary set S (with No-uniformization on 1),
admitting the rank A, and (hy @ « < wq) is permitted.
(B) p = (S,7,0,0) is a very special S-uniformization problem that is nice,
W= {wy: a<wi) forms a p-pressed down system.
Then there exists (o, 1 a <wi), (Vh: a<wy), (Y : a<wi), Po: a<wi),
m={mg: a€S), (V*: a <wy) such that letting 77 = 7j — m the following holds
for every v < wy:
(A)1 if v =n5(n) for some § € S, then Yy € Usew (YT)L (from Claim ,
(A)o for every long 7 = 7] — m-history & = (00,01,...,0¢ = 7), the sequence
hi € “Zw satisfies
hy = (hsys- - hs, = hy),
and if |wy| = k, then
Uy ={g0 OPyr 1+ g € (T)P(wj)} € (TP

(here we insist on (UH)P for technical reasons, and do not write (I+)P\™
instead, which would not be the same, as wi may not be p — m-closed),

(A)3 for each 6 € S with ns(n) =~ for some n: vy =n5 [n € "(n5(n)).

(A)g 3" = (2% k<L) € <9(¥y), where for every long 7' = 17 — m-history
0 = (00,01,...,0; =) we have j = £ (i.e. £g(6) = £+ 1 = Lg(v3*) + 1),
and

(VE<): vih =5,
(s0 if 6 = s, (n), k <L then V3% = N5, 1 1),

(A)s py € Y{0,1}, where for every long 7 -history 6 = (30,01,...,8; = ) we
have j = £ (i.e. py = (p(0),py(1),...,p4(j — 1)), so £g(d) = Lg(py) + 1),
moreover for 0 < k < /{

py(k) =1 < (30 #6"): & € ran(ns ) Nran(n, ).

Proof. We will proceed by induction on i < w, and define
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(@) (ms: de (SN Uj<iAj)>a
(B) (o a€Uj; 4j), (o : a €U 4j), (he: a €U 4)), (Pa: a €
UjgiAj>~
Recall that for each € € A; if € = ns(n) then § € A;_1 by Deﬁnition therefore
if e € Ao, then () is a long history, let hl = v} = v** = () (the empty sequence)
and if k = |w(,,|, then simply let

e ={go OPy: k: g€ (‘Iﬁ)p(w’f&))}

Suppose that ¢ > 0 is fixed, and the objects in@ ‘ are already defined, so if
v E Ujgz' Aj, then hZ, 1., v3, v2*, p, satisfy clauses |(A); (recall that under
n%(n) we mean ns(n + mg), note that my is defined if § € j<i Aj).

First we choose (v3", ¢, 15, py 0 7 € Ait1 N (Use(sna,) ran(ns))), then we are
able to define (7 : v € A1), (ms: 0 € A;), which determines 7' [ A; = (7 —m) |
A;) (note that there may be some

vedpn | U ) |\ | U ran(p)

dE(SNA;) de(SNA;)

ok

Finally we can choose (V)*, ¢y, 1y, py 1 v € Ai1 \ (Use(sna,) ran(ns))), similarly
to the case of v € Ay.
Before the induction step we have to observe the following corollaries of the

induction hypothesis
(%1) if e € U;<; Aj, then for the long 7’-histories § = (60,01,...,60 =€), 8 =
(06,01, ...,0p =€) we always have

hZ = (hsgs hsys - hs, (= he)) = (hsy, hsy s - - .,h%(: he)y,
in particular
=1,
moreover,

(ko) if e €U;<; 4y, §, 6" are as above in [(%1)} 7 € w, then

5~ tmem) €T Wornino(my V€

as ws, C wy, ,, by Definition W (even

w

(2.10) Wi N(e+w) =ws, . (e+w)

(ne(m) tne(my) O

is true). Moreover,

* *

Wty V8 Wy VS =

= [5 +1,e+ hns(n)] U {776(”)} U (wng(n) \ws)
(since 89 > 01 > -+ > 0y =€ > n.(n), and §) > 6] > --- > 6 =€ > n.(n),
and w, C « by |e1|in Definition [2.27)), in particular,

(wgl\ma(")) \wS) N na(“) = (wglh@k(n)) \wg) N 776(“) = Wn,(n) \w€7

which easily implies that
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(K3) if e € U,; 4, 9, 8’ are as above in n € w, then for any k < ¢
(OPW* )“[5;67 ;c + h5,/c+1] = [5k7 616 + h5k+1]a

57 (ne(n)) U8 " (ne(n))

and of course

OP,,

} a)=aqa, ifa<e
6’\(n5(n))’w5lA<775(’L)>( ) ’ -7

hence

(2.11) OP,,* [wg, = Oow’wf/.

