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Abstract. For a given stationary set S of countable ordinals we prove (in

ZFC) that the assertion “every S-ladder system has ℵ0-uniformization” is
equivalent to “every strongly ℵ1-free abelian group of cardinality ℵ1 with non-

freeness invariant ⊆ S is ℵ1-coseparable, i.e. Ext(G,⊕∞
i=0Z) = 0 (in particular

Whitehead, i.e. Ext(G,Z) = 0)“. This solves problems B3 and B4 from the

monograph of Eklof and Mekler [EM02].

§ 0. Introduction

On the subject and all background needed see Eklof-Mekler [EM02].
By [She74] there may be a non-free Whitehead group of cardinality ℵ1, by [She77]

this may occur even under CH, in both proofs the main idea is that the group the-
oretic problem is similar to the combinatorial problem of uniformization. This
intuition materialized as a theorem stating that the existence of a non-free White-
head (ℵ1-coseparable, resp.) group of cardinality ℵ1 is equivalent to the existence
of a ladder system on a stationary subset of ω1 that admits 2-uniformization (ℵ0-
uniformization, resp.); see [She80] and [EM02, XIII.0, XIII.2.] where also a compre-
hensive list of problems is presented. More is done in Eklof-Mekler-Shelah [EMS92],
[EMS94], Eklof-Shelah [ES94]; see the updated book Eklof-Mekler [EM02]. In fact
if a group G of cardinality ℵ1 is Whitehead, then it is ℵ1-free (i.e. each countable
subgroup of G is free), and MA + ¬CH proves that for an abelian group G of
cardinality ℵ1 being a “Shelah” group (a strengthening of the notion of ℵ1-free
groups, see Definition 0.2) is equivalent to being Whitehead [EM02, XII. 2.5, XIII.
3.6]. Therefore it is natural to ask whether uniformization principles themselves
together with a strengthening of ℵ1-freeness imply the Whitehead property. P.C.
Eklof, A.H. Mekler and S. Shelah explored the close connection of ℵ0-uniformization
and the characterization of ℵ1-free abelian groups of cardinality ℵ1 in terms of the
Whitehead property and the following important problem remained open:
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2 MÁRK POÓR AND SAHARON SHELAH

Problem. Are the following two assertions equivalent?

(a) Every strongly ℵ1-free abelian group of cardinality ℵ1 is Whitehead,
(b) every ladder system ⟨ηδ : δ < ω1 limit⟩ has ℵ0-uniformization.

This problem was first stated explicitly more than 30 years ago (in fact it arose
implicitly more than 40 years ago), and is the crux of the problems listed in the
Appendix of [EM02]. Our main theorem here settles it, and (the main case of, i.e. ,
the case of a strongly ℵ1-free group, of) B3 and B4:

B3. If we have, say, all uniformization results that can be deduced from MA +
¬CH, then is every strongly ℵ1-free (every Shelah) group of cardinality ℵ1 a White-
head group?

B4. If every strongly ℵ1-free group is a Whitehead group, are they also all ℵ1-
coseparable?

Although the case of Shelah groups is certainly of interest, historically the stress
has always been on strongly ℵ1-free groups. Model theoretic considerations suggest
that the general case of Shelah groups might be more intricate than the more natural
(and more familiar to algebraists) property of being strongly ℵ1-free [Ekl74]. We
also remark that by the already cited theorem [EM02, XII. 2.5, XIII. 3.6] we cannot
replace strongly ℵ1-free by ℵ1-free.

In §1, in the proof of Theorem 1.3 the group theoretic problem is translated
to a combinatorial one which is proved to be equivalent to the uniformization of
ladder systems in §2 (Theorem 2.1). We have to remark that in some sense §1 is
enough for answering B3, as (BS) from Theorem 2.1 is a combinatorial principle
which follows from MAℵ1 by Claim 2.4. Still it is better to show that (AS) from
Theorem 2.1 (i.e. the ladder system uniformization with parameter S) can serve as
a sufficient (and in fact necessary) condition, since that is a classical, old principle,
and it is nicer to phrase.

Moreover, in Proposition 1.7 we prove an equivalence between uniformization of
all ladder systems η̄∗ that are “very similar” to a fixed ladder system η̄ on a fixed
stationary set S, and all strongly ℵ1-free groups of cardinality ℵ1 whose structure
in terms of non-freeness in some sense can be described by η̄∗ (see (B)S,η̄∗ from
the proposition) have the Whitehead property: We will argue that the Whitehead
property of the groups in KS,η̄ (see Definition 1.35) implies ℵ0-uniformization of η̄.
This class is related to the more general (but less convenient to use) class where
the equation is knyδ,n+1 = yδ,n + xηδ(n) (related to the ones used in [She81]).

∗ ∗ ∗

Notation 0.1.
1) Let α, β, γ, δ be ordinals (here always < ω1), m, n, k, ℓ are natural numbers,
Ω is the set of countable limit ordinals.
2) For sets u, v of ordinals, OPu,v is the following function: OPu,v(α) = β iff α ∈ v,
β ∈ u and otp(α ∩ v) = otp(β ∩ u). Here we let u, v, w vary on finite subsets of
ω1.
3) By a sequence we mean a function on an ordinal, where for a sequence s̄ = ⟨sα :
α < dom(s̄)⟩ the length of s̄ (in symbols ℓg(s̄)) denotes dom(s̄). Moreover, for

sequences s̄, t̄ let s̄⌢ t̄ denote the natural concatenation (of length ℓg(s̄) + ℓg(t̄)).
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4) Let ∀∗n mean for every n large enough; let us define x ⊆∗ y, if |x \ y| < ℵ0, so
for the functions f1, f2 f1 ⊆∗ f2 iff {x ∈ dom(f1) : x /∈ dom(f2) or f1(x) ̸= f2(x)}
is finite.
5) Z is the additive group of integers, Zω is the direct sum of ℵ0-many copies of Z.
The word group here always means abelian group.

Definition 0.2.
1) An abelian group G is ℵ1-free if all of its countable subgroups are free abelian
groups, i.e. isomorphic to the direct sum ⊕i<µZ for some cardinal µ (where of
course for a countable free abelian group µ ≤ ω). By classical results [Fuc73, Thm.
19.1.] it is equivalent to demanding that each finite rank subgroup is a free abelian
group.
2) An ℵ1-free group G is a Shelah group, if for every countable subgroup H ≤ G
there exists a countable subgroup H ′ ≤ G with H ≤ H ′, which moreover satisfies
that for every countable group F ≤ G

F ∩H ′ = H ⇒ F/H is free.

3) An ℵ1-free group G is strongly ℵ1-free, if for each countable subgroup H ≤ G
there exists a countable subgroup H ′ ≤ G with H ≤ H ′, and G/H ′ being ℵ1-free.
4) G is aW -group means G is a Whitehead group which means: if Z ⊆ H, H/Z ∼= G
then Z is a direct summand of H.
5) G is ℵ1-coseparable means: if Zω ⊆ H and H/Zω ∼= G then Zω is a direct
summand of H where Zω is the direct sum of ω-many copies of Z. We call an
ℵ1-coseparable group also a Wω-group.

Definition 0.3.
1) For S ⊆ Ω we say that η̄ is an S-ladder system if η̄ = ⟨ηδ : δ ∈ S⟩, ηδ a strictly
increasing ω-sequence of ordinals < δ with limit δ.
2) We say η̄ has κ-uniformization when: for every c̄ = ⟨cδ : δ ∈ S⟩, cδ a function
from ran(ηδ) to κ there is a function c from ω1 to κ, uniformizing c̄, i.e., for every
δ ∈ S, cδ ⊆∗ c, i.e. for every n < ω large enough c(ηδ(n)) = cδ(ηδ(n)).
3) We say that the ladder systems η̄1, η̄2 on the stationary set S are very similar
when η̄ℓ = ⟨ηℓδ : δ ∈ S⟩, and for each δ ∈ S for some k1, k2 < ω we have

{η1δ (k1 + n) + ω : n < ω} = {η2δ (k2 + n) + ω : n < ω}
(which is equivalent to stating that

{η1δ (n) + ω : n < ω} =∗ {η2δ (n) + ω : n < ω}.
)

Definition 0.4.
1) We say S is stationary when for every closed unbounded C ⊆ Ω, S ∩ C ̸= ∅.
2) Call S simple if S ⊆ {α < ω1 : ω2 divides α} (i.e. S ∩ {α+ ω : α < ω1} = ∅).

§ 1. Abelian Groups

Before stating our main theorem we need an array of definitions.

Definition 1.1.

a) If G is an abelian group, A ⊆ G, we let clG(A) be the subgroup of G that
A generates (if G is fixed, we may suppress it).
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b) The subgroup H ≤ G is a pure subgroup if for every g ∈ G, n ∈ Z, ng ∈ H
implies g ∈ H. As the groups in this paper are mostly torsion free (except
for some quotient groups of the ℵ1-free groups, when we divide by a non-
pure subgroup), for every such group G and set A ⊆ G we have that the
pure closure clprG (A) := ∩{K : A ⊆ K,K a pure subgroup of G} of A is
equal to {x : for some n > 0, nx ∈ clG(A)}.

c) For K1,K2 ⊆ G, let K1+K2 = {x+y : x ∈ K1, y ∈ K2}. If K1∩K2 = {0}
we write K1 ⊕K2.

d) For K ≤ G we say that {gi : i ∈ I} ⊆ G is independent over K if there
exists no non-trivial Z-linear combination of {gi +K : i ∈ I} being equal
to 0 in the quotient group G/K.

e) We call a set independent if it is independent over the trivial subgroup {0}.
f) If G is an abelian group of cardinality ℵ1, then we say Ḡ′ = ⟨G′

i : i < ω1⟩
is a filtration of G, when
f1) Ḡ′ = ⟨G′

i : i < ω1⟩ is increasing, continuous,
f2) for each α G′

α is a countable pure subgroup of G,
f3) G =

⋃
α<ω1

G′
α.

Definition 1.2. For a fixed stationary set S we will consider the following asser-
tions.

(A)S ≡ every S-ladder system ⟨ηδ : δ ∈ S⟩ has ℵ0-uniformization,

(B)S ≡ if G, Ḡ′ satisfy (∗)S(G, Ḡ′) below then G is a Whitehead group (W -group
in short)

(∗)S(G, Ḡ′): (α)∗ G is an abelian group of cardinality ℵ1,

(β)∗ G is ℵ1-free, i.e. every countable subgroup of it is free,

(γ)∗ Ḡ′ = ⟨G′
i : i < ω1⟩ is a filtration of G, and

{δ ∈ Ω : G/G′
δ is not ℵ1-free} ⊆NS S

(which means that the set {δ ∈ Ω : G/G′
δ is not ℵ1-free} is con-

tained in S up to a non-stationary set),
(δ)∗ G is strongly ℵ1-free, i.e., for every countable H ≤ G there is

a countable subgroup H ′ ≤ G extending H such that G/H ′ is
ℵ1-free (follows from (γ) if ω1\S is stationary),

(C)S ≡ if G, Ḡ′ satisfy (∗)S(G, Ḡ′) above, then G is ℵ1-coseparable (one of the
equivalent definitions is Ext(G,Zω) = 0 where Zω is the direct sum of ω
copies of Z, i.e. G is a Wω-group).

Theorem 1.3. Let S be a stationary subset of ω1. Then

(A)S ⇐⇒ (B)S ⇐⇒ (C)S.

Before proving this we state its immediate corollary:

Corollary 1.4. The following are equivalent:

(a) every ladder system ⟨ηδ : δ < ω1 limit⟩ has ℵ0-uniformization.
(b) Every strongly ℵ1-free abelian group of cardinality ℵ1 is Whitehead,

However, unfortunately the following falls out of the scope of the present work:

Problem 1.5. Are the following two assertions equivalent?

(a) Every ladder system ⟨ηδ : δ < ω1 limit⟩ has ℵ0-uniformization.
(b) Every Shelah group of cardinality ℵ1 is Whitehead,
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Proof. (Theorem 1.3) Note that (C)S⇒(B)S is immediate. For the implication
(B)S⇒(A)S see [EM02, XIII. Proposition 2.9.]. However, this citation only proves
that (B)S implies that every S-ladder system ⟨ηδ : δ ∈ S⟩ has 2-uniformization,
and the statement that

(every S-ladder system ⟨ηδ : δ ∈ S⟩ has 2-uniformization) ⇒

⇒ (every S-ladder system ⟨ηδ : δ ∈ S⟩ has ℵ0-uniformization)

is only an exercise, so a possible reference for this is [She78, Lemma 1.4]. Because
of some inaccuracies in this Lemma, here (in Lemma 1.6) we provide a cleaned-up
proof for the sake of completeness.

When we will have finished Lemma 1.6 we turn to our main theorem, i.e. that
(A)S implies (C)S . Towards this Proposition 1.7 is the key, and we will need a
sequel of lemmas to be able to reduce the task to the proposition. After having
proved all the ingredients for the second clause of Proposition 1.7 and put them
together (right before Definition 1.35), we will argue that (A)S implies (C)S .

Lemma 1.6. [She78, Lemma 1.4] Suppose that S ⊆ Ω is stationary. If ev-
ery S-ladder system has 2-uniformization, then every S-ladder system has ℵ0-
uniformization.

Proof. Let ⟨η0δ : δ ∈ S⟩ be an S-ladder system, ⟨c0δ : δ ∈ S⟩ be a coloring with
ℵ0-many colors, so c0δ is defined on {η0δ (i) : i ∈ ω}. We define a ladder system
η̄1 = ⟨η1δ : δ ∈ S⟩ and a coloring ⟨c1δ : δ ∈ S⟩ with two colors. Define the function
ε : ω1×ω → ω1 so that it is an injection, and ε(α, n)+ω = α+ω, i.e. for each limit
β, ε(β+m,n) is of the form β+ l for some finite l, moreover ε(α, n) < ε(α, n+1) for
each α, n. Fix a δ ∈ S, we are going to construct η1δ . Define k0 = c0δ(η

0
δ (0))+1 ∈ ω,

and let
η1δ (0) = ε(η0δ (0), 0),
η1δ (1) = ε(η0δ (0), 1),

...
η1δ (k0 − 1) = ε(η0δ (0), k0 − 1),

and c1δ(η
1
δ (j)) = 0 for j < k0 − 1, c1δ(η

1
δ (k0 − 1)) = 1. We define the sequence ki

by induction with the rule ki+1 = ki + c0δ(η
0
δ (i + 1)) + 1, and parallel to that the

function η1δ↾[ki, ki+1), and c
1
δ(η

1
δ (ℓ)) for ki ≤ ℓ < ki+1 as follows. Let η1δ (ki + j) =

ε(η0δ (i+ 1), j) for 0 ≤ j ≤ c0δ(η
0
δ (i+ 1)). As for the coloring, set

(1.1)
c1δ(η

1
δ (ki + j)) = 0 for j < c0δ(η

0
δ (i+ 1)),

c1δ(η
1
δ (ki + j) = 1 for j = ki+1 − ki − 1 = c0δ(η

0
δ (i+ 1)))).

Suppose that the function d1 : ω1 → {0, 1} is a uniformization for ⟨c1δ : δ ∈ S⟩.
We let d0(α) be

(1.2) d0(α) = min{n ∈ ω : d1(ε(α, n)) = 1}

(or d0(α) = 0, if the set in question is empty). Fix a δ ∈ S, suppose that for all
ℓ ≥ m d1(η1δ (ℓ)) = c1δ(η

1
δ (ℓ)) holds, and let i ∈ ω be minimal such that ki ≥ m

(where ki is the auxiliary sequence used for constructing η1δ and c1δ). We claim that
for n > i the equality c0δ(η

0
δ (n)) = d0(η0δ (n)) holds true. So fix such an n, and let

α = η0δ (n), hence

(1.3) η1δ (kn−1 + j) = ε(α, j) for j ≤ c0(α) = c0(η0δ (n)).



6 MÁRK POÓR AND SAHARON SHELAH

Note that m ≤ kn−1, so d
1(η1δ (ℓ)) = c1δ(η

1
δ (ℓ)) for ℓ ∈ [kn−1, kn), which means that

(∀j ≤ kn − kn−1 − 1(= c0δ(η
0
δ (n)))) : d

1(ε(α, j)) = c1δ(ε(α, j)).

Recalling (1.3) we obtain d1(ε(η0δ (n), j)) = d1(η1δ (kn−1 + j)) = c1δ(η
1
δ (kn−1 + j)) for

j ≤ c0δ(n), so by (1.1) this translates to d1(ε(η0δ (n), j)) = d1(η1δ (kn−1+j)) = 0 if j <
c0δ(η

0
δ (n)), and d

1(ε(η0δ (n), c
0
δ(η

0
δ (n)))) = d1(η1δ (kn−1 + c0δ(η

0
δ (n)))) = 1. Therefore,

by the way we defined d0 (1.2), d0(η0δ (n)) = c0δ(η
0
δ (n)), as desired. □Lemma1.6

Proposition 1.7. Fix a stationary set S ⊆ ω1:

(i) If η̄ = ⟨ηδ : δ ∈ S⟩ is a ladder system on S and η̄ satisfies ran(ηδ) ⊆ Ω for
each δ ∈ S (so necessarily S is simple), η̄∗ is very similar to η̄, then

(A)S,η̄ ⇒ (A)S,η̄∗ ,

(ii) if η̄ = ⟨ηδ : δ ∈ S⟩ is a ladder system on S and η̄ satisfies ran(ηδ) ⊆ Ω for
each δ ∈ S, and the ladder system η̄∗ is very similar to η̄, then

(A)S,η̄ ⇒ (C)S,η̄∗ ,

(iii) for every ladder system η̄∗ on S

(B)S,η̄∗ ⇒ (A)S,η̄∗ ,

where under (A)S,η̄, (B)S,η̄∗ , (C)S,η̄∗ we mean the following:

(A)S,η̄ ≡ the ladder system ⟨ηδ : δ ∈ S⟩ has ℵ0-uniformization,
(B)S,η̄∗ ≡ whenever G and the ladder system η̄∗ = ⟨η∗δ : δ ∈ S⟩ satisfy (∗)+S,η̄∗(G, Ḡ′)

below for some Ḡ′ then G is a W -group,
(∗)+S,η̄∗(G, Ḡ′):

(α)+ G is an abelian group of cardinality ℵ1,

(β)+ G is ℵ1-free, i.e. every countable subgroup of it is free,

(γ)+ the sequence Ḡ′ = ⟨G′
α : α < ω1⟩ is a filtration of G, where for

each α < ω1 G
′
α+1/G

′
α is of rank 1, and

{δ ∈ ω1 : G/G′
δ is not ℵ1-free} ⊆ S,

(δ)+ G is strongly ℵ1-free, i.e., for every countable H ≤ G there
is a countable H ′ ≤ G extending H such that G/H ′ is ℵ1-free
(follows from (γ)+ if ω1\S is not bounded in ω1),

(ε)+ for each δ ∈ S for some sequence ⟨yδ+ℓ : ℓ < ω⟩ ∈ ωG′
δ+ω

which is a maximal independent sequence over G′
δ, we have for

each n ∈ ω:{
α < δ : clpr

(
G′
α+1 ∪ {yδ+ℓ : ℓ < n}

)
̸=

clpr (G′
α ∪ {yδ+ℓ : ℓ < n}) +G′

α+1

}
⊆∗ ran(η∗δ ).

(C)S,η̄∗ ≡ if G satisfies (∗)+S,η̄∗(G, Ḡ′) above for some Ḡ′ then G is a Wω-group,

Remark 1.8. Probably we cannot state the alternative version of Proposition 1.7
defining (A)S,η̄, (B)S,η̄ modulo nonstationary sets. However, (A)S,η̄ ⇐⇒ (A)S′,η̄′

if (S, η̄), (S′, η̄′) are club similar, see the definition below.

Definition 1.9. We call (S0, η̄0), (S1, η̄1) (where S0, S1 are stationary subsets of
ω1, η̄

i is a ladder system on Si) club similar, when there exists a club set C, and a
bijection π : ω1 → ω1 such that

(1) C ∩ S0 = C ∩ S1,
(2) π↾(C ∩ S0) = id↾(C ∩ S0),
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(3) for each δ ∈ ω1 we have δ ∈ S0 ⇐⇒ π(δ) ∈ S1, and if they hold, then

{π(η0δ (n)) : n ∈ ω} =∗ {η1π(δ)(n) : n ∈ ω}.

Lemma 1.10 proves (i). Claim 1.11, Claim 1.13, Claim 1.25 together will prove
clause (ii) in Proposition 1.7. (After finishing the proof of Claim 1.25, i.e. having
proved Lemma 1.34, we will put the pieces together and formally verify (ii).)

After that we will turn back to the proof of (iii) at the end of the section (starting
with Definition 1.35, concluding with Lemma 1.41).

Lemma 1.10. If S ⊆ ω1 ∩ Ω is a stationary set, and the ladder system η̄ = ⟨ηδ :
δ ∈ S⟩ is such that for every δ ∈ S ran(ηδ) ⊆ Ω, and η̄ has ℵ0-uniformization, then
every ladder system η̄∗ very similar to η̄ has ℵ0-uniformization.

Proof. First observe that since η̄ and η̄∗ are very similar, for each δ for large enough
n (depending on δ) we have ηδ(n)) + ω = η∗δ (n

∗) + ω for some n∗ (depending on n
and δ of course), moreover, since ηδ(n) is limit this means that η∗δ (n

∗) = ηδ(n)) + l
for some l ∈ ω. In fact, for such δ, for some Nδ, there exists a strictly increasing
sequence ⟨N∗

δ,n : n ≥ Nδ⟩ such that

ηδ(n)) + ω = η∗δ (n
∗) + ω whenever n∗ ∈ [N∗

δ,n, N
∗
δ,n+1),

hence for all (∀n ≥ Nδ) for some l0 < l1 < · · · < lN∗
δ,n+1−N

∗
δ,n−1

(1.4)

ηδ(n)) + l0 = η∗δ (N
∗
δ,n),

ηδ(n)) + l1 = η∗δ (N
∗
δ,n + 1),

. . .
ηδ(n)) + lN∗

δ,n+1−N
∗
δ,n−1 = η∗δ (N

∗
δ,n+1 − 1).

 (∀n ≥ Nδ)

Now define the coloring ⟨cδ : δ ∈ S⟩ of the ladder system η̄ by

cδ(ηδ(n)) = {l ∈ ω : ηδ(n) + l ∈ ran(η∗δ )} ∈ [ω]<ω,

and fix ⟨Hα : α < ω1⟩, ⟨mδ : δ ∈ S⟩ such that for every δ ∈ S, ∀n ≥ mδ

cδ(ηδ(n)) = Hηδ(n). We may as well assume that mδ ≥ Nδ, so that

(1.5) ∅ ≠ {l ∈ ω : ηδ(n) + l ∈ ran(η∗δ )} = Hηδ(n) (∀n ≥ mδ)

Suppose that ⟨c′δ : δ ∈ S⟩ is a coloring of η̄∗ with ℵ0-many colors, define the
coloring c′′δ : ran(ηδ↾(ω \mδ)) on η̄ by

(1.6)
c′′δ (ηδ(n)) = ⟨c′δ(ηδ(n) + lj) : j < |Hηδ(n)|⟩,
where Hηδ(n) = {l0 < l1 < · · · < l|Hηδ(n)|−1}.

(Note that, since n ≥ mδ, ηδ(n) + l ∈ dom(c′δ) = ran(η∗δ ) for all l ∈ Hηδ(n).) It
remains to check that a uniformization of c̄′′ gives rise to a uniformization of c̄′. Let
the function c′′ uniformize c̄′′; we define c′ as follows. The domain of c′ is defined
for any limit β so that

dom(c′) ∩ [β, β + ω) = {β + l0, β + l1, . . . β + li−1},
where Hβ = {l0, l1, . . . , li−1} (possibly dom(c′) ∩ [β, β + ω) = ∅). Set c′(β + l)’s so
that

(1.7) c′′(β) = ⟨c′(β + lj) : j < |Hβ |⟩
hold (and so c′′(β) is a finite sequence).

Fix δ ∈ S, (recalling that c′′ is a uniformization for c̄′′) set m′′
δ ≥ mδ so that

(1.8) for n ≥ m′′
δ : c′′(ηδ(n)) = c′′δ (ηδ(n))
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We claim that settingm′
δ = N∗

δ,m′′
δ
, wheneverm satisfiesm ≥ m′

δ, then c
′(η∗δ (m)) =

c′δ(η
∗
δ (m)), which will finish the proof of the Lemma. (Note that, recalling (1.4),

since m′′
δ ≥ mδ, and mδ ≥ Nδ, we clearly have m′′

δ ≥ Nδ, so N
∗
δ,m′′

δ
is defined.) Fix

m ≥ m′
δ, let n ≥ m′′

δ be the unique natural number for which

m ∈ [N∗
δ,n, N

∗
δ,n+1).

It suffices to show that

(1.9)
⟨c′δ(η∗δ (N∗

δ,n)), c
′
δ(η

∗
δ (N

∗
δ,n + 1)), . . . , c′δ(η

∗
δ (N

∗
δ,n+1 − 1))⟩ =

⟨c′(η∗δ (N∗
δ,n)), c

′(η∗δ (N
∗
δ,n + 1)), . . . , c′(η∗δ (N

∗
δ,n+1 − 1))⟩.

Now, since n ≥ Nδ, recalling (1.4) we obtain that for some l0 < l1 < · · · <
lN∗

δ,n+1−N
∗
δ,n−1:

(1.10)

ηδ(n)) + lj = η∗δ (N
∗
δ,n + j) (∀j < N∗

δ,n+1 −N∗
δ,n),

and
{l ∈ ω : ηδ(n) + l ∈ ran(η∗δ )} = {l0, l1, . . . , lN∗

δ,n+1−N
∗
δ,n−1}.

Now (1.10) together with (1.5) (and n ≥ mδ) give us

(1.11) Hηδ(n) = {l0, l1, . . . , lN∗
δ,n+1−N

∗
δ,n−1}.

Then (1.9) (what we want to verify) is equivalent to

⟨c′δ(ηδ(n) + lj) : j < |Hηδ(n)|⟩ = ⟨c′(ηδ(n) + lj) : j < |Hηδ(n)|⟩,

which is equivalent to (reformulating both the left-hand side and the right-hand
side by (1.6) and (1.7)):

(1.12) c′′δ (ηδ(n)) = c′′(ηδ(n)).

Finally, remembering that c′′ uniformizes c̄′′, n ≥ m′′
δ , (1.8) implies that (1.12)

holds true (and so (1.9), too), as desired. □Lemma1.10

The following will be useful for the proof of Theorem 1.3 (as Proposition 1.7 has
stronger premises).

Claim 1.11. Let G be a group, Ḡ∗, S satisfy (∗)S(G, Ḡ∗) from Definition 1.2, and
suppose that C0 ⊆ ω1 is a club, then (∗∗)S∩C0\{α+ω: α<ω1}(G, Ḡ

′) holds for some

Ḡ′, where the symbol (∗∗)S(G, Ḡ′) denotes the following assertion:

(∗∗)S(G, Ḡ′):
(α)∗∗ G is an abelian group of cardinality ℵ1,

(β)∗∗ G is ℵ1-free, i.e. every countable subgroup of it is free,

(γ)∗∗ the sequence Ḡ′ = ⟨G′
i : i < ω1⟩ is a filtration of G for which

{δ ∈ Ω : G/G′
δ is not ℵ1-free} ⊆ S,

and for each α < ω1 Gα+1/Gα is of rank 1,
(δ)∗∗ G is strongly ℵ1-free.

Proof. We can choose the sequence ⟨G0
α : α ∈ ω1 ∩ (Ω ∪ {0})⟩ such that:

⊞1 (a) G0
0 = {0},

(b) each G0
α is a pure subgroup of G,

(c) for each α the quotient group G/G0
α+ω is ℵ1-free (hence strongly ℵ1-

free), and G0
α+ω/G

0
α is of rank ℵ0,
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(d) the sequence ⟨G0
α : α ∈ ω1∩Ω⟩ is continuous, increasing,

⋃
α∈ω1∩ΩG

0
α =

G.

⊞2 So for a suitable club C of ω1 with 0 ∈ C, for each i ∈ C we have G0
i = G∗

i ,
and

(1.13) ∀α ∈ C \ S : G/G0
α = G/G∗

α is ℵ1-free

(as ⟨G∗
i : i ∈ ω1⟩ was chosen to be a witness of (∗)S(G, Ḡ∗)). Moreover,

we can assume that

(1.14) {α+ ω : α < ω1} ∩ C = ∅,
i.e. each element of C is divisible by ω2, and

C ⊆ C0.

We are going to define the filtration Ḡ′ = ⟨G′
i : i ∈ ω1⟩ witnessing (∗∗)S∩C(G, Ḡ′)

with G∗
α = G0

α = G′
α for each α ∈ C. (1.13) and (1.14) imply that this suffices.

For each α ∈ C let {yα+n : n ∈ ω} ⊆ G0
α+ω be a maximal independent set over

G0
α so that

⊞3 if G0
α+ω/G

0
α is free, then {yα+n +G0

α : n ∈ ω} is a basis of G0
α+ω/G

0
α.

Now letting succC(α) = min(C \ (α+ ω))

⊞4 we choose (for each α ∈ C) {yγ : γ ∈ [α+ ω, succC(α))} so that {yγ +
G0
α+ω : γ ∈ [α+ ω, succC(α))} forms a basis of the free groupG0

succC(α)/G
0
α+ω,

moreover (as succC(α) is not of the form β + ω for any β by ⊞2),
⊞5a for some strictly increasing sequence ⟨δn : n ∈ ω⟩ in [α + ω, succC(α))

cofinal in succC(α) with δ0 = α (equivalently, ⟨δn + ω : n ∈ ω⟩ ∈ ω[α +
ω + ω, succC(α)) is cofinal) we demand also that

{yγ +G0
δn+ω : γ ∈ [δn + ω, δn+1 + ω)} is a base of G0

δn+1+ω/G
0
δn+ω

Now it is easy to see by induction on α ∈ C, that

⊞5 for each α ∈ C the set {yj : j < α} is a maximal independent set in G0
α,

and as G0
α is a pure subgroup of G, necessarily G0

α = clpr({yj : j < α}),
moreover from the choice of {yj : α ≤ j < α + ω}, α ∈ C implies that
G0
α+ω = clpr({yj : j < α+ ω}),

⊞6 letting G′
i = clpr({yj : j < i}) (i < ω1) it is easy to see that the sequences

G′
i, yi (i < ω1) satisfy the following.
(a) G =

⋃
i<ω1

G′
i, and ⟨G′

i : i < ω⟩ is an increasing continuous chain of

countable pure subgroups of G such that G′
0 = {0}, G′

i+1/G
′
i is of rank

1,
(b) {yi : i < α} is a maximal independent family in G′

α for every ordinal
α < ω1,

(c) for each i ∈ C we have G′
i = G0

i = G∗
i , and G

′
i+ω = G0

i+ω,
(d) for each limit ordinal α /∈ S∩C the quotient G′

ω1
/G′

α is ℵ1-free (hence

for every α = β + ω as the elements of C are divisible by ω2 ⊞2),

Proof. (⊞6) (a) follows from the definition of the G′
i’s, while (c) follows from ⊞5.

Now for (d) fix α < ω1 limit, α /∈ S∩C. If α ∈ C, then G′
α+ω = G0

α+ω by (c) (as well
as G′

α = G0
α), and using α /∈ S and (1.13) we are done. If α ∈ [β+ω, succC(β)) for

some β ∈ C (so α+ω ∈ [β+ω, succC(β)) by (1.14)), then recalling the construction
of yγ ’s for γ ∈ [β +ω, succC(β)) in ⊞4 there is some δn such that δn +ω ≥ α. Now
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it clearly suffices to argue that for each countable group H with G′
α ⊆ H both

H/(H ∩G′
δn+ω

) and (H ∩G′
δn+ω

)/G′
δ are free, as extending a free group by a free

group always yields a free group. As ⊞4 implies that

G′
α = G′

β+ω ⊕ (⊕γ∈[β+ω,α)Zyγ), and

G′
δn+ω = G′

β+ω ⊕ (⊕γ∈[β+ω,δn+ω)Zyγ),
clearly G′

δn+ω
/G′

α = ⊕γ∈[α,δn+ω)Z(yγ+G′
α), so G

′
δn+ω

/G′
α is a free group, but then

(H ∩G′
δn+ω

)/G′
α is free as well, as every subgroup of a free group is free.

Now recall the so called Second Isomorphism Theorem.

Lemma 1.12. (Second Isomorphism Theorem) If H, N are subgroups of a (not
necessarily abelian) group G, and N is normal, then H/(H ∩N) ≃ HN/N through
the mapping h(H ∩N) 7→ hN .

This implies that H/(H ∩G′
δn+ω

) ≃ (H +G′
δn+ω

)/G′
δn+ω

. But we have already

seen that G′
δn+ω

= G0
δn+ω

in (c), and G/G0
δn+ω

is ℵ1-free by ⊞1 / (c), so its

countable subgroup (H +G′
δn+ω

)/G0
δn+ω

= (H +G′
δn+ω

)/G′
δn+ω

must be free.
□

□Claim1.11

Lemma 1.12 immediately implies the following.

⊞7 If a filtration Ḡ′′ = ⟨G′′
α : α < ω1⟩ of G satisfies (∗)S(G, Ḡ′′) for some

S∩{α+ω : α < ω1} = ∅, then for each ordinal α, the groups G′′
α ⊆ G′′

α+ω ⊆
G satisfy: if K ⊆ G is countable, then K/(G′′

α+ω∩K) ≃ (K+G′′
α+ω)/G

′′
α+ω

is free, in particular, if G′′
α+ω ∩K = G′′

α, then K/G
′′
α is free.

We now prove the following, slightly more general claim than what is needed for
Theorem 1.3 (but essential for Proposition 1.7/(ii)).

Claim 1.13. If G is an abelian group, S ⊆ Ω \ {α + ω : α < ω1} is stationary,
and the filtration Ḡ = ⟨Gα : α < ω1⟩ satisfies (∗∗)S(G, Ḡ) (from Claim 1.11), then
there are

1) a maximal independent sequence ⟨xα : α < ω1⟩ ∈ ω1G,
2) for each δ ∈ S a strictly increasing sequence ⟨γδn : n ∈ ω⟩ with limit δ,
3) and a ladder system η̄ = ⟨ηδ : δ ∈ S⟩

satisfying

(•)i for each α < ω1: Gα = clpr({xi : i < α}),
(•)ii whenever G/Gδ is ℵ1-free (in particular, if δ /∈ S is limit) then Gδ+ω =

Gδ ⊕ (⊕n∈ωZxδ+n), and
(•)iii if δ ∈ S, n ∈ ω, then for the set

vδn =

{
α < δ : clpr (Gα+1 ∪ {xδ+ℓ : ℓ < n}) ̸=

clpr (Gα ∪ {xδ+ℓ : ℓ < n}) +Gα+1

}
.

we have

vδn ⊆ ran(ηδ).

(•)iv for each δ ∈ S, n ≤ m ∈ ω and γ∗ ≤ γn, we have

clpr(Gγ∗ ∪ {xδ+i : i < m}) = clpr(Gγ∗ ∪ {xδ+i : i < n})⊕ (⊕m−1
j=n Zxδ+j).
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Moreover, if η̄0 = ⟨η0δ : δ ∈ S⟩ is a ladder system on S, and (∗∗)+S,η̄0(G, Ḡ) holds,

which is the conjunction of clauses (α)∗∗-(δ)∗∗ from (∗∗)S(G, Ḡ) (from Claim 1.11)
and the additional clause

(ε)∗∗ for each δ ∈ S for some sequence ⟨yδ+ℓ : ℓ < ω⟩ ∈ ωGδ+ω which is a
maximal independent sequence over Gδ, for each n ∈ ω{

α < δ : clpr (Gα+1 ∪ {yδ+ℓ : ℓ < n}) ̸=
clpr (Gα ∪ {yδ+ℓ : ℓ < n}) +Gα+1

}
⊆∗ ran(η0δ ),

holds, then we can assume that

(•)v ran(ηδ) ⊆ ran(η0δ ).

Proof. First we construct the xβ ’s. We proceed by induction on δ ∈ Ω (i.e. δ
is limit), and choose the xδ+ℓ’s (ℓ ∈ ω). Fixing such a δ, if δ /∈ S then using
(∗∗)S(G, Ḡ) it can be easily seen from clause (γ)∗∗ that Gδ+ω/Gδ is a free abelian
group of rank ℵ0 so we can pick a system xδ, xδ+1, xδ+2, . . . such that {xδ+i+Gδ :
i ∈ ω} is a basis of Gδ+ω/Gδ (e.g. apply induction and in each step invoke Fact
1.18 with H0 = Gδ+n/Gδ+n, H1 = Gδ+n+1/Gδ+n to obtain xδn).

So we can assume that δ ∈ S. Without loss of generality:

■1 δ ∈ S ⇒ Gδ+ω/Gδ is not free,

as we can decrease S (and (∗∗)S(G, Ḡ) will still hold).

Definition 1.14. We fix a system {zδ+i : i ∈ ω} ⊆ Gδ+ω being a maximal
independent family over Gδ so that if moreover (ε)∗∗ holds, then the system yδ+ℓ =
zδ+ℓ (ℓ < ω) witnesses (ε)∗∗.

So for every n < ω we can consider the set

(1.15) wδn =

{
α < δ : clpr (Gα+1 ∪ {zδ+ℓ : ℓ < n}) ̸=

clpr (Gα ∪ {zδ+ℓ : ℓ < n}) +Gα+1

}
.

Subclaim 1.15. If {zδ+i : i ∈ ω} ⊆ Gδ+ω is a maximal independent family over
Gδ, and w

δ
n’s are defined as in (1.15), then for each n < ω and ordinal α∗ < δ the

set wδn ∩ α∗ is finite.

Proof. Fixing α∗ < δ, n ∈ ω we define for each α ≤ α∗ the groups

(1.16)
Hα = clpr (Gα ∪ {zδ+ℓ : ℓ < n}}) , and
Kα = Hα/Gα.

Observe that by Lemma 1.12 (the Second Isomorphism Theorem) if α ≤ β we have
that the canonical mapping

φβ,α : Kα = Hα/Gα → (Hα +Gβ)/Gβ ≤ Hβ/Gβ = Kβ

(i.e. φβ,α(h+Gα) = h+Gβ) is an embedding ofKα intoKβ , moreover φγ,β◦φβ,α =
φγ,α for each α ≤ β ≤ γ ≤ α∗, so {Kα, φβ,α : α ≤ β ≤ α∗} forms a direct system,
so we can assume that Kα ≤ Kβ if α ≤ β. It is easy to check that

(⋆)1 Hα +Gβ ̸= Hβ iff φβ,α is not surjective, and
(⋆)2

⋃
α<βKα = Kβ if β ≤ α∗ is limit, i.e. the sequence is continuous.

Observe that α∗ + ω < δ as α∗ < δ ∈ S (no γ ∈ S is of the form ξ + ω) but note
that α∗ is not necessarily limit. Recalling that {zδ+ℓ : ℓ < ω} is independent over
Gδ, thus over Gα∗+ω and Gβ for any β ≤ α∗, too, so by the definition of Hβ we
have Hβ ∩Gα∗+ω = Gβ . Therefore by (the main clause of) ⊞7
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(⋆)3 the quotient Kβ = Hβ/Gβ = Hβ/(Hβ ∩ Gα∗+ω) ≃ (Hβ + Gα∗+ω)/Gα∗+ω

is free whenever β ≤ α∗ (so free for each β < δ).

In order to finish the proof assume on the contrary that for infinitely many
α < α∗ we have Kα ⊊ Kα+1, let β ≤ α∗ < δ be a limit point of this set, i.e. β
is a limit ordinal, and for cofinally many α < β, Kα ⊊ Kα+1 holds. But Kβ is a
free group of finite rank (of rank n), so finitely generated, and so for some α < β
Kα = Kβ must hold, which is a contradiction. □Subclaim1.15

For future reference we remark the following fact that follows from the previous
proof.