W5~ (ne ()5~ (ne (n) 55

h*
€

oo & (n-(n)) = hi " (hy ) € 4w,

o ¢ (ne(n)) =vi* " (¥7),

o for ¥ xan(n.) - Upeo (Y7)P fix a long 7' [ (S 01U, 4) = (= m) |
(SNU,j,; Aj)-history 6 = (9,61, ..,6¢ =€), and consider

wg’\(ns(n» - wng(n) U (U{[élwék + h5k+1] NS [07‘€)} U [576 + hne(n)]

First note that by our inductive hypothesis
h: = <h51,h52, ey hgz(z E)>,

Now fix £ € A;, define the functions ¢, c?, c? with domain ran(n.) as follows.

so (since we C wy_(ny) C n=(n)) k = |w;fA<77 (n)>| does not depend on the
particular choice of §, but we also shall argue later for
¥ - . . F\B (0 p
(212) ()= {go0Py:  xi g€ (WPl e

67 (ne(n))

o, Finally let c?(n.(n)) = p. — (j), where j = 1, if there are §' # §” with
e € ran(ny ) Nran(ny,) (e ¢ = ny(n') = nsv(n”) for some n' > mg,
n” > mgn), otherwise j = 0.

Claim 2.35. The value ¢ (n:(n)) (defined in [2.12) using the long history § =
(60,01,...,0¢ = €)) does not depend on the particular o.

(where k = |w ) being independent of § (and only depending on ¢).

Proof. Fix e € SN A;, n € w, and long n/-histories & = (£o,&1,...,& =€), ( =

<<0a<1a . 'aC@ = €>'
We have to use the induction hypothesis on (¢5 : ¢ € J;<; A;) and recall how

(IH)P is defined from (¥)* in Claim Let

Te - = Wy, (n) U (U{[gkafk + h€k+1] ke [075)} U [5’5 + hna(n)]v

= Y (n.(n))
and

L¢ = wz’\(ng(n» = Wn(n) U (U{Kkv Ck + th+1] ke [076)} U [&5 + hng(n)]

It is clear from the way we defined wj’s (Definition [2.33) and the inductive assump-
tion on A% (or just on v.) that

‘wc‘wns(n» = ’“’s‘“mE(n»

let k denote this number. So suppose that the function fj satisfies

(2.13) fo =900 OP, i for some g € (¥F)P(z¢),

)
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but

(2.14) 91 = foo OPpq. ¢ (UF)P(x¢)

(so

(2.15) 9o = 910 OPy z,).

This means (recalling from Fact that for some b € BP and b C x¢:

g1 1b¢ ().
Now again by Fact this b is of the form b, , = Uj<n (Wns (1) U{ns ()} U5, 6+ 5]
for some § € S, n,s € w. B

Now assume first that § < {, = &, but then (2.10]) in [(J1)| implies that b C
z¢ Nae, and OP,. o [b=1idy, so go [ b= g1 [ b ¢ UP(b), hence gy ¢ (UH)P(x¢)

contradicting (2.13)).
Therefore we can assume that § > € (so § = ¢; for some j < £), then w.Lo.g. by[[]

from Definition we can assume that n, s are maximal such that b = bfhs C z¢,
SO

b= V¢4 U {Cj-‘rl} U [Cj?Cj + h(j+1]'
But note that then

(since {Cj11}U[C, G+ e, |Uwe, C w; by Definition and we, D we;,, 2 V¢4,
by our demands on (wy : @ < wi)), SO
g1 T wi ¢ (P°)" (wp).
Now by the inductive assumption on ). in necessarily
g* = (gl er) o Oszfwg ¢ (Wp)+(w§)v
but as OPy, 4, | wz— = OP“’E*“’E by (2.11)) in
g* - (gl © OPmC,rg) {ng ¢ (\I,P)+(w§>5)’
and by (ZT5)
go 1 wi & (V) + ()
implying go ¢ (UP)" (x¢), contradicting (2.13)).
Uclain{Z35)

Now having the claim proven we already saw that c.(n:(n)) does not depend on
the long r’-history ending with &, once we manage to uniformize the system it will
only depend on 7.(n), not on e.