Lemma 1.16. If H ≤ H ′ ≤ G are pure subgroups in G, g0, g1, . . . , gj−1 /∈ H ′ are
independent over H ′, and G/H ′ is ℵ1-free, then clpr(H ∪ {g0, g1, . . . , gj−1})/H is
a free group (of finite rank).

In particular, if G is an abelian group, S ⊆ Ω \ {α+ ω : α < ω1} is stationary,
and the filtration Ḡ = ⟨Gα : α < ω1⟩ satisfies (∗∗)S(G, Ḡ) (thus G/Gα+ω is ℵ1-
free), then for any δ ∈ S, β < δ, g0, g1, . . . , gj−1 /∈ Gδ which are independent over
Gδ we have

clpr(Gβ ∪ {g0, g1, . . . , gj−1})/Gβ is free (of finite rank).

Proof. Note that clpr(H ∪ {g0, g1, . . . , gj−1}) ∩ H ′ = H (as otherwise for some
h′ − h ∈ H ′ \ H we would have h′ − h = k0g0 + · · · + kj−1gj−1 contradicting
that the gi’s form an independent system over H ′) and proceed as in the proof
above. □Lemma1.16

In addition to the claim observe that:

■2 if δ ∈ S and α∗ < δ, then

clpr(Gα∗ ∪ {zδ+ℓ : ℓ < n})/cl(Gα∗ ∪ {zδ+ℓ : ℓ < n}),

is a finite group (and a torsion group, of course), similarly, if α < β < δ,
and wαn ⊊ wβn, then

clpr(Gβ ∪ {zδ+ℓ : ℓ < n})/ (clpr(Gα ∪ {zδ+ℓ : ℓ < n}) +Gβ)

is a finite group.

At this point recall that if we assume (ε)∗∗, then{
α < δ : clpr (Gα+1 ∪ {yδ+ℓ : ℓ < n}) ̸=

clpr (Gα ∪ {yδ+ℓ : ℓ < n}) +Gα+1

}
⊆∗ ran(η0δ ),

and since in that case zδ+n = yδ+n (n ∈ ω) by Definition 1.14, we have{
α < δ : clpr (Gα+1 ∪ {zδ+ℓ : ℓ < n}) ̸=

clpr (Gα ∪ {zδ+ℓ : ℓ < n}) +Gα+1

}
⊆∗ ran(η0δ ).

Note that if we choose xδ+ℓ to be any x′ ∈ Gδ+ℓ+1 \ Gδ+ℓ, then the sequence
will satisfy (•)i. This justifies the following.

Definition 1.17.
by induction on n ∈ ω we define ⟨xδ+n : n < ω⟩ so that for each ℓ, xδ+ℓ ∈
Gδ+ℓ+1 \Gδ+ℓ holds as follows.
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1) Choose first

γδ0 < . . . γδn < γδn+1 < · · · < δ =
⋃
n<ω

γδn,

such that if (ε)∗∗ holds, then moreover

(1.17) ∀n : wδn+1 \ γδn ⊆ ran(η0δ ).

(recalling how we defined wδn’s in (1.15), i.e.

wδn =

{
α < δ : clpr (Gα+1 ∪ {zδ+ℓ : ℓ < n}) ̸=

clpr (Gα ∪ {zδ+ℓ : ℓ < n}) +Gα+1

}
).

2) Second, by induction on n < ω choose xδ+n ∈ clpr(Gγδ
n
∪ {xδ+ℓ : ℓ <

n} ∪ {zδ+n}) \Gδ+n as above such that:

clpr(Gγδ
n
∪ {xδ+ℓ : ℓ < n} ∪ {zδ+n}) = clpr(Gγδ

n
∪ {xδ+ℓ : ℓ < n})⊕ Zxδ+n.

Choosing such xδ+n’s is possible by the following known fact (applying to the
finite rank group H1 = clpr(Gγδ

n
∪ {xδ+ℓ : ℓ < n} ∪ {zδ+n})/Gγδ

n
, which is free,

since clpr(Gγδ
n
∪ {xδ+ℓ : ℓ < n} ∪ {zδ+n}) ∩ Gγδ

n+ω
= Gγδ

n
(recall ⊞7), and letting

H0 = clpr(Gγδ
n
∪ {xδ+ℓ : ℓ < n})/Gγδ

n
).

Fact 1.18. Let H0 ≤ H1 be free abelian groups of finite rank, where clprH1
(H0) = H0,

i.e. H0 is a pure subgroup, and for some g we have clpr(H0 ∪ {g}) = H1. Then for
some g∗ ∈ H1 \H0 we have H1 = H0 ⊕ Zg∗.

Proof. Since H0 is a pure subgroup H1/H0 is torsion-free. As H1 is a finite rank
free group, it is finitely generated, so is H1/H0, therefore w.l.o.g. H1/H0 is a finitely
generated group of rank one. This means that H1/H0 is isomorphic to a subgroup
H∗ of the additive group Q, with the generating set {n1q∗, . . . , nkq∗} with q∗ not
necessarily belonging to H∗, but the greatest common divisor of {n1, n2, . . . nk} is
1. Now by a standard elementary argument for some ℓ1, ℓ2, . . . , ℓk ∈ Z

ℓ1n1 + ℓ2n2 + · · ·+ ℓknk = 1,

so H∗ = Zq∗, i.e. a free group. Choosing g∗ so that g∗ + H0 generates H1/H0

clearly works. □Fact1.18

Fact 1.19. Let H0 ≤ H1 be free abelian groups of finite rank, where clprH1
(H0) = H0,

i.e. H0 is a pure subgroup, and for some H0-independent set {g0, g1, . . . , gn} we
have clpr(H0 ∪ {gi : i < n}) = H1. Then for some g∗i ∈ clpr(H0 ∪ {gj : j ≤ i})
(i < n) we have H1 = H0 ⊕ (⊕i<nZg∗i ).

Proof. By induction, apply Fact 1.18 at each step for clpr(H0 ∪ {gj : j ≤ i}) and
clpr(H0 ∪ {gj : j ≤ i+ 1}). □Fact1.19

Note the following simple observation which is easy to check:

■3 By induction on ℓ one can prove that xδ+ℓ ∈ clpr(Gγδ
ℓ
∪ {zδ+j : j ≤ ℓ}),

and so

∀γ∗ ≥ γδℓ clpr(Gγ∗ ∪ {zδ+j : j ≤ ℓ}) = clpr(Gγ∗ ∪ {xδ+j : j ≤ ℓ}).

Definition 1.20. For δ ∈ S, γ ≤ δ, n ∈ ω we define the group

Hδ
γ,n = clpr(Gγ ∪ {xδ+ℓ : ℓ < n}).

So using this, the choice of the xδ+n’s in 1.17 implies that
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■4 for each δ ∈ S, n ∈ ω:

Hδ
γδ
n,n+1 = clpr(Gγδ

n
∪ {xδ+ℓ : ℓ < n+ 1}) = clpr(Gγδ

n
∪ {xδ+ℓ : ℓ < n})⊕ Zxδ+n.

Now we are ready to argue (•)iv. After proving Subclaim 1.22 we are going to finish
the proof of Claim 1.13 by constructing ηδ : ω → δ, verifying (•)iii, and possibly
(•)v.

We have to remark the following (easy) corollary of ■4:

Subclaim 1.21. For each δ ∈ S, n ∈ ω, γ∗ ≤ γδn, it is the case that

(Hδ
γ∗,n+1 =) clpr(Gγ∗ ∪ {xδ+ℓ : ℓ < n+ 1}) = clpr(Gγ∗ ∪ {xδ+ℓ : ℓ < n})⊕ Zxδ+n.

Proof. Since Hδ
γ∗,n is the pure subgroup generated by {xα : α < γ∗}∪{xδ+k : k <

n} and the set {xα : α < ω1} is independent we only have to verify that

Hδ
γ∗,n+1 = Hδ

γ∗,n + Zxδ+n.

Now suppose that

g ∈ Hδ
γ∗,n+1 \ (Hδ

γ∗,n ⊕ Zxδ+n).

On the one hand g ∈ Hδ
γ∗,n+1 = clpr(Gγ∗ ∪ {xδ+ℓ : ℓ < n+ 1) implies that

(1.18) g =

s−1∑
k=0

qkxik +

n∑
k=0

pkxδ+k,

{i0, i1, . . . , is−1} ⊆ γ∗, {q0, q1, . . . , p0, p1, . . . , pn} ⊆ Q. On the other hand g ∈
Hδ
γ∗,n+1 ⊆ Hδ

γδ
n,n+1 = Hδ

γδ
n,n

⊕ Zxδ+n, so g = g0 + zxδ+n, where z ∈ Z, and g0 is

a Q-linear combination of elements of the independent set {xα : α < γδn} ∪ {xδk :
k < n}. This means that pn = z ∈ Z, and g0 ∈ clpr(Gγ∗ ∪ {xδ+ℓ : ℓ < n)), as
desired.

□Subclaim1.21

Subclaim 1.22. For each δ ∈ S, n ≤ m ∈ ω, γ∗ ≤ γδn, we have

Hδ
γ∗,m = Hδ

γ∗,n ⊕ (⊕m−1
j=n Zxδ+j).

Proof. Fix δ ∈ S, n ∈ ω, we proceed by induction on m. For m = n the statement
is void, for m = n + 1 the statement is exactly Subclaim 1.21. Assume that we
already know that Hδ

γ∗,m = Hδ
γ∗,n ⊕ (⊕m−1

j=n Zxδ+j). Now by Subclaim 1.21 (as

γδn ≤ γδm, so γ∗ ≤ γδm)

Hδ
γ∗,m+1 = Hδ

γ∗,m ⊕ Zxδ+m = Hδ
γ∗,n ⊕ (⊕m−1

j=n Zxδ+j)⊕ Zxδ+m,

□Subclaim1.22

Recall that the vδn’s were defined in (•)iii as

vδn =

{
α < δ : clpr (Gα+1 ∪ {xδ+ℓ : ℓ < n}) ̸=

clpr (Gα ∪ {xδ+ℓ : ℓ < n}) +Gα+1

}
.

and observe that Subclaim 1.22 clearly implies that

■5 for each δ ∈ S, n ≤ m < ω we have

(∀δ ∈ S, ∀n ≤ m ∈ ω) vδm ∩ γδn = vδn ∩ γδn,
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since an easy calculation yields that for any fixed γ∗ < γδn (so γ∗ + 1 ≤ γδn) the
conditions

Hδ
γ∗,n +Gγ∗+1 ̸= Hδ

γ∗+1,n,

and the assertion

Hδ
γ∗,m +Gγ∗+1 = Hδ

γ∗,n + (Zxδ+n + Zxδ+n+1 + · · ·+ Zxδm−1) +Gγ∗+1

̸=

Hδ
γ∗+1,m = Hδ

γ∗+1,n + (Zxδ+n + Zxδ+n+1 + · · ·+ Zxδm−1)

are equivalent. (In fact it can be shown that vδn ⊆ vδn+1 holds for each n.)

■6 Define vδ :=
⋃
n<ω

vδn.

Subclaim 1.23. For each δ ∈ S, the set vδ =
⋃
n<ω

vδn is a subset of δ such that

α < δ ⇒ vδ ∩ α is finite.

Proof. Fix α < δ, set n to be so that α < γδn, we need to verify that
⋃
m<ω

vδm ∩ α is

finite. By ■5 clearly ⋃
m≥n

vδm ∩ α = vδn ∩ α,

whereas for each vδi ∩ α (i < n) (and for i = n) is finite by applying Subclaim 1.15
with the roles zδ+i = xδ+i (i < ω).

Therefore, we obtained that vδ ∩ α =
⋃
i≤n(v

δ
i ∩ α), which is finite, as desired.

□Subclaim1.23

Moreover, for future reference we have to remark that

■7 if β < β′ are two consecutive elements of vδ, then for each n and θ ∈ (β, β′]

Hδ
β′,n = clpr({xα : α < β′} ∪ {xδ + j : j < n}) = Hδ

θ,n +Gβ′

(by an easy induction argument, using the definition of vδn 1.15, since vδn∩ (β, β′) =
∅).

If vδ is bounded in δ (e.g. by some γδn) we get a contradiction to “Gδ+ω/Gδ is
not free”. (Why would this lead to a contradiction? If vδ ⊆ γδm for some m < ω,
then using Subclaim 1.22

Hδ
γδ
m,∞

= clpr({gα : α < γδm} ∪ {xδ+ℓ : ℓ < ω}) = Hδ
γδ
m
⊕ (⊕∞

ℓ=mZxδ+ℓ),

and so the group Hδ
γδ
m,∞

/Gγδ
m

is free ((⋆)3), but from our indirect assumption and

■7 H
δ
γδ
m,∞

+Gδ = Gδ+ω, so by the isomorphism theorem Hδ
γδ
m,∞

/Gγδ
m
≃ Gδ+ω/Gδ

is free, contradicting ■1.)
Therefore, by Subclaim 1.23, and |vδ| = ℵ0:

■8 if δ ∈ S then vδ is an unbounded subset of δ of order type ω.

Definition 1.24.

⊟1 We let ηδ : ω → δ enumerate vδ in increasing order.
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Finally we have to argue that (ε)∗∗ implies (•)v, i.e. vδ =
⋃
n∈ω v

δ
n ⊆ ran(η0δ ).

So suppose that n ∈ ω is the least natural number such that vδn+1 ⊈ ran(η0δ ), pick

θ ∈ vδn+1 \ (vδn ∪ ran(η0δ )) (note that by (•)iii vδ0 = ∅, thus n ≥ 0 necessarily). Now

■5 and θ ∈ vδn+1 \ vδn imply that γδn ≤ θ, so we obtain

(1.19) θ ∈ vδn+1 \ (ran(η0δ ) ∪ γδn).

But by ■3

∀γ∗ ≥ γδn : clpr(Gγ∗ ∪ {yδ+j : j ≤ n}) = clpr(Gγ∗ ∪ {xδ+j : j ≤ n}),

hence recalling the definition of vδn+1 and wδn+1 in (•)iii, (ε)∗∗ clearly vδn+1 \ γδn =

wδn+1 \ γδn. Now by the definition of the γδm’s (1.17) from 1.17 wδn+1 \ γδn ⊆ ran(η0δ ),
so

θ ∈ vδn+1 \ γδn = wδn+1 \ γδn ⊆ ran(η0δ )

contradicting (1.19), we are done.
□Claim1.13

Claim 1.25. Suppose that G is an abelian group, S ⊆ ω1 \ {α + ω : α < ω1} is
stationary, the filtration Ḡ = ⟨Gi : i ∈ ω1⟩ satisfies (∗∗)S(G, Ḡ) (from Claim 1.11),
and ⟨xα : α < ω1⟩, η̄1, ⟨γδn : δ ∈ S, n ∈ ω⟩ satisfy 1)-3), (•)i-(•)iv of Claim 1.13,
i.e.

(1) ⟨xα : α < ω1⟩ ∈ ω1G is a maximal independent sequence,
(2) for each δ ∈ S the sequence ⟨γδn : n ∈ ω⟩ is strictly increasing with limit δ,
(3) and η̄ = ⟨ηδ : δ ∈ S⟩ is a ladder system,

for which

(•)i for each α < ω1: Gα = clpr({xi : i < α}),
(•)ii whenever G/Gδ is ℵ1-free (in particular, if δ /∈ S is limit) then Gδ+ω =

Gδ ⊕ (⊕n∈ωZxδ+n), and
(•)iii if δ ∈ S, n ∈ ω, then for the set

vδn =

{
α < δ : clpr (Gα+1 ∪ {xδ+ℓ : ℓ < n}) ̸=

clpr (Gα ∪ {xδ+ℓ : ℓ < n}) +Gα+1

}
.

we have

vδn ⊆ ran(ηδ).

(•)iv for each δ ∈ S, n ≤ m ∈ ω and γ∗ ≤ γn, we have

clpr(Gγ∗ ∪ {xδ+i : i < m}) = clpr(Gγ∗ ∪ {xδ+i : i < n})⊕ (⊕m−1
j=n Zxδ+j).

Then

(every ladder system η̄′ very similar to η̄1 has ℵ0-uniformization) ⇒

⇒ (G is a Wω group).

Proof.

Definition 1.26. Fix δ ∈ S. Using {xα : α < ω1}, γδn (n ∈ ω) and η̄1

(⊺)1 for each n we can find a Yδ,n such that:
(α) Yδ,n ⊆ {xi : i ≤ η1δ (n)} is finite, and
(β) letting m be such that η1δ (n) ∈ [γδm−1, γ

δ
m) we demand

clpr(Gη1δ(n)+1 ∪ {xδ+ℓ : ℓ < m}) = Gη1δ(n)+1 + clpr({xδ+ℓ : ℓ < m} ∪ Yδ,n),
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(in other words, one can have a system

gn,m0 , gn,m1 , . . . , gn,mm−1 ∈ clpr(Gη1δ(n)+1 ∪ {xδ+ℓ : ℓ < m}),

each gn,mj is a Q-linear combination of elements of {xδ+ℓ : ℓ < m} ∪ Yδ,n so

that gn,m0 +Gη1δ(n)+1, g
n,m
1 +Gη1δ(n)+1, . . . , g

n,m
m−1 +Gη1δ(n)+1 freely gener-

ates Hδ
η1δ(n)+1,m

/Gη1δ(n)+1), possible by e.g. using Lemma 1.16, and we can

assume that xη1δ(n) ∈ Yδ,n holds,

(⊺)2 define uδ,n ⊆ η1δ (n) by the equality Yδ,n = {xα : α ∈ uδ,n} ∪ {xη1δ(n)}.
We claim that

▲1 if δ ∈ S, n ∈ ω is fixed, and m is chosen such that η1δ (n) ∈ [γδm−1, γ
δ
m), then

it follows from the demand above on Yδ,n that for any k ≤ m

clpr(Gη1δ(n)+1 ∪ {xδ+ℓ : ℓ < k}) = Gη1δ(n)+1 + clpr({xδ+ℓ : ℓ < k} ∪ Yδ,n),

and so we can write gn,k0 , gn,k1 , . . . , gn,kk−1 as a Q-linear combination of ele-

ments of {xδ+ℓ : ℓ < k}∪Yδ,n so that gn,k0 +Gη1δ(n)+1, g
n,k
1 +Gη1δ(n)+1, . . . ,

gn,kk−1 +Gη1δ(n)+1 freely generates Hδ
η1δ(n)+1,k

/Gη1δ(n)+1.

(Why is ▲1 true? If g ∈ clpr(Gη1δ(n)+1 ∪ {xδ+ℓ : ℓ < k}, then g ∈ clpr(Gη1δ(n)+1 ∪
{xδ+ℓ : ℓ < m} obviously, and so

g = g′ +
∑
j<m

kj · gn,mj

with kj ’s being integers, gn,mj ’s are from 1.26, g′ ∈ Gη1δ(n)+1. But since each

gn,mj ∈ clpr(Gη1δ(n)+1∪{xδ+ℓ : ℓ < m}), and the set {xδ+n : n < m} is independent

over Gδ, hence over Gη1δ(n)+1 too, so∑
j<m

kj ·gn,mj ∈ clpr(Gη1δ(n)+1∪{xδ+ℓ : ℓ < k}) = clpr({xα : α < η1δ (n)+1}∪{xδ+ℓ : ℓ < k}).

But we know that ∑
j<m

kj · gn,mj ∈ clpr(Yn ∪ {xδ+ℓ : ℓ < m}),

where Yn ⊆ {xα : α < η1δ (n) + 1}. So recalling that {xβ : β < ω1} is an
independent system, we get that∑
j<m

kj ·gn,mj ∈ clpr(Yn∪{xδ+ℓ : ℓ < m})∩clpr({xα : α < η1δ (n)+1}∪{xδ+ℓ : ℓ < k}) =

= clpr(Yn ∪ {xδ+ℓ : ℓ < k},
so g ∈ clpr(Gη1δ(n)+1) + clpr(Yn ∪ {xδ+ℓ : ℓ < k}, indeed, as desired.)