It is easy to see that for each fixed «a the sets {c? (o) : a € dom(c!")}, {c¥(a):
a € dom(c?)} and {c?(a): a € dom(cP)} are all countable, while

(2.16) {¢/" (@) : aeran(dom(n.))} C <“(“a),

which can be seen by the following: ¢ (a) = v* 7 (1) by its very definition in
and by our inductive assumptions for each long 7/-history 6 = (89, 61,...,0; =
e) the sequence ¢ (a) is equal to Vs, V5555, ) (vs,). By this latter
is equal to

(0 (5, T na), (s, T m2), -, (n5,_, [ me))
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(where 75, (ng+1) = 041, and V5 = (), so

*

(@) € U8 X Wy X -oex <96,

But as 0 7 (6,41 := ) is an n-history, so recalling if k </ and § € ran(ns,) N
Ok+1, then 5 € a = dp41, in particular,

for each k < £: nj, | ngsy has range C a,

we are done with proving (2.16)).

Thus, we can uniformize all these functions, and pick some suitable d" , d¥,
d”"" and dP that uniformize the respective mappings, so fix my : § € A; so that
(n >mY) — d*(ns(n)) = ci(ns(n)) for any t € {h*, 1, v**, p}.

Now for obtaining v* apply Claim to the ladder system (n§ : 6 € 4;N S),
ng(n) = ns(n +mf) giving us

O (my: € 4;n8), and (v, : a <wq) with
Vnd(n+m}) = Vns(ntm§+mj) =
=" | [m§,ms +n) =n | [m+m},md+mi+n).
For each 6 € A; NS we let ms = mY +m}, so we defined the ladder system
7 1 (AinS), n5(n) = ns(m§ +mg +n) (n€w).
Finally, for a« € A; 41 let

Vo, if a € ran(nj) for some § € A;
Vi = .
o (),  otherwise,

. d”"" (@), if a € ran(n}) for some § € A;
(), otherwise,

oy = d¥(a), if o € ran(nj) for some § € A;
@ 0, otherwise,

_ dP(c), if a € ran(nj) for some § € A;
Po = (), otherwise,

e d" (@), if a € ran(n}) for some § € A;
o (), otherwise.

It is straightforward to check all our demands in |(A);H(A)s| for each 6 € SN A;,
v € Ait1.
|:lLemmzm

Lemma 2.36. Assume that

(A) 7 is a ladder system on the stationary set S (with No-uniformization on 7j),
admitting the rank A, and (h : o < wy) is permitted.
(B) q=(5,7,0,%) is a nice very special S-uniformization problem, w = (wq :
a < wy) is a q-pressed down system.
Moreover, suppose that there exists 1, v*, p, v**, h* and m as in Lemma (and
a derived ladder system 7 =7 —m)
Fize <wi, § = (60,...,00 =€), 0' = (8}, ...,6, = €) are long 7 -histories, and

suppose that 0 < e, £ = (&, ..., & = 0) is a long 7' -history. Then
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(M1 {0;: i <n{d: i<} ={6: i>j*} for some j* < ¢,
(V) {0;: i <}n{& : i <k} is either empty, or is of the form {d; : jo <i <
J1} for some 0 < jo < j1 < £, moreover,
{000 jo<i<gi}={&: jo<i< g},
()3 if jo < J1 are as i?} (so & and & intersect each other), then there erists
a long 7' -history £ = (€),€1, ..., &) with
(a) . =0, and
(b) {o;: i<pn{§: i<k}={0: jo<i<j},
(c) moreover,
(OPy:z, w2) “wi Nwg = wg, Nwg,,

and

(OPw*, wg)“wg Nwg = wj Nwg,

(Y)y there exists a long 7' -history & = (£o,€1,...,&p=) such that &g < €, € ¢
{&: j < k*}, and whenever 9 = (99,91, ...,9m) is a long 7' -history with
Um < e, e=20 ¢ {0;: j<m}, then for all i < £ 6; € {9; : j < m}
implies ; € {50751, coy & boand
N [6i, 6 + w) S wg N [6;,0; + w).
Proof. First, assume on the contrary, that for the long #’-histories &, &' (6, = &})
for some i < ¢ 0; = &, but d;41 # 9}, (so necessarily i + 1 < £). Then on the
one hand 6;11,0;,, € ran(n;,), so by |(A)s| V5, # v5  as one is a proper initial
i i it1
segment of the other. On the other hand by -