Moreover, (using that η1δ (n) ∈ [γδm−1, γ
δ
m) implies η1δ (n) + 1 ≤ γδm), clause (•)iv

in the premises says that if k ≥ m then Hδ
η1δ(n)+1,k

= Hδ
η1δ(n)+1,m

⊕ (⊕k−1
j=mZxδ+j),

so

▲2 if δ ∈ S, n ∈ ω are fixed, then for every k ≥ m (hence for every k ∈ ω)

clpr(Gη1δ(n)+1 ∪ {xδ+ℓ : ℓ < k}) = Gη1δ(n)+1 + clpr({xδ+ℓ : ℓ < k} ∪ Yδ,n).
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Now we recall that if k is fixed, then (η1δ (n), η
1
δ (n+1))∩ vδk = ∅ by condition (•)iii

we obtain:

clpr(Gη1δ(n+1) ∪ {xδ+ℓ : ℓ < k}) = clpr(Gη1δ(n)+1 ∪ {xδ+ℓ : ℓ < k}) +Gη1δ(n+1).

this means that in ▲2 we could as well write Gη1δ(n+1) in place of Gη1δ(n)+1:

▲3 (∀δ ∈ S, ∀n ∈ ω) for every k ∈ ω

clpr(Gη1δ(n+1) ∪ {xδ+ℓ : ℓ < k}) = Gη1δ(n+1) + clpr({xδ+ℓ : ℓ < k} ∪ Yδ,n).

Similarly,

▲4 for each V ⊆ η1δ (n + 1) with uδ,n ⊆ V , letting GV := clpr({xα : α ∈ V }),
and G+δ,k

V := clpr({xα : α ∈ V ∪ [δ, δ+ k]}) an easy calculation yields that

G+δ,k
V = GV + clpr({xδ+ℓ : ℓ < k} ∪ Yδ,n),

equivalently, there exists some independent set {gV,k0 , gV,k1 , . . . , gV,kk−1} ∈
clpr({xδ+ℓ : ℓ < k} ∪ Yδ,n), such that

G+δ,k
V /GV ≃ ⊕j<kZ(gV,kj +GV ),

which equivalence is justified by the following: first let H1 = clpr({xδ+ℓ :
ℓ < k}∪Yδ,n), H0 = clpr(Yδ,n), and apply Fact 1.19, soH1 = H0⊕(⊕i<kZgi)
(where for each i < k gi ∈ clpr(Yδ,n ∪ {xδ+j j ≤ i}) holds). Now observe,
that H1 ∩ GV = H0, so by the second isomorphism theorem the mapping
g+H0 7→ g+GV is an isomorphism from H1/(H1∩GV ) onto H1+GV /GV ,

as desired. But note that by ▲2 H1 + GV must be G+δ,k
V , otherwise the

isomorphism between
H1 +GV /GV

and

H1 +GV +Gη1δ(n+1)/Gη1δ(n+1) = clpr(Gη1δ(n+1) ∪ {xδ+ℓ : ℓ < k})/Gη1δ(n+1)

(viewing both groups as subgroups of ⊕j<kQxδj ) cannot be surjective.

Now we can turn to proving that G is Wω-group. In order to do this we fix

▲5 the groups K ≤ H, and a homomorphism φ from H onto G, where K is the
kernel of φ, and K is a countable free group, so w.l.o.g. K = Zω = ⊕j<ωZ.

We reduce the task of finding a suitable homomorphism to a more general com-
binatorial problem. This will need some preparations: from Definition 1.27 to 1.31,
in this section we prepare the ground for stating Theorem 2.1, as Section 2 is de-
voted exclusively to the proof of that theorem. At the end of the section Definition
1.33 and Lemma 1.34 put the present problem (i.e. that of Proposition 1.7 (ii)) in
the frame of Theorem 2.1, and justify that.

Definition 1.27. We say that p0 is a S-uniformization frame when p0 = (S, η̄, ū) =

(Sp0

, η̄p
0

, ūp
0

) satisfies

(a) ⟨ηδ : δ ∈ S⟩ is an S-ladder system, i.e., S ⊆ ω1 is a stationary set of limit
ordinals and for each δ ∈ S, ηδ is an ω-sequence of ordinals < δ, strictly
increasing, with limit δ;

(b) ū = ⟨uδ,n : δ ∈ S, n ∈ ω⟩, with uδ,n being a finite subset of ηδ(n),

Definition 1.28. Let p0 be a S-uniformization frame.
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1) We define the sets

bδn,k = (bδn,k)
p0

=
⋃
j≤n

(uδ,j ∪ {ηδ(j)}) ∪ [δ, δ + k] (δ ∈ S, n, k ∈ ω),

we call bδn,k a p0-basic set.

2) We let

B = Bp0

= {bδn,k : δ ∈ S, n, k ∈ ω},
and call B the base of p0.

3) A subset x of ω1 is called p0-closed (or closed if p0 is clear from the context)
when :

(α) ϵ+ 1 ∈ x⇒ ϵ ∈ x,

(β) if δ ∈ S ∩ x, then for some 0 < N = N(δ) ≤ ω for every n < ω:
(i) ηδ(n) ∈ x iff n < N ,

(ii) [ηδ(n), ηδ(n+ 1)) ∩ x ̸= ∅ → ηδ(n) ∈ x,

(iii) if ηδ(n) ∈ x then uδ,n ⊆ x.

Definition 1.29. We say p = (S, η̄, ū,Ψ) = (Sp, η̄p, ūp,Ψp) is a special S-uniformization
problem when p0 = (Sp, η̄p, ūp) is an S-uniformization frame, and there exists a
countable set C such that

⊡a Ψ is a function with domain Bp0

, and for each b ∈ Bp0

Ψ(b) is a countable
non-empty family of functions with domain b, range ⊆ C satisfying that
for any n there is a countable Υn = Υp

n such that if b ∈ Bp0 , |b| = n then
{f ◦ OPb,n : f ∈ Ψ(b)} ∈ Υn.

⊡b If we define the function Ψ+ with domain [ω1]
<ℵ0 = {u : u ⊆ ω1 finite}

by Ψ+(u) = {f ∈ uC : ∀b ⊆ u (b ∈ Bp0 ⇒ f ↾ b ∈ Ψ(b))}, then for
each u ∈ [ω1]

<ℵ0 Ψ+(u) is a non-empty family (which must be countable,
of course).

⊡c If b, b′ ∈ Bp0

, b ⊆ b′ and f ∈ Ψ(b′) then f ↾ b ∈ Ψ(b).

⊡d If u ⊆ v ∈ [ω1]
<ℵ0 , f ∈ Ψ+(u) and u is finite and p0-closed then (∃f ′)[f ⊆

f ′ ∈ Ψ+(v)].

Claim 1.30. If p = (S, η̄, ū,Ψ) = (Sp, η̄p, ūp,Ψp) is a special S-uniformization
problem, then for each n < ω there exists a countable set Υ+

n such that:

∀x ∈ [ω1]
n : {f ◦ OPx,n : f ∈ Ψ+(x)} ∈ Υ+

n .

Proof. If x ∈ [ω1]
n, then clearly there are only finitely many b ∈ Bp0

with b ⊆ x.
Now by the definition of Ψ+ in ⊡b the set

{f ◦ OPx,n : f ∈ Ψ+(x)}

can be coded by ⟨ OP−1
x,n(b) : b ∈ Bp0

, b ⊆ x⟩, i.e. the relative position of the finitely
many basic sets that are included, and〈

{f ◦ OPb,n : f ∈ Ψ(b)} : b ⊆ x, b ∈ Bp0
〉
.

But note that this latter sequence has its entries from
⋃
k∈ω Υk by ⊡a, so there are

only countably many ways to choose the parameters (which will define the set in
question), we are done.

□Claim1.30
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Definition 1.31.

1) We say f is a solution of p, a special S-uniformization problem when f
is a function with domain ω1 such that for every u ∈ [ω1]

<ℵ0 we have
f ↾ u ∈ Ψ+(u) (equivalently, for each b ∈ B, b ⊆ u f ↾ b ∈ Ψ(b)).

2) We say that f is a partial solution of p if f is a function with domain ⊆ ω1

such that for every finite u ⊆ Dom(f) we have f ↾ u ∈ Ψ+(u).

3) We say p is simple if α < ω1 ⇒ α+ ω /∈ Sp.

Convention 1.32. From now on if p is a special S-uniformization problem, then
p-closed will mean p0-closed.

Here we state the main theorem of Section 2.

Theorem 2.6. Let S be a stationary set of limit ordinals < ω1 [which is simple,
i.e., (∀α < ω1)(α+ω /∈ S)] and η̄∗ be an S-ladder system. Then (D)S,η̄∗ ⇔ (E)S,η̄∗

where

(D)S,η̄∗ for any ladder system η̄ on S if η is very similar to η̄∗, then it has ℵ0-
uniformization

(E)S,η̄∗ for every ladder system η̄ very similar to η̄∗, for every simple special S-
uniformization problem p with η̄p = η̄, p has a solution.

Now we only have to translate our lifting problem to a special S-uniformization
problem to finish the proof of Theorem 1.3.

Recalling ▲5 fix a map F : {xα : α < ω1} → H such that φ ◦F (xα) = xα, (note
that F does not necessarily induce a homomorphism from G = clpr({xα : α < ω1},
only from the generated free group cl({xα : α < ω1})). Note that in the case that

F induces a homomorphism F̃ : clpr({xα : α < ω1} → H, then clearly φ◦ F̃ = idG.
Now observe that

⊞8 the stationary set S together with η̄1, ū from Definition 1.26 form an S-
uniformization frame p0.

So if we can form an S-uniformization problem, each solution of which yields a
suitable homomorphism from the entire G, then we will be done.

Definition 1.33. Fix δ ∈ S, and b ∈ Bp (from Definition 1.28, so b =
⋃
j≤n(uδ,j ∪

{η1δ (j)} ∪ [δ, δ + k] for some n, k).

(⊙) Define f ∈ Ψ(b), iff f : b → Zω = ⊕k∈ωZ, and the function F+f : {xα :

α ∈ b} → H, F+f (xα) = F (xα) + f(α) extends to a homomorphism F̃+f :
clprG ({xα : α ∈ b}) → H.

We encapsulate the missing claims in the following assertion.

Lemma 1.34.

(⊙)1 Ψ (from Definition 1.33) together with the S-uniformization frame p0 (from
Definition 1.26) satisfies the demands in Definition 1.29,

moreover,

(⊙)2 for every p-closed set U , and partial solution f of p with dom(f) = U the
defined map

F+f : {xα : α ∈ U} → H,
xα 7→ F (xα) + f(α)
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induces a homomorphism F̃+f : clprG ({xα : α ∈ U}) → H.

Proof. First recall that every countable subgroup of G is free, and every free group
is Wω-group (just pick a set freely generating the group and pick an arbitrary
preimage for each generator), in particular:

⊟1 for every pure subgroup G∗ = clprG ({gi : i < N ≤ ω}) ≤ G of either finite
or countable infinite rank there exists a homomorphism ψ : G∗ → H with
φ ◦ ψ = idG∗ .

Using Fact 1.19 for every pure subgroup G∗ = clprG ({gi : i < N ≤ ω}) ≤ G of either
finite or countable infinite rank, and pure subgroup G∗∗ of G∗ of finite rank G∗∗ is
a direct summand of G∗ (i.e. G∗ = G∗∗ ⊕G′), (and of course G′ is free) so

⊟2 for every pure subgroup G∗ = clprG ({gi : i < N ≤ ω}) ≤ G of either
finite or countable infinite rank, pure subgroup G∗∗ of G∗ of finite rank,
and homomorphism ψ0 : G∗∗ → H with φ ◦ ψ0 = idG∗∗ there exists a
homomorphism ψ : G∗ → H extending ψ0 with φ ◦ ψ = idG∗ .

For the requirement ⊡a it is clear that for each finite b ∈ B the collection Ψ(b)
of mappings is non-empty. We claim that for any fixed b ∈ B, |b| = n,

⊟3 there exists k̄ = ⟨kαj : j < n, α ∈ b⟩ with (∀j < n, ∀α ∈ b) kαj ∈ Z, such
that for each f0 ∈ Ψ(b) we have

Ψ(b) =
{
fk̄,d̄ : d̄ ∈ nZω

}
(where fk̄,d̄(α) = f0(α) +

∑n−1
ℓ=0 k

α
ℓ · dℓ)),

which would clearly complete the proof of ⊡a. So pick a basis {e0, e1, . . . en−1} ⊆
clprG ({xi : i ∈ b}), write xα =

∑n−1
j=0 k

α
j ej , and fix f0 ∈ Ψ(b). As for each f :

b → Zω there is at most only one way F+f : {xα : α ∈ b} → H can extend to a

homomorphism F̃+f from clpr({xα : α ∈ b}) there is obviously a bijection between

the sets {F̃+f − F̃+f0 : f ∈ Ψ(b)} and nZω (i.e. the attained value on the base
{e0, e1, . . . en−1}). Changing back from the base {e0, e1, . . . , en−1} to {xα : α ∈ b}
it is easy to see ⊟3. For ⊡b note that

⊟4 whenever f : u→ Zω is such that the mapping F+f : {xα : α ∈ u} extends
to a homomorphism from clprG ({xα : α ∈ u} it is obviously a homomorphism
from clprG ({xα : α ∈ b} for any p-closed b ⊆ u,

and similarly ⊡c is as well obvious. For ⊡d recall ⊟1 and ⊟2 so it is enough to
prove that if U is p-closed, f : U → Zω satisfies that for each b ∈ B f ↾ b ∈ Ψ(b),

then F+f extends to a homomorphism F̃+f : clprG ({xα : α ∈ U}) → H. (And so if
U is finite, U ⊆ V , then ⊟2 means that we can further extend the homomorphism,
so recalling Definition 1.33 and ⊡b the corresponding mapping from V will belong
to Ψ+(V ).)

So fix U and f with [(b ⊆ U) → (f ↾ b ∈ Ψ(b))]. Let δ + k < ω1 (with δ
limit) be minimal such that F+f does not extend to clprG ({xα : α ∈ U ∩ (δ + k)}).
Since this extension (if exists) is unique it is easy to see that only successor steps
may be problematic, so δ + k − 1 ∈ U . Moreover, δ ∈ S necessarily, since the
xα’s were given by Claim 1.13, and so otherwise Gδ+k = Gδ ⊕ (⊕i<kZxδ+i), so if
F+f ↾ {xα : α ∈ U ∩ δ} extends to GU∩δ (and F+f ↾ {xα : α ∈ [δ, δ + k)} clearly
extends to the k-rank abelian free group), then it extends to their direct sums as
well.
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Now there exists u = {α0, α1, . . . , αm−1} ⊆ U∩(δ+ω) finite, and k0, k1, . . . , km−1 ∈
Z, d ∈ Z \ {0} such that

g∗ =
k0xα0

+ k1xα1
+ · · ·+ km−1xαm−1

d
∈ clpr({xα : α ∈ U ∩ δ + ω}) ≤ G,

but
m−1∑
j=0

kj
(
F (xαj

) + f(αj)
)
∈ H is not divisible by d.

Now w.l.o.g. (since the p-closedness of U implies that (∀β < ω1) : (β + 1 ∈ U →
β ∈ U):

⊟5 for some k ≤ m we have αm−k+j = δ + j for j = 0, 1, . . . , k − 1, whereas
{α0, α1, . . . , αm−k−1} ⊆ δ.

By the minimality of δ the function F+f extends to a homomorphism from clprG ({xα :
α ∈ U ∩ δ}). As U is p-closed, (recalling Definition 1.28/ 3)) either ran(η1δ ) ⊆ U ,
and then each uδ,n ⊆ U , or there exists a minimal n such that U ∩ δ ⊆ η1δ (n). No
matter which case holds, we have

⊟6 ∀j ∈ ω: (η1δ (j) ∈ U) → (uδ,j ⊆ U),

therefore as uδ,j ⊆ η1δ (j)’s are finite ((⊺)1, (⊺)2 in Definition 1.26) w.l.o.g.

⊟7 if η1δ (j) ∈ {α0, α1, . . . , αm−k−1}, then
⋃
ℓ≤j(uδ,ℓ∪{η1δ (ℓ)}) ⊆ {α0, α1, . . . , αm−k−1}.

Let j0 ∈ ω be such that

⊟8

⋃
ℓ≤j0(uδ,ℓ ∪ {η1δ (ℓ)}) ⊆ {α0, α1, . . . , αm−k−1} ⊆ η1δ (j0 + 1).

Therefore by (⊺)2 Yδ,j0 ⊆ {xαi : i ∈ m}, and by ▲3 we obtain g∗ = g0 + g1,
where g1 ∈ clpr(Yδ,j0 ∪ {xα : α ∈ [δ, δ + k)}, and g0 ∈ Gη1δ(j0+1). But as g∗ ∈
clpr({xα : α ∈ (U ∩ η1δ (j0 + 1)) ∪ [δ, δ + k)}), Yδ,j0 ⊆ {xα : α ∈ U ∩ η1δ (j0 + 1)},
obviously g1 ∈ clpr({xα : α ∈ U ∩ η1δ (j0 + 1)}). But F+f ↾ {xα : α ∈ U ∩ δ}
and F+f ↾ (Yδ,j0 ∪ {xδ+i : i < k}) = F+f ↾ {xα : α ∈ bδj0,k} both extend to the
corresponding generated pure subgroups, so to their sums, so to g∗ as well, which
is a contradiction.

□Lemma1.34

□Claim1.25

Having finished the proof of the last ingredient, we can put all the necessary
claims together to argue (ii) of Proposition 1.7.

Proof. (Clause (ii) of Proposition 1.7) Suppose that S ⊆ Ω is stationary, η̄ is a
ladder system for which ran(ηδ) ⊆ Ω for each δ ∈ S (so necessarily S is simple,
α + ω /∈ S for any α). Let G be a group of size ℵ1, Ḡ

′ = ⟨G′
α : α < ω1⟩ a

filtration of G, and the ladder system η̄∗ are such that η̄∗ is very similar to η̄,
(∗)+S,η̄∗(G, Ḡ′) holds from the proposition, i.e. clauses (α)+-(ε)+ are satisfied. This

implies that (∗∗)S(G, Ḡ′) from Lemma 1.11 holds, and we can apply Claim 1.13.
Let ⟨xα : α < ω1⟩, and the ladder system η̄1 (and γδn’s) be given by the claim.
Moreover, since we are in the proof of Clause (ii) of Proposition 1.7, we assume
(ε)+:
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(ε)+ for each δ ∈ S for some sequence ⟨yδ+ℓ : ℓ < ω⟩ ∈ ωG′
δ+ω which is a

maximal independent sequence over G′
δ, we have for each n ∈ ω:{

α < δ : clpr
(
G′
α+1 ∪ {yδ+ℓ : ℓ < n}

)
̸=

clpr (G′
α ∪ {yδ+ℓ : ℓ < n}) +G′

α+1

}
⊆∗ ran(η∗δ ).

This means that clause (ε)∗∗ stated in Claim 1.13 with the role η̄0 := η̄∗ i.e.

(ε)∗∗ for each δ ∈ S for some sequence ⟨yδ+ℓ : ℓ < ω⟩ ∈ ωGδ+ω which is a
maximal independent sequence over Gδ, for each n ∈ ω{

α < δ : clpr (Gα+1 ∪ {yδ+ℓ : ℓ < n}) ̸=
clpr (Gα ∪ {yδ+ℓ : ℓ < n}) +Gα+1

}
⊆∗ ran(η0δ ),

is also satisfied, we also know that for each δ ∈ S, for the output η1δ of the claim:
ran(η1δ ) ⊆∗ ran(η∗δ ).

At this point we claim that every ladder system η̄2 that is very similar to η̄1

has ℵ0-uniformization, using that every ladder system very similar to η̄ has ℵ0-
uniformization: we define η3δ so that η3δ (n) ∈ Ω for each n and η̄3 is a ladder system
very similar to η̄2. Then, since for δ ∈ S we have ran(ηδ) ⊆ Ω, and

{ηδ(n) + ω : n ∈ ω} = {η∗δ (n) + ω : n ∈ ω},
we obtain

{ηδ(n) + ω : n ∈ ω} ⊇∗ {η1δ (n) + ω : n ∈ ω} = {η3δ (n) + ω : n ∈ ω}.
Since both ηδ(n)’s and η

3
δ (m)’s are limit ordinals, clearly

{ηδ(n) : n ∈ ω} ⊇∗ {η3δ (n) : n ∈ ω}.
Now the fact that η̄ has ℵ0-uniformization implies that η̄3 has ℵ0-uniformization,
and by Lemma 1.10, η̄2 has ℵ0-uniformization, too. This means that we can appeal
to Lemma 1.34 (applying it to ⟨xα : α < ω1⟩, and the ladder system η̄1, and the
γnδ ’s), which completes the proof of clause (ii) of Proposition 1.7.

□Clause (ii) of Proposition1.7

Having proved clause (ii) of Proposition 1.7, with all the necessary ingredients
we can verify (A)S ⇒ (C)S from Theorem 1.3. So suppose that S ⊆ ω1 is a
stationary set of limit ordinals, and every S-ladder system has ℵ0-uniformization.
Fix a strongly ℵ1-free abelian group G and filtration Ḡ′ which satisfy (∗)S(G, Ḡ′)
from Definition 1.2. Now applying Claim 1.11 we can replace S with S \ {α + ω :
α < ω1} (with the fact that every S-ladder system has ℵ0-uniformization remaining
true), get the filtration Ḡ = ⟨Gα : α < ω1⟩ and (∗∗)S(G, Ḡ) (from Claim 1.11).
Moreover, we can apply Claim 1.13, which gives us x̄ = ⟨xα : α < ω1⟩ and the
ladder system η̄ on our new S, and that Ḡ, x̄ and η̄ satisfy (•)i-(•)iv. It remains
to invoke (ii) from Proposition 1.7: (A)S,η̄ holds (with η̄ given by the claim), so we
obtain (C)S,η̄. Thus it suffices to check that (∗)+S,η̄∗(G, Ḡ′) holds for some filtration

Ḡ′: set Ḡ′ = Ḡ, η̄∗ = η̄, yδ+n = xδ+n (δ ∈ S, n ∈ ω) (recall (•)i-(•)iv). This
finishes the proof of (A)S ⇒ (C)S (assuming Theorem 2.6).

It is only left to prove clause (iii) from Proposition 1.7, so we fix the ladder
system η̄∗ on S.⊙

1 We define the free abelian group F to be generated by

{ẋα : α < ω1} ∪ {ẏδ,i,j : δ ∈ S, i ≤ j ∈ ω}.
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First we will need some definitions and claims

Definition 1.35.

(1) For a sequence p̄ = ⟨pδ,i,j : δ ∈ S, i, j ∈ ω⟩ ∈ S×∆+Z (where by ∆+ we
mean ⟨i, j : i ≤ j ∈ ω⟩) we define the abelian group Gp̄ by the generators

{xα : α < ω1} ∪ {yδ,i,j : δ ∈ S, i ≤ j ∈ ω}
and by the relations

(1.20) pδ,i,jyδ,i,j = yδ,0,0 − (xη∗δ (j) − xη∗δ (i)) (δ ∈ S, i < j),

and

(1.21) pδ,i,iyδ,i+1,i+1 = yδ,0,0 − xη∗δ (i) (δ ∈ S, i ∈ ω),

i.e. a group isomorphic to F/Kp̄, where Kp̄ is the subgroup of F generated
by

{pδ,i,j ẏδ,i,j − (ẏδ,0,0 − (ẋη∗δ (j) − ẋη∗δ (i))) : δ ∈ S, i < j ∈ ω},

{pδ,i,iẏδ,i+1,i+1 − (ẏδ,0,0 − ẋη∗δ (i)) : δ ∈ S, i ∈ ω},

(2) Define KS,η̄∗ = {Gp̄ : p̄ ∈S×∆+ Z, (∀δ ∈ S) ⟨pδ,i,j : i, j ∈ ω⟩ is a sequence
of pairwise relatively prime positive integers }.

(3) With a slight abuse of notation we define the group Gp̄ when p̄ = ⟨pδ,i :
δ ∈ S, i ∈ ω⟩ ∈ S×∆+Z to be Gp̄′ , where p̄

′ = ⟨p′δ,i,j : δ ∈ S, i, j ∈ ω⟩ is
defined by the equalities

p′δ,i,i = pδ,i (i ∈ ω),

p′δ,i,j = 1 (i < j).

The following is standard, but for the sake of completeness we include the proof.

Lemma 1.36. Suppose that we are given p̄ = ⟨pδ,i,j : δ ∈ S, i ∈ ω⟩ ∈ S×ωZ. If for
each δ the sequence ⟨pδ,i,j : i ≤ j ∈ ω⟩ consists of pairwise relatively prime positive
integers (i.e. there are no common prime factors of pδ,i,j and pδ,k,l if (i, j) ̸= (k, l),

possibly pδ,i,j = 1 for some (i, j)), then for the filtration Ḡp̄ = ⟨Gp̄β : β ∈ ω1⟩
defined as

Gp̄β = clpr({xα, yα,0,0 : α < β})
the assertion (∗)+S,η̄∗(Gp̄, Ḡp̄) (from Proposition 1.7) holds, in particular the groups
in KS,η̄∗ are strongly ℵ0-free.

Proof. First we prove that the collection

I := {xα : α < ω1} ∪ {yδ,0,0 : δ ∈ S}
forms a maximal independent family. If this were true, then it would imply that
{xα +Gp̄β : β ≤ α < ω1} ∪ {yδ,0,0 +Gp̄β : β ≤ δ ∈ S} is independent in Gp̄/G

p̄
β .

As Gp̄ = clpr({xα : α < ω1} ∪ {yδ,0,0 : δ ∈ S}) we only have to argue that I is
independent. Working with the representation of Gp̄ as F/Kp̄, it is enough to show
that the set

İ := {ẋα : α < ω1} ∪ {ẏδ,0 : δ ∈ S} ⊆ F

is independent over Kp̄. But the generator set

{pδ,i,j ẏδ,i,j − (ẏδ,0,0 − (ẋη∗δ (j) − ẋη∗δ (i)) : δ ∈ S, i < j ∈ ω}
∪



BETWEEN WHITEHEAD GROUPS AND UNIFORMIZATION SH486 25

{pδ,i,iẏδ,i+1,i+1 − (ẏδ,0 − ẋη∗δ (i)) : δ ∈ S, i ∈ ω}
freely generates Kp̄, so comparing the coefficients clearly

cl(İ) ∩Kp̄ = {0},
so

⊖1 the system

I = {xα : α < ω1} ∪ {yδ,0,0 : δ ∈ S} is independent in Gp̄,

indeed. In particular,
⊖2 Gp̄ is torsion-free.

Second, we can argue that for any fixed β /∈ S, the quotient Gp̄/Gp̄β is ℵ1-free.

By [Fuc73, Thm. 19.1.] it suffices to prove that every subgroup of finite rank is
free. Since a subgroup of a free group is always free it is enough to show that a
cofinal system of the finite rank subgroups (w.r.t. ≤) consists of free group. So
fix J = {xα0 , xα1 , . . . , xαj−1}, L = {yδ0,0,0, yδ1,0,0, . . . , yδℓ−1,0,0} for some j, ℓ < ω,
where β ≤ α0 < α1 < · · · < αj−1 < γ and β ≤ δ0 < δ1 < · · · < δℓ−1 < γ. We would

like to prove that clpr((L∪ J) +Gp̄β) ≤ Gp̄/G
p̄
β is free, and by the above remark we

can increase J and L, and assume that

⊖3 if yδk0
,0,0 ̸= yδk1

,0,0 ∈ L, η∗δk0
(n0) = η∗δk1

(n1) for some 0 < n0, n1, then

xη∗δk0
(n0) = xη∗δk1

(n1) ∈ J .

Now we claim the following. By the characterization theorem of finitely generated
abelian groups [Fuc73, Thm 15.5.] the claim finishes the proof of Lemma 1.36.

Claim 1.37. If L and J are as above, then clpr((L∪J)+Gp̄β) ≤ Gp̄/G
p̄
β is generated

by
{z +Gp̄β : z ∈ L ∪K}∪

∪
{
yδ,0,0 − xη∗δ (n))

pδ,n,n
+Gp̄β : (yδ,0,0 ∈ L, n ∈ ω) ∧ (xη∗δ (n) ∈ J ∨ η∗δ (n) < β)

}
,

∪{
yδ,0,0−(xη∗

δ
(m)−xη∗

δ
(n))

pδ,n,m
+Gp̄β : (yδ,0,0 ∈ L, n < m ∈ ω)∧

(xη∗δ (n) ∈ J ∨ η∗δ (n) < β) ∧ (xη∗δ (m) ∈ J ∨ η∗δ (m) < β) }
in particular it is finitely generated.

Proof. (Claim 1.37) Recalling the definition of the group Gp̄ we have that the set

G0 ∪ G1 ∪ G2 ∪ G3 generates Gp̄/G
p̄
β , where

G0 = {xα +Gp̄β : β ≤ α < ω1},

G1 = {yδ,0,0 +Gp̄β : δ ∈ S \ β},
G2{(yδ,0,0 − xη∗δ (n))/pδ,n,n +Gp̄β : δ ∈ S \ β, n ∈ ω},

G3{(yδ,0,0 − (xη∗δ (m) − xη∗δ (n))/pδ,n,m +Gp̄β : δ ∈ S \ β, n < m ∈ ω},
so it is enough to verify the following subclaim.

Subclaim 1.38. Let h ∈ Gp̄/B
p̄
β be given, suppose that

h =
∑
α<ω1

kα(xα +Gp̄β)+

+
∑
δ∈S\β kδ,0,0(yδ,0,0 +Gp̄β)+

+
∑
δ∈S,n∈ω kδ,n+1,n+1((yδ,0,0 − xη∗δ (n))/pδ,n,n +Gp̄β)+

+
∑
δ∈S,n<m∈ω kδ,n,m((yδ,0,0 − (xη∗δ (m) − xη∗δ (n))/pδ,n,m +Gp̄β).
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Then the following hold:

i) for every δ ∈ S \ β, n < m ∈ ω, if yδ,0,0 /∈ L, then

pδ,n,m ∤ kδ,n,m → h /∈ clpr(L ∪ J),

and

pδ,n,n ∤ kδ,n+1,n+1 → h /∈ clpr(L ∪ J),
ii) for every δ ∈ S \ β, n < m ∈ ω, if (yδ,0,0 ∈ L), and either (xη∗δ (n) /∈ J &

η∗δ (n) ≥ β), or (xη∗δ (m) /∈ J & η∗δ (m) ≥ β), then

pδ,n,m ∤ kδ,n,m → h /∈ clpr(L ∪ J),

(This would finish the proof of Claim 1.37, i.e. h ∈ clpr(L∪J) implies that h is a
Z-linear combinations of the finite set in the claim and possibly adding (xα+G

p̄
β)’s

(α ≥ β, xα /∈ J), or (yδ,0,0+G
p̄
β)’s (δ ∈ S \β, yδ,0,0 /∈ L). But since h ∈ clpr(L∪J),

we have that for some 0 ̸= ℓ ∈ Z, ℓh is a Z-linear combination of elements from
L ∪K.)

Proof. (Subclaim 1.38) Fix δ ≥ β. We prove first i), so we fix δ ∈ S, and we need
to show that if yδ,0,0 /∈ L, n < m ∈ ω, then

pδ,n,m ∤ kδ,n,m → h /∈ clpr(L ∪ J),

and

pδ,n,n ∤ kδ,n+1,n+1 → h /∈ clpr(L ∪ J).
Suppose on the contrary, and consider a counterexample h ∈ clpr(L ∪ J), and

the values

kδ,n,m (n,m ∈ ω),

which are not all 0’s. Clearly (recalling ⊖1):

kδ,0,0 +
∑
n<m

kδ,n,m
pδ,n,m

+

∞∑
n=0

kδ,n+1,n+1

pδ,n,n
= 0.

Now since the sequence ⟨pδ,n,m : n,m ∈ ω⟩ consists of pairwise relatively prime
integers, even the fact that this sum is an integer implies

∀n < m ∈ ω : pδ,n,m|kδ,n,m,

and

∀n ∈ ω : pδ,n,n|kδ,n+1,n+1.

Now we can argue ii). Now for this fixed δ we can replace the relevant elements
of G2 ∪ G3 (i.e. those that have yδ,0,0 occurring in them) by the sum of elements
from G0 and G1, we arrive at another Z-linear combination with the same sum h,
which derived decomposition satisfies

[(∀n < m) kδ,n,m = 0 & kδ,n+1,n+1 = 0]

(only kδ,0,0 may be nonzero).
By the above argument we can of course assume that

(1.22) (∀δ ∈ S, ∀n ∈ ω) : [yδ,0,0 /∈ L→ kδ,n+1,n+1 = 0]

and

(1.23) (∀δ ∈ S, ∀n < m ∈ ω) : [yδ,0,0 /∈ L→ kδ,n,m = 0].
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So let α ≥ β such that

(1.24) xα /∈ J.

Again, h ∈ clpr(L ∪ J) implies

0 = kα−
−
∑
δ∈S,yδ,0,0∈L, n∈ω, η∗δ (n)=α

kδ,n+1,n+1

pδ,n,n

−
∑
δ∈S,yδ,0,0∈L, n<m∈ω, η∗δ (n)=α

kδ,n,m

pδ,n,m

+
∑
δ∈S,yδ,0,0∈L, l<n∈ω, η∗δ (n)=α

kδ,l,n
pδ,l,n

.

But by ⊖3 it follows from xα /∈ J that there is at most one δ0 ∈ S for which
yδ,0,0 ∈ L, and α ∈ η∗δ (n) for some n. W.l.o.g. we can assume that there is such a
δ0, (and η

∗
δ0
(n0) = α) otherwise we are done. So

0 = kα−
−kδ0,n0+1,n0+1

pδ0,n0,n0

−
∑
m>n0

kδ0,n0,m

pδ0,n0,m

+
∑
l<n0

kδ:0,l,n0

pδ0,l,n0

.

Using that ⟨pδ0,n,m : n ≤ m⟩ consists of pairwise relatively prime numbers, we are
done.

□Subclaim1.38

□Claim1.37

□Lemma1.36

In order to complete the proof of clause (iii) we have to verify that if for each p̄
satisfying the demands from Lemma 1.36 the group Gp̄ is Whitehead, then η̄∗ has
ℵ0-uniformization.

Claim 1.39. Suppose that the sequence p̄ ∈ S×∆+Z satisfies that for each δ ∈ S
⟨pδ,n,m : n ≤ m ∈ ω⟩ is a sequence of pairwise relative prime integers, and the
group Gp̄ ∈ KS,η̄∗ (from Definition 1.35) is Whitehead.

Then for every sequence ā = ⟨aδ,n,m : δ ∈ S, n ≤ m ∈ ω⟩ ∈ S×ωZ there is a
solution ⟨bδ : δ ∈ S⟩ ∈ SZ, ⟨cα : α < ω1⟩ ∈ ω1Z of ā, which means that

(1.25) ∀δ ∈ S, n < m ∈ ω : bδ + aδ,n,m ≡ cη∗δ (m) − cη∗δ (n) (mod pδ,n,m),

and

(1.26) ∀δ ∈ S, n ∈ ω : bδ + aδ,n,n ≡ cη∗δ (n) (mod pδ,n,n).

Proof. Define the abelian group H generated by

{x∗α, y∗δ,n,m : α < ω1, δ ∈ S, n ≤ m ∈ ω} ∪ {ζ}

freely, except for the relations

(1.27) pδ,n,my
∗
δ,n,m = y∗δ,0,0 − (x∗η∗δ (m) − x∗η∗δ (n)

)− aδ,n,mζ (δ ∈ S, n < m ∈ ω),

and

(1.28) pδ,n,ny
∗
δ,n+1,n+1 = y∗δ,0,0 − (x∗η∗δ (m) − x∗η∗δ (n)

)− aδ,n,nζ (δ ∈ S, n ∈ ω).

Now similarly to calculations in the proof of Lemma 1.36 one can check that
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⊖1 the system

I∗ = {x∗α : α < ω1} ∪ {y∗δ,0,0 : δ ∈ S} ∪ {ζ}
is a maximal independent family in H, and

⊖2 clprH ({ζ}) = Zζ (using the condition on p̄, by the same argument as in
Subclaim 1.37).

It is also straightforward to check that there is a homomorphism φ : H → Gp̄ send-
ing xα to x∗α, y

∗
δ,0,0 to yδ,0,0, and ζ to 0, since it respects the relations defining the

groups in (1.20) and (1.21). Now since each element in H is a Q-linear combination
of I∗, ⊖2 implies that

⊖3 Ker(φ) = Zζ ≃ Z,
so there is a homomorphism f : Gp̄ → H with φ ◦ f = idGp̄

. Now clearly

⊖4 f(yδ,n,m)− y∗δ,n,m ∈ Zζ (δ ∈ S, n ≤ m),

⊖5 f(xα)− x∗α ∈ Zζ (α < ω1),

so we can define the vectors b̄, c̄ by the following equations:

⊖6 bδζ = f(yδ,0,0)− y∗δ,0,0 (δ ∈ S),

⊖7 cαζ = f(xα)− x∗α (α < ω1).

Then recalling (1.27), fixing δ ∈ S, n < m ∈ ω and using f(yδ,n,m) = y∗δ,n,m + eζ

for some e ∈ Z (which holds by ⊖3) on the one hand

y∗δ,0,0 − (x∗η∗δ (m) − x∗η∗δ (n)
)− aδ,n,mζ = pδ,n,my

∗
δ,n,m,

and on the other hand,

pδ,n,m(y∗δ,n,m+eζ) = pδ,n,mf(yδ,n,m) = f(pδ,n,myδ,n,m) = f(yδ,0,0−(xη∗δ (m)−xη∗δ (n))) =

f(yδ,0,0)−(f(xη∗δ (m)−f(xη∗δ (n)) = bδζ+y
∗
δ,0,0−(cη∗δ (m)ζ+x

∗
η∗δ (m)−cη∗δ (n)ζ−x

∗
η∗δ (n)

),

so pδ,n,m · e · ζ = pδ,n,m(y∗δ,n,m + eζ − y∗δ,n,m) can be written as:(
bδζ + y∗δ,0,0 − (cη∗δ (m)ζ + x∗η∗δ (m) − cη∗δ (n)ζ − x∗η∗δ (n)

)
)
−
(
y∗δ,0,0 − (x∗η∗δ (m) − x∗η∗δ (n)

)− aδ,n,mζ
)
,

hence
pδ,n,m · e · ζ = bδζ − (cη∗δ (m)ζ − cη∗δ (n)ζ)− (−aδ,n,mζ)

so by ⊖1 the coefficients of ζ must be equal:

pδ,n,m · e = bδ − (cη∗δ (m) − cη∗δ (n)) + aδ,n,m.

Finally,
bδ + aδ,n,m ≡ cη∗δ (m) − cη∗δ (n) (mod pδ,n,m),

as desired. (Checking that bδ+aδ,n,n ≡ cη∗δ (n) (mod pδ,n,n) is completely analogous.)
□Claim1.39

Claim 1.40. Suppose that

• the groups in KS,η̄∗ (from Definition 1.35 are all Whitehead,

moreover, assume that we are given the sequence ⟨dδ,n : δ ∈ S, n ∈ ω⟩ ∈ S×ωω.
Then there exists a sequence ⟨d∗α : α < ω1⟩ ∈ ω1ω with the property

(∀δ ∈ S) ∀∞n : d∗η∗δ (n)
≥ dδ,n,

and
(∀δ ∈ S) ∀∞n ∀k > 0 : d∗η∗δ (n+k)

̸= d∗η∗δ (n)
,

i.e. for some N the sequence ⟨d∗η∗δ (l) : l ≥ N⟩ is injective.
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Proof. For each δ ∈ S define the sequence pδ,n,m (n ≤ m ∈ ω) so that each pδ,n,m
is a prime, and if (n,m) ̸= (k, l), then pδ,n,m ̸= pδ,k,l, moreover,

pδ,n,n ≥ 4dδ,n,

Note that this necessarily implies that

(∀M)(∃N)(∀m ≥ n ≥ N) : pδ,n,m ≥M.

Now by our assumptions the group Gp̄ is Whitehead, and defining ⟨aδ,n,m : δ ∈
S, n ≤ m ∈ ω⟩ as
(1.29) aδ,n,m = ⌊pδ,n,m/2⌋,
then for some ⟨bδ : δ ∈ S⟩, ⟨cα : α < ω1⟩ (1.25) holds. This means that for each
δ ∈ S, for every large enough n |bδ| ≤ pδ,n,n/4, so for such n’s (1.29) and (1.26)
clearly imply

|cη∗δ (n)| ≥ pδ,n,n/4 ≥ dδ,n.