* *
Vi1 = V5N+1 Va' Ji+1 = Vs

a contradiction, this proves
For- (Y)o| let §; = &;, but (51 1 # &1 (so 6;—1 ¢ ran(€) by |(T)17). Then apply
-to (00,01, - ..,0;:), (€0, &1, .., &;). Finally, follows from |(A)o|or [(A)4|that i = 5.
To prove - (Y)3|let j® be given by - (Y)1]let jo, j1 be given by [(Y)o|for 4, &, so that

(2.17) {6i: jo<i<j}={&: jo<i<ji}

Define & = 0] for i € [jo,j1], and & = &; for i > j; (and i < k). Before completing
the definition of ¢ we check that this segment is a n’-history, which is clear once
we have showed

(2.18) §t1 € ran(ﬁfs_;l )

Of course we can assume that 0% # d;, (as d;, = {j, and so (2.18) would follow),
from which necessarily j; < /.
We will need the following two observations.

(H)s V511+1
else if j; +1 < ¢, then v 14

it1’

= I/S‘;l+1, either because j; + 1 = ¢ (and then d;,11 = 6}, 4 =€), 0

* *
=v =v b A SO

! —_
vy, = =g, [ n=nj, [ nfor some n,

Jji1+1

where

(2.19) Wy (1) =841,
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and

(2.20) Ms,, (1) = 0,41

J1

Moreover, as d;, = &;, we have

(D)o V§j1+1 = néjl | n® = ngjl I n® for some n® by and 77{59‘1 (n®) =

/ o\
77§j1 (Tl ) - §j1+1'

So |([Jq)] and |(C2 )| together mean that it suffices to argue that
(2.21) n® <n,
because then
(2.22) My, (n%) =15, (n°) = &,
ie. holds. As 77(’;],1 (n) = 6j,41, and néjl (n®) = &j,4+1 and 0,41 # &j,+1 by our
assumptions, so if n® > n, then it follows from that néjl (n) = 77fsj (n) = 8;,41
by (2.20), and necessarily 0,11 < &, 41 = néh (n®). So applying to € we
obtain that for each j <k & > 0,41 > ¢ = € holds, contradicting 6 < «.

Now recalling 1 Y Eglwe only have to extend (¢’ , &} 11, --,&) to along 77'-history
(€,€1 -, &), such that & | # 8} _;, So we can assume that 0 < jo. Note that

we may assume that J;, # 0, = ¢, i.e. jo < ¢, as otherwise letting £ = & would
work. Recall 50 pe(jo) is defined, and §;, € ran(ngm_l) N ran(nfg.jo_l) implies

that p.(jo) = 1. Applying this fact to 6’ we obtain that

&, € ran(TIS;WI) Nran(r),) for some v # &5 4,

let §’-0_1 = v, and extending it to a long history, we are done. (It follows from

that two long 7/-histories £ and & with the same ending must have the same
length.)
For the moreover part recall how we defined the w*’s (Definition [2.33):

w;—‘ = ws, U (U{[éi,éi + h5i+1] 1< E}),
and note that §; = Jj, so by hs; = he; for each i < ¢, and
wZ‘ = wg, U (U{[&, & + he, ] 14 < K},
similarly &, = &}, so by he, = he for each ¢ < k. We recall that
max wgk) < fk < Ek—l <...< 50,
max(wg ) < &, <&y < ... <&,
) < dp < dp_q1 < ...< 0o,
max(ws,) < 6 < §p_y < ... <,

(and ws, = w(;é), so one can easily check that the moreover part of would
follow if we could argue that

(223) (VZ < k) : [g’ia 51 + h€i+1} Nws, = [f;a gz/ + hf;+1] Nws,.
Note that (2.23)) would follow from the assertion
(2.24) (Vi<k): & ews, < €& €ws,.
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For (2.24) note that by definition §; = &} for j > ji, so we only have to care about
s, &'s for j < jr. Therefore, as 1, (1) = 31,41, () =8> 0 (€19
E20), @21)), and nfy (n*) = (0*) = &1 = & 11, (by @22)), and clearly

77:5]-1 (n) = 0, =&y > 041> ... > 00 > 775 n®) = §iit1s

(

77:5;1 (n) = 5;1 = f}l > 5/1+1 >..> 0> 775' (n®) = ]1+1

This means that £j,, &}, >max(ws, ), and we are done.
For first let k* = ¢, if v} # (), otherwise letting k* < ¢ to be the largest

Jj <€ such that 77 # () (equivalently, 5, # ()) if such a j exists, and let k* = 0 if

there is no such j. We will argue that choosing

(225) g: <£0,§1, .. > = <(50, 61, ey (5k-,1, ng. (‘ng.| - 1)>

works (or else, if v¥ = () and so there is no j < ¢ with v;, # (), then for any
7’-history Y with last entry smaller than e, the set of entries of ¥ does not meet
that of 0). No matter which case we are in we can assume that

. * p—
(2.26) VE>0: vs,,,, =)

In the first case note that if k* > 0, then v5 , =5, | [v5 [ by (A)3|, so ¢ is
indeed a long 7'-history. Also it is easy to see by [(A)4] (or |[(A)s|if k* = £) that for
the last entry of &:

gk' = V(?ko (|V§ko| - 1) <Ee.
Clearly it is enough to verify that picking an arbitrary 7’-history 9 with Dyg|-1 <
e and ¢ ¢ {Jo, V1, ..., V5 _1} necessarily

(Vt > 0) Sgett ¢ {U0,01,..., 951}

But observe that if a long 7'-history & goes through e ¢, then it can go through
Okeyt—1, Opott—2, -, Ope With the same ending point §¢|_;.

So it is enough to argue that if ¥ is a long 7/-history with 9; = dje for some
J then necessarily 9|9 —1 > € = J;. Recall pick the largest t > 0 such that
Vjgr = Opett (50 k® +1¢ <, Opoqy #e ase ¢ {V; 1 i <|J|} by our assumptions)).
Then 94441 # Ogett41 are of the form ngk.ﬁ (n1), ngk.ﬂ (ng) for some nq,ns < w,

respectively, and as V§k‘+t+1 =() = ngk.+t [ no by|(A)s| we obtain that ny < nq, so
Vjqt41 > Opeqt4+1. But then it follows from |(T)16} that all entries of ¥ are bigger
than dge 441, so bigger than €.

Since for every p € S hng(n) is strictly increasing (by our assumptions) recalling
the definition of w§ = wy; _, U (U{[0;,6; + hv,,,]: 7 € [0,[9])}) in Deﬁnition@
(and a similar reasoning applying|(T)16)) it is straightforward to check the moreover
part.

|:lLernm

Now using Lemmas and we will solve the nice S-uniformization problem
p with the aid of m and all the values resulting from Lemma [2.36

Claim 2.37. Assume that 7] is a ladder system on the stationary set S, (4; : i € w)
is a f-rank, w is a p-pressed down system, and Lemma holds with m = (ms :
0€S).

Then there exists a function F with dom(F) = wy, which is a solution of p.
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Proof. We define
(®); 2. = {6 = (60501, -+, 0)5-1) : d is a maximal 7/ = 7 — m-history ending
with g, i.e. 5‘5‘71 = 5},
let
(®eo PT={a<w;: Eq#0} (soT = Uaes (ran(n(;i[ [ms,00)) \ S).
(®)3 We choose for each ¢ € I' a maximal history 6¢ € Z.
(®)4 By induction on ¢ € I' we choose a function f¢ such that
(a) dom(f;) = w;, and
(b) fc € (¥H)P(w3, ), moreover,
(¢) introducing the object
Ge=UU U 9
a<( 565a
which we require to be a function, where by gz we mean the function

with domain wj defined as follows.
(®)5 Fora e (Nl and ¥ € Z, we let g5 = fa OOnga,wg where dom(f,) = w3,
(so gg is a function with domain w}), and

(®)s we let Be = Uqee Ugez, w-
Note that by [(®)s]
(2.27) (fora <(): V0,0 €Eq: Ge¢ lwi o (OPuy, wz) = Ge | wi

moreover, by our demands on m using and |(®)4b| clearly
(2.28) Vo' € Ea: Ge [ wj € (UP)H(w}),

First we argue that (provided we can carry out the induction) the resulted func-

tion F' = Ua<w « is a solution for p. Note that (by -/ @ in Fact E and
recalling u, C w, C « in Definition [2.27))

(®)7 if § € S, then U, ¢, Wns(ms+n) = 0,
so by choosing for each n a maximal 7’-history through n5(ms + n) and 6 clearly
6 C Bs. As S is stationary F' is an entire function, defined on each ordinal o < wj.
We only have to check that for each §, and each n, k < w

F bfz,k € \ij(bi,k)~
For this having §, n, k fixed choose n® large enough so that
15(n*) = 1s(ms +n*) > ns(n),

and
hnf;(n‘) > k.