Moreover (for the same fixed δ) if N is so large that N ≤ n < m implies the
inequality |bδ| ≤ pδ,n,m/4, then one can easily get from (1.25) that

|cη∗δ (m) − cη∗δ (n)| ≥ pδ,n,n/4 > 0,

so choosing d∗α = |cα| works.
□Claim1.40

Claim 1.41. Suppose that

• for every G ∈ KS,η̄∗ (from Definition 1.35 G is Whitehead.

Then η̄∗ has ℵ0-uniformization.

Proof. Fix a system ⟨fδ : δ ∈ S⟩, where for each δ ∈ S

fδ : ran(η
∗
δ ) → ω is a coloring with countably many colors,

and using Claim 1.40 fix ⟨d∗α : α < ω1⟩ with
(1.30) ∀δ ∈ S : lim

n→∞
d∗η∗δ (n)

= ∞,

w.l.o.g. ∀α d∗α ∈ 2Z+ 1. Now apply Claim 1.40 again in order to obtain a system
⟨eα : α < ω1⟩ ∈ ω1ω satisfying

(1.31) (∀δ ∈ S) ∀∞n : eη∗δ (n) ≥ d∗η∗δ (n)
· (fδ(η∗δ (n)) + 1),

and

(1.32) (∀δ ∈ S) (∃N = N(δ)) (∀n,m ≥ N) : [(n ̸= m) → (eη∗δ (n) ̸= eη∗δ (m))]

⊠1 Choose qα to be the eα’th prime (so in particular

(∀δ ∈ S) ∀∞n : qη∗δ (n) ≥ d∗η∗δ (n)
· (fδ(η∗δ (n)) + 1))),

⊠2 let for each δ ∈ S, n ∈ ω

pδ,n = qη∗δ (n), if n ≥ N(δ),

= 1 otherwise.

⊠3 and note that by (1.32) ⟨pδ,n : n ∈ ω⟩ is a sequence of pairwise relatively
prime integers, with

(∀∞n) pδ,n = qη∗δ (n).

Now
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⊠4 define the system ⟨aδ,n : δ ∈ S, n ∈ ω⟩ as
aδ,n = d∗ηδ(n) · fδ(η

∗
δ (n)),

and apply Claim 1.40 again, i.e. we obtain the solution ⟨bδ : δ ∈ S⟩ ∈ SZ,
⟨cα : α < ω1⟩ ∈ ω1Z:
(1.33) ∀δ ∈ S, n ∈ ω : bδ ≡ cη∗δ (n) − aδ,n (mod pδ,n).

Now

⊠5 for each α < ω1 we define f∗(α) ∈ ω as follows. Let

c∗α ∈ {kqα + ℓd∗α : k ∈ Z, ℓ ∈ {0, 1, . . . , ⌊qα/d∗α⌋ − 1}}
be the element of that set of minimal distance from cα (if that set is not
empty), let f∗(α) = ℓ0 ∈ {0, 1, . . . , ⌊qα/d∗α⌋ − 1}, where c∗α = k0qα + ℓ0d

∗
α.

Fixing δ ∈ S, using ⊠2 (in order to prove that f∗ uniformizes the fδ’s) it clearly
suffices to prove that

(1.34) (∀δ ∈ S) ∀∞n∃k ∈ Z |kqη∗δ (n) + fδ(η
∗
δ (n)) · d∗η∗δ (n) − cη∗δ (n)| < d∗η∗δ (n)

/2

(recall that 0 ≤ fδ(η
∗
δ (n)) · d∗η∗δ (n) < qη∗δ (n) holds for each δ for large enough n). By

(1.33),
bδ + aδ,n = bδ + d∗ηδ(n) · fδ(η

∗
δ (n)) ≡ cη∗δ (n) (mod pδ,n).

First recall that pδ,n = qη∗δ (n) for large enough n (by ⊠3), so for any large enough

n, for some k = k(n) ∈ Z
bδ + d∗ηδ(n) · fδ(η

∗
δ (n)) + kqη∗δ (n) = cη∗δ (n).

Rearranging this equation one obtains

d∗ηδ(n) · fδ(η
∗
δ (n)) + kqη∗δ (n) − cη∗δ (n) = −bδ.

Therefore for large enough n = n(δ) we have |bδ| < d∗η∗δ (n)
/2 (by (1.30)), obtain-

ing (1.34), we are done.
□Claim1.41

□Theorem1.3 assuming Theorem2.1
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§ 2. Special uniformization problems: a combinatorial equivalence

The purpose of this section is to prove our main theorem:

Theorem 2.1. Let S be a stationary set of limit ordinals < ω1, which is simple
(i.e. ∀α: α+ ω /∈ S). Then (A)S ⇒ (B)S, where:

(A)S every S-ladder system has ℵ0-uniformization,

(B)S every special S-uniformization p has a solution, see below.

We shall prove more in 2.6 below.

Definition 2.2. Assume p is a special S-uniformization problem, Ψ = Ψp.
1) We say x1, x2 are Ψ-isomorphic when: |x1| = |x2| and for any bℓ ⊆ xℓ, bℓ ∈ Bp,
fℓ a function with domain bℓ (for ℓ = 1, 2) satisfying

OPu1,u2(b2) = b1,

f1 ◦OPb1,b2 = f2

we have f1 ∈ Ψ(b1) iff f2 ∈ Ψ(b2).

Observation 2.3.
1) Let p be a special S-uniformization problem. The number of Ψ-isomorphism
types is ≤ ℵ0.
2) For every finite u ⊆ ω1 there is a finite p-closed v extending u.
3) The relation “η̄′, η̄” are very similar S-ladder systems” is an equivalence relation
on the set of S-ladder systems (see Definition 1.31(4)).

Proof. his follows by clause (c) of Definition 1.27, and see Claim 2.7 below. □T

As a warm-up we show (but we rely on Claim 2.7 below).

Claim 2.4. If p is a special S-uniformization problem, then the forcing notion
Qp = (Fp,⊆) satisfies the c.c.c. and ⊩Qp

“ ∪ {f : f ∈ G
˜

Qp
} is a solution for p”

where Fp = ∪{Ψ+(u) : u ⊆ ω1 is finite, p-closed}.

Proof. For the second phrase just note that Fp is non-empty (by clause ⊡b of
Definition 1.29 and for every α < ω1 the set Iα = {f ∈ Fp : α ∈ Dom(f)} is dense
open in Qp by clause ⊡d in Definition 1.29.

As for the first phrase, “Qp satisfies the c.c.c.”, let fα ∈ Ψ(xα) for α < ω1,
where each xα is p-closed. As each xα is finite, for some stationary S0 ⊆ S the
sequence ⟨xα : α ∈ S0⟩ is a ∆-system with heart u∗, and for α ̸= β in S0, xα ∩ α =
xβ ∩ β = xα ∩ xβ = u∗. Without loss of generality α ∈ S0 ⇒ fα ↾ u∗ = f∗ and
β < α ∈ S0 ⇒ xβ ⊆ α. Observe that this together with the closedness of the xβ ’s
imply that

(2.1) α < β ∈ S0 ⇒ sup(xα) + ω ≤ min(xβ \ u∗).
Let β(α) = min(S0\(α + 1)) for α ∈ S0. We define vα = u∗ if the ordinal δ :=
min(xβ(α) \ β(α)) /∈ S, and otherwise if this δ ∈ S let

vα = clp

 ⋃
n<ω, ηδ(n)<α

({ηδ(n)} ∪ uδ,n) ∪ u∗
 ,
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so clearly vα ⊆ α, and it is finite by Claim 2.7 below.

Subclaim 2.5. For each α ∈ S0 the finite set yα = xβ(α) ∪ vα is p-closed.

Proof. First we check clause (α) of Definition 1.28 3). Pick ϵ+ 1 ∈ yα. Since both
xβ(α) and vα satisfy (α), the ordinal ϵ must be in either xβ(α), or vα. Now let
δ ∈ S ∩ yα. If δ < α, then necessarily δ ∈ vα and since vα is p-closed we are done.
At this point we also note that

(2.2) (∀δ ∈ S ∩ yα ∩ α) (∀n, k) : [bδn,k ⊆ yα → bδn,k ⊆ vα] (since vα ⊇ u∗).

Second, suppose that δ ≥ α. Then δ ∈ xβ(α) \ α = xβ(α) \ β(α) (since xβ(α) ∩
β(α) = u∗ as β(α) ∈ S0). We will distinguish two cases depending on whether δ =
min(xβ(α) \ β(α)), or δ > min(xβ(α) \ β(α)).

If δ > min(xβ(α) \ β(α)), then for each n we have

ηδ(n) ∈ xβ(α) ⇐⇒ ηδ(n) ≤ max(δ ∩ xβ(α) \ β(α)) ⇐⇒ {ηδ(n)} ∪ uδ,n ⊆ xβ(α),

(since xβ(α) is p-closed), so

(2.3) ηδ(n) ∈ yα ⇐⇒ {ηδ(n)}∪uδ,n ⊆ yα ⇐⇒ ηδ(n) ≤ max(δ∩xβ(α)\β(α)).
Now if δ = min(xβ(α) \ β(α)), then for each n

ηδ(n) ∈ vα ⇐⇒ ηδ(n) < α ⇐⇒ {ηδ(n)} ∪ uδ,n ⊆ vα,

so

(2.4) ηδ(n) ∈ yα ⇐⇒ ηδ(n) < α ⇐⇒ {ηδ(n)} ∪ uδ,n ⊆ yα,

and we are done. For future reference we note that (2.2), (2.3), (2.4) together imply

(2.5) (∀δ ∈ S ∩ yα \ α) (∀n, k) : [bδn,k ⊆ yα → (bδn,k ⊆ vα ∨ bδn,k ⊆ xβ(α))].

□Subclaim2.5

Now for some v∗ ∈ [ω1]
<ℵ0 and stationary subset S1 of S0 we have

α ∈ S1 ⇒ (vα = v∗).

For each α ∈ S1 we can find gα ∈ Ψ+(yα) = Ψ+(xβ(α)) extending fβ(α), which
exists by clause ⊡d in Definition 1.29. Now w.l.o.g. we can assume that for every
α1 < α2 in S1 we have β(α1) < α2 (intersecting S1 with a club if necessary), and
gα1

↾v∗ = gα2
↾v∗ (by passing down to a smaller stationary set). Observe that if

α1 < α2 in S1, then yα1 ∪ yα2 = v∗ ∪ xβ(α1) ∪ xβ(α2) is p-closed, since by the proof
of Subclaim 2.5 for any δ ∈ (S ∩ yα2

\ α2) either for all n ∈ ω:

ηδ(n) ∈ yα2
⇐⇒ {ηδ(n)} ∪ uδ,n ⊆ yα2

⇐⇒ ηδ(n) ≤ max(δ ∩ xβ(α2) \ β(α)),
(which is the case if δ > min(xβ(α2) \ β(α)) = min(yα2

\ β(α))), or
ηδ(n) ∈ yα2 ⇐⇒ ηδ(n) < α2 ⇐⇒ {ηδ(n)} ∪ uδ,n ⊆ yα2

(when δ = min(xβ(α2) \ β(α)) = min(yα2 \ β(α))). This means that

(2.6) for δ ∈ (S ∩ yα2
\ α2) : (∀n, k) : [bδn,k ⊆ yα1

∪ yα2
] → [bδn,k ⊆ yα2

].

Whereas if δ ∈ (S ∩ (yα2
∪ yδ1) ∩ α2), then δ ∈ yδ1 (this holds for any ϵ ∈ (yα2

∪
yδ1) ∩ α2), so

(2.7) if δ ∈ (S ∩ (yα2 ∪ yδ1) ∩ α2) : (∀n, k) : [bδn,k ⊆ yα1 ∪ yα2 ] → [bδn,k ⊆ yα1 ].

Therefore, as fβ(α1)∪fβ(α2) is a function (since they agree on u∗), so (by (2.6), (2.7))

fβ(α1)∪fβ(α2) ∈ Ψ+(yα1 ∪yα2), hence are compatible in Qp as required. □Claim2.4
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Our main theorem (Theorem 2.1) will follow from the following slightly more
general one:

Theorem 2.6. Let S be a stationary set of limit ordinals < ω1 which is simple,
i.e., (∀α < ω1)(α+ω /∈ S), and η̄∗ be an S-ladder system. Then (D)S,η̄∗ ⇔ (E)S,η̄∗

where

(D)S,η̄∗ for any ladder system η̄ on S if η is very similar to η̄∗ then it has ℵ0-
uniformization

(E)S,η̄∗ for every ladder system η̄ very similar to η̄∗, for every simple special S-
uniformization problem p with η̄p = η̄, then p has a solution.

We shall prove Claim 2.6 together with proving Theorem 2.1.

Proof. Proof of 2.6
(E)S,η̄∗ ⇒ (D)S,η̄∗

(D)S,η̄∗ is essentially a special case of (E)S,η̄∗ : let η̄ be very similar to η̄∗ we
can replace ηδ(n) by ηδ(n) + 1 and use the value of the prospective solution f at
δ to say from which n onwards the uniformization demand for cδ holds, that is,
cδ(ηδ(n)) = f(ηδ(n)) if n ≥ f(δ).

In detail, this will look as follows. Given ⟨ηδ : δ ∈ S⟩, ⟨cδ : δ ∈ S⟩ as in (D)S,η̄∗

recalling Definition 1.29 we now define a special S-uniformization problem p with

(i) η̄p = ⟨η′δ : δ ∈ S⟩, where η′δ(n) = ηδ(n) + 1 (n < ω),

(ii) upδ,n = ∅ for every δ ∈ S, n < ω (so bδn,k = {η′δ(i) : i ≤ n} ∪ [δ, δ + k]),

(iii) Ψp(bδn,k) is the set of all functions f from bδn,k to ω such that:

• (∀i ∈ [f(δ)), n]) : f(η′δ(i)) = cδ(ηδ(i)),

It has to be checked that

(α) (p) is indeed a special S-uniformization problem (recall that {ran(ηδ) : δ ∈
S} is an almost disjoint family), and

(β) η̄′, η̄ are very similar.

The second clause is immediate, let us deal with the first clause for which we need
to check that Ψp satisfies clauses ⊡a-⊡b from Definition 1.29. For a fixed δ ∈ S,
n, k ∈ ω we note that Ψp(bδn,k) is determined by ⟨cδ(ηδ(j)) : j ≤ n⟩ ∈ n+1ω, so ⊡a
holds. It is easy to see that clauses ⊡b and ⊡c hold. Finally, fix a finite u ⊆ ω that
is p-closed, f ∈ Ψ+(u), v ⊇ u, |v| < ℵ0. Now observe that if we could define f(α)
for all the α’s that belong to v \ u, and α is of the form α = η′δ(ℓ) for some ℓ ∈ ω,
δ ∈ u (and so α = ηδ(ℓ) + 1) so that f(α) = cδ(ηδ(ℓ)), then we would be done.

We claim that whenever δ < δ′ both belong to u∩S, and ηδ(k) = ηδ′(l) for some
l, k ∈ ω, then η′δ(k) = η′δ′(l) ∈ u. This will finish the verification of clause (α).
But since u is p-closed, in fact for each l with η′δ′(l) < δ we have η′δ′(l) ∈ u, since
δ, δ′ ∈ u (just recall 3) (β) (ii)).

Now let f ′ be a solution to the special uniformization problem p = (S, η̄′, ū,Ψ), as
guaranteed in (B)S,η̄∗ (i.e., as defined in Definition 1.31(1)). We check the function
c : ω1 → ω defined by: c(α) =: f(α+ 1) is as required in (D)S,η̄∗ for η̄:

Fix δ ∈ S and n ∈ ω for which n ≥ f(δ). Consider the set bδn,0, containing

η′δ(n) = ηδ(n) + 1, and δ. Since f is a solution, f0 = f↾bδn,0 ∈ Ψp(bδn,k), thus
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(recalling the definition of Ψp(bδn,k) in clause (iii)):

f(η′δ(n)) = f0(η
′
δ(n)) = cδ(ηδ(n)),

as n ≥ f0(δ) = f(δ). Therefore, (for n ≥ f(δ)):

c(ηδ(n)) = f(ηδ(n) + 1) = f(η′δ(n)) = cδ(ηδ(n)),

as desired.

(D)S,η̄∗ ⇒ (E)S,η̄∗ .

So from now on we are going to work under the assumption that for all η̄ similar
to η̄∗ have ℵ0-uniformization. After the following preparation Lemma 2.9, Lemma
2.18, Lemma 2.23 together will conclude the statement.

Let p be a special S-uniformization problem with η̄p = η̄ = ⟨ηδ : δ ∈ S⟩, also
⟨hδ : δ ∈ S⟩, ⟨uδ,n : δ ∈ S, n ∈ ω⟩ and Ψ as in Definition 1.29 are given such that
η̄ is very similar to η̄∗ and S = Sp. So it is enough to prove that p has a solution.

(We usually suppose p is the index so closed means p-closed, etc.) The proof is
broken to stages (and definitions).

Claim 2.7. Let p0 = (S, η̄, ū) be an S-uniformization frame. For every finite
x ⊆ ω1 there is a p0-closed finite y, x ⊆ y ⊆ ω1 satisfying max(x) = max(y),
moreover, if we are given v̄ = ⟨vα : α < ω1⟩ with for each α: vα ∈ [α]<ℵ0 , then we
can prescribe y to be v̄-closed, by which we mean

α ∈ y → vα ⊆ y.

Proof. We prove this by induction on δx = max{α ∈ {0} ∪ Ω : α ≤ sup(v)}
Case 1, δx = 0: trivial, let u = [0, sup(v)].

Case 2, δx > 0 and δx /∈ S:
Let m be such that max(x) = δ + m, note that sup(x ∩ δ) < δ and so by the

induction hypothesis there is a p-closed finite y′ ⊆ δx containing x ∩ δx and we let
y = y′ ∪ [δx, δx +m].

Case 3, δx > 0 and δx ∈ S: Choose m such that max(x) = δx + m and choose n
such that ηδx(n) > sup(x ∩ δx). Let

x+ = (x ∩ δv) ∪ {ηδx(ℓ) : ℓ < n} ∪
⋃
ℓ<n

uδx,ℓ.

so max(x+) < ηδ(n) < δx (so δx+ < δx). Hence by the induction hypothesis there
is a p− v̄-closed y′ such that for some k < ω we have

x+ ⊆ y′ ⊆ max(x+) + 1 ≤ ηδx(n) < δx

and let y = y′ ∪ [δx, δx+m], remembering that δx+m = max(x) it is easy to check
that we are done.

□Claim2.7

Also note that

(⊺)1 the intersection of a family of p− v̄-closed subsets of ω1 is closed,

hence

(⊺)2 for any finite x ⊆ ω1 the closure of x, clp−v̄ = ∩{y : y is finite p − v̄-
closed and contains x} is finite, p− v̄-closed, contains x and has the same
maximum.
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Note the following assertions

(⊺)3 If cδ is a function with domain ran(ηδ) for each δ ∈ S satisfying
(∗) for each α < ω1, the set cα =: {cδ(α) : α ∈ ran(ηδ), δ ∈ S} is count-

able,
then we can uniformize ⟨cδ : δ ∈ S⟩, i.e.

• find a function c satisfying Dom(c) = ω1 and c(α) belongs to {cδ(α) :
α ∈ ran(ηδ)} ∪ {0}, for every α < ω1 and

∧
δ∈S

(cδ ⊆∗ c);

• moreover, there are m̄ = ⟨mδ : δ ∈ S⟩ and a function m : ω1 → ω such
that for every δ ∈ S we have:

n ∈ [mδ, ω) ⇒ f(ηδ(n)) = cδ(ηδ(n)),

and (∀∗n)(m(ηδ(n)) = mδ),

[Why? Let gα : {cδ(α) : α ∈ ran(ηδ)} → ω be one to one, let c′δ : ran(ηδ) → ω
be c′δ(ηδ(n)) = gηδ(n)(cδ(ηδ(n)). Now we can find a function f ′ which uniformize
⟨c′δ : δ ∈ S⟩, see Definition 0.3(2). It exists as we are assuming (D)S,η̄∗ . Let
mδ = Min{m : 0 < m < ω and (∀n)(m ≤ n < ω → f ′(ηδ(n)) = c′δ(ηδ(n)).