Now if ¢ € T is such that there exists a long 7'-history § € Z¢ through 7}(n®) and
4, then by Definition [2.33| we have

wi Db b

mgs+n®,h () = n, ks
and by ([2.28)
F r’u)g = GC+1 [w§ S (\IJP)+(w§),
and by F bfz,k € P (bfb,k), we are done.

This means that the next claim completes the proof of Claim [2.37] so that of
our main theorem.
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Subclaim 2.38. We can construct the sequence (fc: ¢ € I') satisfying .

Proof. We proceed by induction, obviously only the successor step is interesting.
So assume that fz is constructed for each (NI', we need to construct a suitable f¢.

We have to characterize the set B Nw3. (and B¢ Nw} for § € Z¢), the set where
our function is already defined, and we have to argue that the induction hypothesis
ensures that the required compatibility in can be achieved.

Appealing to m of Lemma with 0¢ = (58,(5%, ey 5l§ = () there exists
a long #'-history & = (&, &1,...,&) with & < ¢, and with the property that
whenever for a maximal 7/-history ¥ we have 9; = 65 for some j < £g(V), i < ¢,
but )91 < ¢, then wj N [(55, 5? + w) C w¥, in particular, §§ = ¢, for some n < k.
This also implies that

(2.29) Benwg € CUwg.

j—

Recalling the definition of wj’s (w5 = ws,, 5, UlUk<sy)-1[0k, Ok + hey,,] Defi-
nition where in fact the sequence of hs,’s only depend on 6,5 _1) this clearly
implies that

(2.30) B¢ Nwg € CUwg

(as & works for any 9 and i).
By extending £ to be a maximal 7-history if necessary we can assume that

p:=& €. Now from Lemma yields that for every &' € E¢ there exists
¢ € E,, such that

@, K * ok *
(Ong”wE) ’U}gc n ’wg = ’ll)g, N U)é/,

and
(OP“’EHUJ;& ) “wie Nwg = wy, Nwg,,
SO
(231) OPwE"wE [U}:S-kc N U}Z— = OPwE“wgc [U}:S-kc N U}Z-,

as both functions are order preserving. So (2.31) together with (2.29) (and (2.27)))
imply that

(2.32) G¢o Ongc w3, I (wgg NB;)=Ge | (’LUE, N B¢)
(since OP“’§< qwr, fixes each ordinal smaller or equal to ¢ = 5? = 0y).

We claim that it is enough to extend G¢ | B¢ Nwj, to a function f¢ defined on
wi, with fe € (PP)*(wj ). So suppose that such f; exists, we need that G¢p =
GeUU{gs : ¢’ € E¢} is a function, which in turn would imply that

G100 0Py wz, = Gepn [w5, .

*

Suppose that 8 € wj, Nwj, for some §',6" € Z;. Then recalling that w3, =
Wgr U (U{[éi,éi + h5i+1] 1< |5/| — 1}), OPwE,,wi‘ :Ongwwgg OOPw;jC Wk, fixes

[8/]—1 51
B, 50 OPj¢ 5/(8) = OPsc 5(8), and we are done (remembering |(®)s|).
For this (i.e. for a suitable f.) we only have to prove (recalling[-]g{from Definition
1.29) that B; Nwj, is p-closed, and check that G¢ [ B¢ Nwi. € (WP)*(Be Nwg, ),

i.e. for p-basic sets b C wi. G [ b € ¥P(b). So fix 6* € S, 6° € B; Nwj,. First
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assume that 6* < ¢, so 0* € w¢ by the definition of wac But then as w¢ is p-closed
by our present assumptions on w and Definition so for some n and k

Nse (1) U vpen) C we N6° C e (n 4 1),
and
we N[6%,0° +w) = [0°,0° + K.
(note that here we use the original ladder system 7). Then for some n’ 7. (n’) =
Nse (Mse +1') = nse(n), and hyy, () = k (as h is permitted for 7). Then choosing a
maximal 7/-history & going through n5e(n') and 6°, the following necessarily holds:

bn k = bm(g- +n’,h = {775° (mﬁ' —|—77/)}U’U7]5. (mgse +n’)U[5.7 §.+hn(m50 +n/)] g ng

n(mgse+n’)

(note that bf,;é.Jrn, Byt a sy is a p-basic set as well). As G¢ [ wg € (\I/P)Jr(w’g—) by
HB(mge 4

(2.28)), clearly G¢ | bf;,k € \Ilp(bf;k) (by , we are done.
Now since ¢ € T, so ¢ ¢ S, the other possibility is that 6* > (. Then ¢° € wj,
means that §* = &5 for some i < ¢ (3* € S), and s0 5, ; = 74 (n) for some n. Note

that by
(2.33) Mo (n — 1) < ¢ < nje(n) = 65,4,
and then
(234)  wse, U{ie(n)} € we U {750 (n)} € wie N0° C Sepr + 1= (n) +1
by Definition [2.27) and the p-closedness of w},,
(2.35) [0%,0° + Ay ()] = wje N[0°%,0° + w).
Now §°® € B, implies that
(8)1 there is a maximal 7/-history & = (£, &1, ..., &) with &, < ¢ going through
6%, 50 & = 0%, and ;1 = nj. (n®) for some j and n® (where ms > n®, since
¢ is an 7-history).
At this point let n® be maximal such that holds (i.e. for some #7'-history £ =
(€0y---,&k), € has 6° as an entry, and & < (), then by finding a maximal history
through nj5. (n®) we can assume that ;411 = 75.(n®), and n® is the maximal ¢ such

that n%. (t) € B¢, Such maximal n® exists by the following. We are going to argue
that

(o) either n® =n —1, or n® = n where n is from (2.33).
First recall , so either n§(n — 1) € T', or it belongs to S, and there is a
maximal 7’-history through it and d, so n® > n — 1. On the other hand, ¢ <
N5e(n) < Mse(n + 1), and again by any history through nj.(n +¢) for t > 0
must have a last entry bigger than 7§, (n+t—1), so bigger than nj. (n), contradicting
the fact that so far we only considered maximal 7’-histories with last entry smaller
than (.
Now in order to finish the proof of the subclaim it suffices to show that
(1) (wac NB¢)N6® Cnse(n® +1),
(2) (whe 11Be) 116%,8° + ) = (6%, 8° + b )],
(3) sob .+lkCBme5< iff | <n® andk:<h
(4)

5°
4 and GC m5o+lh / o (n®) \I] (bm50+lh / (ﬂ.))

and

N5e (n®)>
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this will imply that wj}, N B¢ is p-closed and G¢lwj N Be € (UF)P, as §°* was an
arbitrary element of (wj. N B¢)NS.

It follows from the maximality of n® (and the definition of w%f, and h being
permitted) that

(2.36) BeN[3°,6° +w) = [6°,8° + iy (ne] = w3 N [5°,6° + ).
Then similarly to (2.34)), (2.35)
(237) Wyt (n®) U {77(/;. (n')} U [5.,5. + h”l:;- (no)] - ng - Bg.

If n®* = n — 1, then by the maximality of n® we would have nj.(n) ¢ B so
putting together (2.34)), (2.35)) and (2.37)) we have

(2.38) Wy, (ney U {Nse (n®)} € (Be Nwie) N6° C e (n® + 1),
and
(2.39) (Be M) N16%,0° + ) = [0°,8° + By, (no)]-

On the other hand, if n® = n, then clearly wj, N [0%,6° +w) = [6°,0° + h,]:s. (n*)]s

and (2.38)), (2.39) also hold.

o ._ 30
In each case b* := by, , 1R (o)

of B¢ Nwj, (since Unty(ne) € Wyt (ne) by Definition . It is also clear that

B¢ Nwy, is p-closed. Moreover, b* C wg for the long 7-history & going through 4°

and 775, (n°), s0 G¢ [ w§ € (PP)*(wg) by [2:28), so G¢ [ b* € UP(b*) by
DSubclairrm

is a maximal p-basic set at §° that is a subset

Hctainzzg

In order to finish the proof of Lemma [2.23] suppose that p is a very special
S-uniformization system which is nice. By Claim there exists some m and
A= {a,: n €w) such that A is an 77’ = 7j — m-rank. By Lemma for some m/
the system w is a 7" = 7 — m/-pressed down system. Therefore, Lemma and
Claim apply to p”’ = (p—m) —m/, and we have a solution to that (i.e. to p”).

|:lLernmm
|:lTheorerrm
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