Then we apply (D)S,η̄∗ to ⟨c′′δ : δ ∈ S⟩ where c′′δ is defined by c′′δ (ηδ(n)) = mδ,
getting f ′′. Let m = f ′′ and define c with domain ω1 by c(α) satisfies gα(c(α)) =
f ′(α) when f ′(α) ∈ ran(gα) and c(α) = 0 otherwise.]

For a given sequence ⟨ciδ : δ ∈ S⟩, we use ci,mi to denote uniformizing functions
like c and m as above.

Definition 2.8. Suppose that q = (S, η̄, ū,Ψ) is a special S-uniformization problem
satisfying

a) uδ,n ∪ {ηδ(n)} ⊆ uδ,n+1,

b) δ =
⋃
n<ω

uδ,n.

We call q very special if in addition to a), b) there is a system v̄ = ⟨vα : α < ω1⟩
with for each δ ∈ S, n ∈ ω: uδ,n = vηδ(n).

Lemma 2.9. Let p = (S, η̄, ū,Ψ) be a special S-uniformization problem. If η̄ has
ℵ0-uniformization, then there is a very special S-uniformization problem p′, each
solution of which is a solution of p.

Proof.

Definition 2.10. If p = (S, η̄, ū,Ψ) is a special S-uniformization problem, and we
are given v̄ = ⟨vδ,n : δ ∈ S, n ∈ ω⟩ with

(∀δ ∈ S, ∀n ∈ ω) : uδ,n ⊆ vδ,n ⊆ ηδ(n),

(so p0+v̄ = (S, η̄, v̄) is an S-uniformization frame), and for each b = (bδn,k)
p0
+v̄ ∈ Bp0

+v̄

let

f ∈ Φ((bδn,k)
p0+v̄) ⇐⇒ ∀b ∈ Bp : b ⊆ (bδn,k)

p0+v̄) → (f ↾ b ∈ Ψ(b),

then we can define the tuple

p+v̄ = (S, η̄, v̄,Φ).
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Claim 2.11. If p = (S, η̄, ū,Ψ) is a special S-uniformization problem, and we are
given v̄ = ⟨vδ,n : δ ∈ S, n ∈ ω⟩ with

(∀δ ∈ S, ∀n ∈ ω) : uδ,n ⊆ vδ,n ⊆ ηδ(n),

(so p0+v̄ = (S, η̄, v̄) is an S-uniformization frame), then p+v̄ = (S, η̄, v̄,Φ) from the
definition above is a special S-uniformization problem, moreover, each solution g of
p+v̄ is a solution of p.

Proof. First we check ⊡a in Definition 1.28. Let w ∈ [ω1]
<ω1 be an element of Bp+v̄

(recall Definition 1.28). Now as w is finite w ∩ S is also finite, and it is easy to see

that {b ∈ Bp : b ⊆ w} is finite. Now since (bδn,k)
p0+v̄ ⊇ bδn,k ∈ Bp0

, and the fact
that

(∀k ∈ ω) Υk = {{f ◦OPb,k : f ∈ Ψ(b)} : b ∈ Bp, |b| = k} is countable

it can be easily seen that ⊡b indeed holds.
For ⊡c notice that if b′ ⊆ b′′ are in Bp+v̄, then by a reformulation of the definition

of Φ:
Φ(b′) =

⋂
b∈Bp,b⊆b′

{f : b′ → C : f↾b ∈ Ψ(b)},

Φ(b′′) =
⋂

b∈Bp,b⊆b′′
{f : b′′ → C : f↾b ∈ Ψ(b)}.

Finally as every p+v̄-closed set is p-closed as well, moreover, observe that if a

p+v̄-closed set w contains the p-basic set bδn,k as a subset, then for b′ = (bδn,k)
p0+v̄

we have w ⊇ b′ ⊇ bδn,k. This implies

w is p+v̄-closed → Φ+(w) = Ψ+(w),

so ⊡d holds as well.
As for the moreover part again recall that for each b ∈ Bp there exists b′ ∈ Bp+v̄

with b′ ⊇ b, so if g is a function with dom(g) = ω1, ∀b′ ∈ Bp+v̄ g ↾ b′ ∈ Φ(b′), then
∀b ∈ Bp g ↾ b ∈ Ψ(b). □Claim2.11

(⊺)4 So using the claim, replacing uδ,n by any finite u′δ,n satisfying uδ,n ⊆ u′δ,n ⊆
ηδ(n), and redefining Ψ as there it suffices to solve the derived special
uniformization problem.

(⊺)5 we can define by induction on δ ∈ S, n ∈ ω the finite sets u′δ,n (and the

S-uniformization frame p0+ū′ = (S, η̄, ū′)) satisfying uδ,n ⊆ u′δ,n so that

(a) u′δ,n ∪ {ηδ(n)} ⊆ u′δ,n+1,

(b) δ =
⋃
n<ω

u′δ,n,

and the special S-uniformization problem p+ū′ = (S, η̄, ū′,Ψ) from Defini-
tion 2.10 it suffices to solve the problem p+ū′ .

Observe that

(⊺)6 if u ⊆ ω1 is p-closed and α < ω1 are given, then u ∩ α is p-closed.

Definition 2.12. Suppose that p = (S, η̄, ū,Ψ) is a special S-uniformization prob-
lem, m̄ = ⟨mδ : δ ∈ S⟩ is a sequence of natural numbers, define p \ m̄ = p′ as
follows. Let

•1 the ladder system η̄ − m̄ = η̄′ on S be defined as

η′δ(n) = ηδ(n+mδ) (δ ∈ S, n ∈ ω),
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•2 and the system ū′ is defined as

u′δ,n = uδ,n+mδ
(⊆ ηδ(n+mδ) = η′δ(n)),

•3 and for each p′-basic set (b′)δn,k =
⋃
j≤n(u

′
δ,j ∪ {η′δ(j)}) ∪ [δ, δ + k) (so here

(b′)δn,k just equals the p-basic set bδn+mδ,k
), let Ψ′((b′)δn,k) = Ψ(bδn+mδ,k

).

Claim 2.13. Suppose that p = (S, η̄, ū,Ψ) is a special S-uniformization problem,
and furthermore ū satisfies clauses a) and b) from Definition 2.8. Assume that
m̄ = ⟨mδ : δ ∈ S⟩ is a sequence of natural numbers. Then p′ = p\m̄ = (S, η̄′, ū′,Ψ′)
is a special S-uniformization problem, moreover, for every solution f of p′, f is a
solution of p too.

Proof. It is easy to see that a) and b) from Definition 2.8 imply Bp′ ⊆ Bp, and

Ψ(b) = Ψ′(b) if b ∈ Bp′
, so ⊡b, ⊡c automatically hold. Also each p′-closed set w is

p-closed, and so

Ψ+(w) =
⋂

b∈Bp′ ,b⊆w

{f : w → C : f↾b ∈ Ψ′(b)} =

=
⋂

b∈Bp′ ,b⊆w

{f : w → C : f↾b ∈ Ψ(b)},

and if b ∈ Bp \ Bp′
, then b = bδn,k for some n < mδ, b ⊆ (bδ0,k)

p′
, and if b ⊆ w, w

is p′-closed, then (bδmδ,k
)p = (bδ0,k)

p′ ⊆ w. Finally, since for any f ∈ Ψ′((bδ0,k)
p′
)

we have f ∈ Ψ((bδmδ,k
)p), and f↾b ∈ Ψ(b) (by ⊡c for p). This easily implies that

for any p′-closed w, we have Ψ+(w) = (Ψ+(w))′, and so p′ is indeed a special S-
uniformization problem (similarly to the proof of Claim 2.11). (Note that p-closed
sets are not necessarily p′-closed.

For the moreover part observe that each old basic set bδn,k =
⋃
j≤n(uδ,j ∪

{ηδ(j)}) ∪ [δ, δ + k) is contained in the new basic set

(bδmax(0,n−mδ),k
)p

′
=

⋃
j≤max(0,n−mδ)

(u′δ,j ∪ {η′δ(j)}) ∪ [δ, δ + k),

and for each g with g ∈ Ψ′((bδmax(0,n−mδ),k
)p

′
) (since we have

Ψ′(b) = Ψ(b)p)) for b ∈ Bp′

by definition) we have g ↾ (bδn,k)
p ∈ Ψ((bδn,k)

p) as ⊡c holds for p.
□Claim2.13

Definition 2.14. If q = (S, η̄, ū,Ψ) is a very special S-uniformization problem
witnessed by v̄ = ⟨vα : α < ω1⟩, then we call a set X ⊆ ω1 v̄-closed, if X is
q-closed, and for each α ∈ X the inclusion vα ⊆ X also holds.

(⊺)7 if the special S-uniformization problem p = (S, η̄, ū,Ψ) is very special wit-
nessed by v̄ = ⟨vα : α < ω1⟩, then with some slight abuse of notation we
may refer to also the tuple (S, η̄, v̄,Ψ) as p.

We summarize some useful facts about very special uniformization problems for
future reference.

Fact 2.15. If p = (S, η̄, ū,Ψ) is a very special uniformization problem, which fact
is witnessed by v̄ = ⟨vγ : γ < ω1⟩, then
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(⊺)8 (a) vηδ(n) ∪ {ηδ(n)} ⊆ vδ,n+1,

(b) δ =
⋃
n<ω

vηδ(n),

therefore
(c) ran(ηδ ↾ n+ 1) ⊆ vδ,n+1

Also, bδn,k = vηδ(n) ∪ {ηδ(n)} ∪ [δ, δ + k] (so Bp = {bδn,k : δ ∈ S, n, k ∈ ω})

(⊺)9 for x ∈ [ω1]
<ℵ0

g ∈ Ψ+(x) ⇐⇒ [∀δ ∈ S ∀n, k : (bδn,k ⊆ x) → (g ↾ bδn,k ∈ Ψ(bδn,k))].

(⊺)10 for x ⊆ ω1 is p-closed, if
(a) for each α ∈ x, if α ∈ ran(ηδ) for some δ ∈ S ∩ x, then vα ⊆ x,
(b) for each δ ∈ x either for some n [ηδ(n) ∈ x ∧ x ∩ δ ⊆ ηδ(n + 1)], or

ran(ηδ) ⊆ x,
(c) for each α+ 1 ∈ x: α ∈ x.

(⊺)11 If m̄ ∈ Sω, then the special S-uniformization problem p′ = p \ m̄ is also
very special witnessed by the same v̄, and then

• if x ⊆ ω1 is (p \ m̄)− v̄-closed, then it is p− v̄-closed as well,
• for the basic sets we have

Bp\m̄ = {bδn,k ∈ Bp : n ≥ mδ, k ∈ ω},
Ψp\m̄ = Ψp ↾ Bp\m̄,

• hence

if x ∈ [ω1]
<ℵ0 , then (Ψ+)p\m̄(x) = (Ψ+)p(x).

(⊺)12 If v̄′ = ⟨v′α : α < ω1⟩ is such that for each α vα ⊆ v′α ⊆ α and v′α is finite,
then letting u′δ,n = v′ηδ(n) the special uniformization problem p+ū′ (as in

Definition 2.10) is very special witnessed by v̄′.

Observe that Claim 2.13 and the following finishes the proof of Lemma 2.9.

Claim 2.16. If p = (S, η̄, ū,Ψ) is a special S-uniformization problem, ū satisfies
a)-b) from Definition 2.8 (where η̄ has ℵ0-uniformization), then for some m̄ = ⟨mδ :
δ ∈ S⟩ ∈ Sω the special S-uniformization problem p \ m̄ is very special.

Proof. We have to find a sequence m̄, such that for any α if α = ηδ(n0 +mδ) =
η′δ(n1+mδ′), then uδ,n0

= uδ′,n1
. So define the functions cδ for δ ∈ S by cδ(ηδ(n)) =

uδ,n. Again, as for any fixed α < ω1

{cδ(α) : δ ∈ S ∧ α ∈ ran(ηδ)} ⊆ [α]<ℵ0

there exists some function c∗ uniformizing ⟨cδ : δ ∈ S⟩ and m̄ with for each
δ, n ≥ mδ the equality c∗(ηδ(n)) = cδ(ηδ(n)) holds, which is exactly what we
wanted. □Claim2.16

□Lemma2.9

Definition 2.17. We call the very special S-uniformization problem q = (S, η̄, v̄,Ψ)
nice if it satisfies that for every δ ∈ S ran(ηδ) ⊆ Ω, and for the system v̄ = ⟨vα :
α < ω1⟩: α /∈ Ω → vα = ∅.
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Lemma 2.18. Let p = (S, η̄, v̄,Ψ) be a very special S-uniformization problem. If
each ladder system η̄∗ = ⟨η∗δ : δ ∈ S⟩ very similar to η̄ has ℵ0-uniformization
then there exists a a very special S-uniformization problem p′ = (S, η̄′, v̄′,Ψ′), and
a sequence of natural numbers m̄ = ⟨mδ : δ ∈ S⟩, such that p′′ = p′ \ m̄ is nice,
and if p′′ has a solution, then so does p.

Proof.

Definition 2.19. Assume that E is an equivalence relation on ω1, satisfying that
each equivalence class is a finite convex set (and p = (S, η̄, v̄,Ψ) is a very special
S-uniformization problem). We define p′ = p/E as follows.

Let {ei : i < ω1} list the equivalence classes in increasing order (hence δ ∈ eδ
for δ limit ordinal < ω1); assume further η̄′ = ⟨η′δ : δ ∈ S⟩, v̄ = ⟨vα : α < ω1⟩ are
defined as follows:

(α) η′δ enumerates in increasing order

{α : (∃n)ηδ(n) ∈ eα}
(so η̄′ = ⟨η′δ : δ ∈ S⟩ is an S-ladder system),

(β) if α < ω1, then
•1 v∗α = {β < α : for some γ ∈ eα eβ ∩ vγ ̸= ∅},
•2 then v′α = clv̄

∗
(v∗α) (where v̄

∗ = ⟨v∗α : α < ω1⟩),
(γ) Ψ′ with dom(Ψ′) = B(p′)0 = {(bδn,k)′ : δ ∈ S, n, k ∈ ω} is defined as follows

Ψ′((bδn,k)
′) =


fg :

dom(g) =
⋃

α∈(bδn,k)
′
eα

 &∀b ∈ Bp : b ⊆
⋃

α∈(bδn,k)
′
eα → g ↾ b ∈ Ψ(b)




,

where for g ∈ Ψ+(
⋃
α∈b

eα) we let dom(fg) = b and fg(α) = ⟨g(β0), g(β1), . . . , g(βj−1)⟩

where eα = {β0 < β1 < · · · < βj−1},
(δ) p′ = p/(E, m̄) = p/({eα : α < ω1}) is (S, η̄′, v̄′,Ψ′).

Claim 2.20. Suppose that p = (S, η̄, v̄ = ⟨vα : α < ω1⟩,Ψ) is a very special S-
uniformization problem. Assume that E is an equivalence relation on ω1, satisfying
that each equivalence class is a finite convex set. Then

(∗)1 p′ = (S, η̄′, v̄′,Ψ′) forms a very special S-uniformization problem (defined
above in Definition 2.19),

(∗)2 if f ′ is a solution for p′ then there is a solution for p (which is defined
naturally satisfying the equality ⟨f(β) : β ∈ eα⟩ = f ′(α)),

(∗)3 new closed sets essentially are old closed sets, that is, if u′ ⊆ ω1 is p′-closed
(i.e. for η̄′ ,v̄′) then

⋃
{eα : α ∈ u′} is p-closed (i.e. for η̄, v̄),

(∗)4 η̄′, η̄, η̄∗ are very similar (see Definition 1.31(4)),

(∗)5 p′ = (S, η̄′, v̄′,Ψ′) satisfies
(a) for each δ ∈ S:

⋃
n∈ω v

′
ηδ(n)

= δ,

(b) for each δ ∈ S, n ∈ ω: v′η′δ(n)
∪ {η′δ(n)} ⊆ v′η′δ(n+1).
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Proof. We first verify (∗)3. If x is p′-closed, letting xe =
⋃
{eα : α ∈ x}, then

it is enough to show that if δ ∈ x (equivalently, δ ∈ xe), and ηδ(k) /∈ xe, then
(ηδ(k), δ) ∩ xe = ∅, or else, ηδ(k) ∈ xe implies vηδ(k) ⊆ xe.

First, if ηδ(k) /∈ xe, then for the natural number n defined by ηδ(k) ∈ eη′δ(n)
clearly η′δ(n) /∈ x, so for each α ∈ (η′δ(n), δ), α /∈ x, which in turn implies that
[min(eη′δ(n)), δ) ∩ x

e = ∅, so (ηδ(k), δ) ∩ xe = ∅. On the other hand, if ηδ(k) ∈ xe,

then η′δ(n) ∈ x, so v′η′δ(n)
⊆ x, in particular v∗η′δ(n)

⊆ x, and so recalling (β) again

vηδ(k) ⊆ xe.
Now we can turn to (∗)5, here we use that v′α’s are defined in two steps (instead

of just letting v′α = v∗α). So fix δ ∈ S, n ∈ ω, it is clear from the construction that
η′δ(n) ∈ v∗η′δ(n+1) ⊆ v′η′δ(n+1) (since ηδ(ℓ) ∈ vηδ(k) always holds if ℓ < k by (⊺)8).

For v′η′δ(n)
= clv̄

∗
(v∗η′δ(n)

) ⊆ v′η′δ(n+1) we only have to argue that v∗η′δ(n)
⊆ v′η′δ(n+1).

But as we have already seen that η′δ(n) ∈ v∗η′δ(n+1), the v̄
∗-closure of v∗η′δ(n+1) must

contain v∗η′δ(n)
.

We are ready to argue (∗)1. For ⊡a it can be easily seen that Ψ′((bδn,k)
′) can

be defined by a single member of
⋃
ℓ<ω Υℓ, and the position of the (finitely many)

p-basic sets in
⋃
α∈(bδn,k)

′ eα. It is straightforward to check that if y = xe =
⋃
α∈x eα

and g ∈ (Ψ+)′(y), then fg ∈ Ψ+(x). Moreover, if x is p′-closed, then y = xe is
p-closed, and similarly to the proof of Claim 2.11 one can easily check that fg ∈
(Ψ+)(y) is equivalent to g ∈ (Ψ′)+(x)) (check that if some p-basic set bδn∗,k∗ ⊆ xe

contributes to the restrictions (where n∗, k∗, n, k as in (γ)) then by the p′-closedness
of x there is a corresponding p′-basic set (bδn,k)

′ ⊆ x).

Finally, let f ′ = fg for some function g with domain ω1. It is straightforward
to check that as for each δ ∈ S, n, k ∈ ω f ′ = fg ↾ (bδn,k)

′ ∈ Ψ′((bδn,k)
′), by the

definition of Ψ′ we have g ↾ bδn∗,n∗ ∈ Ψ(bδn∗,k∗) (where n
∗, k∗ as in (γ)), and for each

bδn∗,k∗ there exists some (bδn′,k′)
′ with bδn∗,k∗ ⊆

⋃
α∈(bδ

n′,k′ )
′ eα, so we are done.

□Claim2.20

Applying Claim 2.20 we have the following (thus finishing the proof of Lemma
2.18):

(⊺)13 (if the very special p = (S, η̄, v̄,Ψ) is given) for some E and m̄ the very spe-
cial S-uniformization p′′ = (p/E) \ m̄ = (S, η̄′′, v̄′′,Ψ′′) given by Definition
2.19 satisfies ran(η′′δ ) ⊆ Ω, and α /∈ Ω → v′′α = ∅.

Proof. ((⊺)13) Define for δ ∈ S the function η′δ : ω → δ listing

{α ∈ Ω : [α, α+ ω) ∩ ran(ηδ) ̸= ∅}.

As each δ ∈ S is divisible by ω2 according to our assumptions (i.e. S is simple
we are proving Theorem 2.6) η̄′ = ⟨η′δ : δ ∈ S⟩ is an S-ladder system, which is
also very similar to η̄, and hence to η̄∗. For δ ∈ S, define cδ by cδ(η

′
δ(n)) = ηδ ↾

(kδ,n + 1), where kδ,n < ω is the maximal k such that ηδ(k) < ηδ(n) + ω. Note
that the assumptions of (⊺)3 hold (concerning (∗), cδ(α) is from ω>(α + ω) which
is countable). So the conclusion of (α) of (⊺)3 holds, say, witnessed by c. Let αEβ
iff α = β or α = δ + k, β = δ + ℓ for some δ ∈ S and k, ℓ ∈ ω, and c(δ) is a
finite sequence with last element in [α, α+ ω)∩ [β, β + ω). Then use Claim 2.20 to
obtain the very special S-uniformization problem p′ = p/E. So if p′ = (S, η̄′, v̄′,Ψ′),
then for each δ ∈ S, ran(η′δ) contains only finitely many ordinals outside Ω, say,
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the largest is at most the mδ − 1’th. Now apply (⊺)11, letting p′′ = p′ − m̄, and
if p′′ = (S, η′′, v̄′′,Ψ′′), where each ran(η′′δ ) consists of only limit ordinals, then we

can clearly assume that v′′α+1 = ∅ for α < ω1, this does not change the set Bp′′

of p′′-basic sets or p′′-closed sets (Definitions 1.28, 1.29), since ran(ηδ) ⊆ Ω), so it
doesn’t change the set of solutions. □

□Lemma2.18

We summarize the steps taken so far in the following lemma.

Lemma 2.21. Suppose that S is a stationary set of limit ordinals which is sim-
ple, every ladder system η̄ very similar to η̄∗ has ℵ0-uniformization. For every
special S-uniformization p there exists a very special S-uniformization problem
q = (S, η̄q, v̄q,Ψq) which is nice, and every solution to q is a solution to p, too,
and every ladder system very similar to η̄q has ℵ0-uniformization.

Proof. By Claim 2.11 and (⊺)5 we reduce the problem to solving the special uni-
formization problem p+ū′ = (S, η̄, ū′,Ψ), where ū′ satisfies a), b) from Definition
2.8. Then Claim 2.16 yields p′′ = (S, η̄′′, v̄′′,Ψ′′), a very special S-uniformization
problem on the ladder system η̄′′ = η̄ \ m̄ for some m̄, which is very similar to η̄.

Finally, applying Lemma 2.18 to p′′, it reduces our problem to solving a very
special S-uniformization problem p′′′ = (S, η̄′′′, v̄′′′,Ψ′′′), where η̄′′′ is very similar
to η̄′′ (and satisfies that for each δ ∈ S ran(ηδ) contains finitely many ordinals
outside Ω, as is seen from the following). Moreover, for some m̄, p′′′ \ m̄ is a very
special S-uniformization problem on η̄(4) = η̄′′′ \ m̄ which is nice, and η̄(4) being a
finite modification of η̄′′′, is very similar to η̄′′′ (so q = p′′′ \ m̄ works). □Lemma2.21

Fact 2.22. If the nice S-uniformization problem q = (S, η̄, v̄,Ψ) and ⟨mδ : δ ∈ S⟩
are given, then q \ m̄ is also nice, each solution f of the latter is solution for q as
well.

Lemma 2.23. Let p = (S, η̄, v̄,Ψ) be a very special S-uniformization problem,
which is nice, and the S-ladder system η̄ = ⟨ηδ : δ ∈ S⟩ has ℵ0-uniformization.
Then p has a solution.

Proof. In this finishing lemma we will not introduce new types of uniformization
problems, but we still need to remove (for each δ ∈ S) proper initial segments of
ran(ηδ) (i.e. appealing to Fact 2.22) finitely many times, obtaining nicer and nicer
systems (Claim 2.26, Lemma 2.28, Lemma 2.34). The consecutive refinements
(applications of Fact 2.22) may ruin earlier steps, for example the system ν̄ in the
following claim, or the reader may think of the difference between p-closedness and
p− m̄-closedness, so we will have to do it carefully. However, finally after Lemma
2.34 we will not replace p by p − m̄, instead, in Claim 2.37 we will construct a
solution for p using p − m̄-“histories” for m̄ given by Lemma 2.34 (see below in
Definition 2.31).

After Claim 2.37 we will put the pieces together to complete the proof of the
present lemma (Lemma 2.23).

Claim 2.24. Suppose that η̄ is a ladder system on S with ℵ0-uniformization. Then
there exists ν̄ = ⟨να : α < ω1⟩ and ladder system η̄′ on S such that

a) η̄′ = η̄ − m̄ for some m̄ ∈ Sω, i.e. for each δ ∈ S

η′δ(n) = ηδ(n+mδ),
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b) for each α < ω1, να is a finite strictly increasing sequence of ordinals < α,

c) for δ ∈ S, n < ω we have

νηδ(n) = η′δ ↾ n,

Proof. For each δ ∈ S define

cδ(ηδ(n)) = ηδ ↾ n,

(note that for each α {cδ(α) : δ ∈ S} ⊆ <ωα, so is countable), let c : ω1 →
<ωω1 uniformize cδ. Finally define ν0α = c(α), so w.l.o.g. for each α < ω1 ν

0
α =

⟨ν0α(0), ν0α(1), . . . , ν0α(|ν0α| − 1)⟩ ∈ <ωα and let

kα = max
(
{n < |ν0α| : ν0ν0

α(n) ̸= ν0α ↾ n)} ∪ {−1}
)
+ 1,

and let

mδ = min{m ∈ ω : (∀ℓ ≥ m) ηδ ↾ ℓ = ν0ηδ(ℓ)}.
Now observe that for each δ ∈ S, if ℓ ≥ mδ, then kηδ(ℓ) = mδ, so letting

να = ⟨ν0α(kα), ν0α(kα + 1), . . . , ν0α(|ν0α| − 1)⟩ ∈ |ν0
α|−kαα,

η′δ(n) = ηδ(n+mδ)

works. □Claim2.24

Definition 2.25. Assume that η̄ is a ladder system on the stationary set S. We
say that the system of sets ⟨An : n ∈ ω⟩ is a η̄-rank, if the following hold:

(⋆)a ⟨An : n ∈ ω⟩ is pairwise disjoint, covers S ∪ (∪{ran(ηδ) : δ ∈ S}),
(⋆)b if δ ∈ S ∩An, then ran(ηδ) ⊆ An+1,

Observe that

(⊺)14 if Ā is an η̄-rank for the ladder system η̄, and ⟨mδ : δ ∈ S⟩ ∈ Sω, then Ā
is also an η̄ − m̄-rank.

Claim 2.26. Suppose that η̄ is a ladder system on S with ℵ0-uniformization. Then
there exists m̄ = ⟨mδ : δ ∈ S⟩ and Ā = ⟨An : n ∈ ω⟩ such that letting η̄′ = η̄ − m̄
(from Definition 2.12) Ā is a η̄′-rank.

Proof. First apply Claim 2.24, so (after possibly replacing η with η − m̄∗ for some
m̄∗) we can assume that there exists ⟨να : α < ω1⟩ such that

∀δ ∈ S, n ∈ ω : νηδ(n) = ηδ ↾ n.

Define for δ ∈ S the function cδ : ran(ηδ) → ω as

cδ(ηδ(n)) = |νδ|,
let c∗ : ω1 → ω uniformize ⟨cδ : δ ∈ S⟩. Now define the function g : ω1 → ω by
g(α) = min(c∗(α) + 1, |να|), (note that

(2.8) g(α) ≤ |να|) (α ∈ ω1),

and choose dδ so that

(2.9) m ≥ dδ → [g(ηδ(m)) = c∗(ηδ(m)) + 1 = |νδ|+ 1] (> |νδ| ≥ g(δ)).

Let Bk = {α < ω1 : g(α) = k}. So (2.9) and (2.8) together imply that for each δ

• δ ∈ Bg(k),
• while ran(ηδ ↾ [dδ,∞)) ⊆ Bk for some k > g(δ),
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• so we let Ck = {δ ∈ S : ran(ηδ ↾ [dδ,∞)) ⊆ Bk}, which is a partition of S,
and

(∀k ∈ ω) Ck ⊆
⋃
j<k

Bj .

Now we construct the Ai’s as follows in the form of Ai = f−1(i) for a suitable
function f . We define f ↾

⋃
j≤iBj , ⟨mδ : δ ∈ (

⋃
j≤i Cj)⟩ by induction on i so that

for each i ∈ ω

(⋎) for each δ ∈
⋃
j≤i Cj we have

∀m ≥ mδ : f(ηδ(m)) = f(δ) + 1.

So suppose that f ↾
⋃
j≤iBj , ⟨mδ : δ ∈ (

⋃
j≤i Cj)⟩ are already constructed.

For each δ ∈ S ∩ (
⋃
j≤iBj) with ran(ηδ ↾ [dδ,∞)) ⊆ Bi+1 define the colouring

c′δ : ran(ηδ) → ω as c′δ(ηδ(n)) = f(δ). Now if c′ uniformizes the c′δ’s, then let
f ↾ Bi+1 = c′ ↾ Bi+1, and choose for each δ ∈ S a suitable mδ. □Claim2.26

Definition 2.27. Let p = (S, η̄, v̄,Ψ) be a very special S-uniformization problem.
We call the system w̄ = ⟨wα : α < ω1⟩ p-pressed down, if

•1 for each α, wα ⊆ α is p-closed,
•2 for each δ ∈ S, n we have vηδ(n) ⊆ wηδ(n) ⊆ wηδ(n+1), (in particular

ran(ηδ ↾ n) ⊆ wηδ(n))
•3 for each δ ∈ S, n ∈ ω: wδ ⊆ wηδ(n).

Lemma 2.28. Let p = (S, η̄, v̄,Ψ) very special S-uniformization problem with η̄
admitting ℵ0-uniformization, the η̄-rank ⟨An : n ∈ ω⟩ given by Lemma 2.28. Then
there exists m̄ = ⟨mδ : δ ∈ S⟩ and a (p \ m̄)-pressed down system w̄ = ⟨wα : α <
ω1⟩. (And niceness is of course preserved if p is nice.)

Proof. We can apply Claim 2.26 and so remove an initial segment from each ran(ηδ).

First we construct m̄ = ⟨mδ : δ ∈ S⟩, w̄(0) = ⟨w(0)
α : α < ω1⟩ with

•1 for each δ ∈ S, n ≥ mδ: vηδ(n) ⊆ w
(0)
ηδ(n)

,

•2 for each δ ∈ S, n ≥ mδ: w
(0)
ηδ(n)

= w
(0)
δ ∪ vηδ(n).

We are going to construct ⟨w(0)
δ : δ ∈ Ai⟩ by induction on i. If γ ∈ A0, then

γ /∈ ran(ηδ) for any δ ∈ S, we can let w
(0)
γ = vγ ⊆ γ.

Assuming that wγ is constructed for each γ ∈
⋃
j≤iAj , and mδ for δ ∈

⋃
j<iAj

note that if γ ∈ Ai+1 ∩ ran(ηδ), then δ ∈ Ai by our assumptions on the An’s ((⋆)b
in Claim 2.26). For δ ∈ Ai ∩ S define cδ : ran(ηδ) → [ω1]

<ω,

cδ(ηδ(n)) =

{
w

(0)
δ ∪ vηδ(n) if w

(0)
δ ⊆ ηδ(n),

vηδ(n), otherwise,

note that vα ⊆ α by the definition of very special uniformization problems (Defini-
tion 2.8), so wδ ⊆ ηδ(n) implies that cδ(ηδ(n)) ∈ [ηδ(n)]

<ℵ0 (since vηδ(n) ⊆ ηδ(n)),
thus we can find a function c∗ with dom(c∗) = Ai+1 uniformizing the cδ’s. W.l.o.g.

we can assume that c∗(γ) ⊇ vγ , set w
(0)
γ = c∗(γ). Choose mδ so that n ≥ mδ im-

plies cδ(ηδ(n)) = c∗(ηδ(n)) and w
(0)
δ ∪vηδ(n) = c∗(ηδ(n)) (thus w

(0)
ηδ(n)

= c∗(ηδ(n)) =

w
(0)
δ ∪ vηδ(n) if n ≥ mδ).
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Once we defined the entire sequences m̄, w̄(0) it is straightforward to check that

defining wα = clp\m̄(w
(0)
α ) works (since vγ ⊆ w

(0)
γ for γ ∈ ω1, and for each δ,

n ≥ mδ, we have w
(0)
ηδ(n)

= w
(0)
δ ∪ vηδ(n), so w

(0)
ηδ(n)

⊇ w
(0)
δ ).

□Lemma2.28

Observe that if we have a very special S-uniformization problem p = (S, η̄, v̄,Ψ),
and thus obtain the η̄-rank ⟨Ai : i ∈ ω⟩, and the p-pressed down system w̄ then it
can be easily seen by induction on k that

(⊺)15 for any δ0, δ1, . . . , δk, and n1, n2, . . . , nk with δi+1 = ηδi(ni+1) we have

wδ0 ⊆ wδk & vδ0 ⊆ wδk .

Recall that if ηδ(n) = δ∗, then ran(ηδ ↾ n) ⊆ vδ∗ by (c) from (⊺)8, so

(⊺)16 if we fix any δ0, δ1, . . . , δℓ, and n1, n2, . . . , nℓ with δi+1 = ηδi(ni+1), then
for any j < ℓ wδℓ ⊇ ran(ηδj ↾ nj+1), in particular δℓ > ηδj (nj+1 − 1), so

(∀j < ℓ) δℓ ∈ (ηδj (nj+1 − 1), ηδj (nj+1)).

Definition 2.29. If η̄ is a ladder system on a stationary set S, then the sequence
⟨hα : α ∈ ω1⟩ ∈ ω1ω is permitted (for η̄), if for each δ ∈ S the sequence hηδ(n)
(n < ω) is strictly increasing.

Claim 2.30. If η̄ is a ladder system on a stationary set S admitting ℵ0-uniformization,
then there exist sequences m̄ = ⟨mδ : δ ∈ S⟩ ∈ Sω, h̄ = ⟨hα : α ∈ ω1⟩ ∈ ω1ω,
such that h̄ is permitted for η̄′ = η̄ − m̄.

Proof. The proof is an easy application of ℵ0-uniformization, and it is left to the
reader. □

Definition 2.31. Let η̄ be a ladder system on the stationary set S.

1) We say that δ̄ = (δi, . . . , δi+ℓ) is a η̄-history, if i ∈ Z, ℓ > 0, and for each
0 ≤ k < ℓ: δi+k+1 = ηδi+k

(ni+k+1) for some ni+k+1 ∈ ω.

2) We let n̄δ̄ = ⟨ni+k+1 : k < ℓ⟩ denote this sequence associated to δ̄.
3) We call the η̄-history δ̄ = (δi, . . . , δi+ℓ) maximal, if there is no η̄-history δ̄∗

properly extending δ̄ (i.e. no suitable δi−1, nor δi+ℓ+1 does exist),
4) We call the η̄-history δ̄ = (δi, . . . , δi+ℓ) long, if there is no δi−1 such that

(δi−1, δi, . . . , δi+ℓ) is a η̄-history.

Observe that

(⊺)17 if η̄ is a ladder system on S, ⟨An : n ∈ ω⟩ is a η̄-rank (Definition 2.25),
then for each η̄-history δ̄ = (δi, . . . , δi+ℓ) necessarily δi+k ∈ Aj+k for some
j ∈ ω for each k ≤ ℓ.

Moreover, the following also holds.

Claim 2.32. Assume that

(A) η̄ is a ladder system on S, ⟨An : n ∈ ω⟩ is a η̄-rank (Definition 2.25),
(B) p = (S, η̄, v̄,Ψ) is a very special S-uniformization problem that is nice,
(C) w̄ = ⟨wα : α < ω1⟩ is a p-pressed down system,

then

(1) for any δ < ω1 the set wδ is p-closed,
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(2) and for any maximal η̄-history δ̄ = ⟨δi, δi+1, . . . , δi+ℓ⟩ and for any choice of
ti+k ∈ ω (k < ℓ) the set

w∗ = wδℓ ∪ ∪{[δk, tk] : k ∈ [i, i+ ℓ)}
is p-closed.

Proof. The fact that wδ is p-closed is just part of the definition of being p-pressed
down. Second, use that ran(ηδ) ⊆ Ω (by (⊺)13 as p is nice), while for a fixed history
δ̄ = ⟨δi, δi+1, . . . , δi+ℓ⟩, vδi+k

⊆ wδi+k
⊆ wδi+ℓ

, so

vδi+k+1
∪ {δi+k+1} ⊆ w∗ ∩ δi+k ⊆ ηδi+k

(ni+k+1 + 1)

(where δi+k+1 = ηδi+k
(ni+k+1))

implies that w∗ = wδℓ ∪ ∪{[δk, tk] : k ∈ [i, i+ ℓ)} is indeed p-closed. □Claim2.32

Definition 2.33. Let η̄ be a ladder system on the stationary set S, assume that
δ̄ = (δi, . . . , δi+ℓ) is an η̄-history, and ⟨hα : α < ω1⟩ is permitted for η̄, assume that
⟨wα : α < ω1⟩ is given. Then we let

w∗
δ̄ = w∗

δ̄ (η̄, h̄, w̄) = wδi+ℓ
∪ (∪{[δk, δk + hδk+1

] : k ∈ [i, i+ ℓ)}).

Lemma 2.34. Assume that

(A) η̄ is a ladder system on the stationary set S (with ℵ0-uniformization on η̄),
admitting the rank Ā, and ⟨hα : α < ω1⟩ is permitted.

(B) p = (S, η̄, v̄,Ψ) is a very special S-uniformization problem that is nice,
w̄ = ⟨wα : α < ω1⟩ forms a p-pressed down system.

Then there exists ⟨ψα : α < ω1⟩, ⟨ν∗α : α < ω1⟩, ⟨h∗α : α < ω1⟩, ⟨pα : α < ω1⟩,
m̄ = ⟨mα : α ∈ S⟩, ⟨ν∗∗α : α < ω1⟩ such that letting η̄′ = η̄− m̄ the following holds
for every γ < ω1:

(▲)1 if γ = η′δ(n) for some δ ∈ S, then ψγ ∈
⋃
k∈ω(Υ

+)pk (from Claim 1.30),

(▲)2 for every long η̄′ = η̄ − m̄-history δ̄ = (δ0, δ1, . . . , δℓ = γ), the sequence
h∗δ ∈ ω>ω satisfies

h∗δ = ⟨hδ1 , . . . , hδℓ = hγ⟩,
and if |w∗

δ̄
| = k, then

ψγ = {g ◦OPw∗
δ̄
,k : g ∈ (Ψ+)p(w∗

δ̄ )} ∈ (Υ+
k )

p

(here we insist on (Ψ+)p for technical reasons, and do not write (Ψ+)p\m̄

instead, which would not be the same, as w∗
δ̄
may not be p− m̄-closed),

(▲)3 for each δ ∈ S with η′δ(n) = γ for some n: ν∗γ = η′δ ↾ n ∈ n(η′δ(n)).
(▲)4 ν∗∗γ = ⟨ν∗∗γ,k : k < ℓ⟩ ∈ <ω(<ωγ), where for every long η̄′ = η̄ − m̄-history

δ̄ = (δ0, δ1, . . . , δj = γ) we have j = ℓ (i.e. ℓg(δ̄) = ℓ + 1 = ℓg(ν∗∗γ ) + 1),
and

(∀k < ℓ) : ν∗∗γ,k = ν∗δk ,

(so if δk = ηδk−1
(n), k < ℓ then ν∗∗γ,k = η′δk−1

↾ n),

(▲)5 pγ ∈ ℓ{0, 1}, where for every long η̄′-history δ̄ = (δ0, δ1, . . . , δj = γ) we
have j = ℓ (i.e. pγ = ⟨pγ(0), pγ(1), . . . , pγ(j − 1)⟩, so ℓg(δ̄) = ℓg(pγ) + 1),
moreover for 0 < k < ℓ

pγ(k) = 1 ⇐⇒ (∃δ′ ̸= δ′′) : δk ∈ ran(η′δ′) ∩ ran(η′δ′′).

Proof. We will proceed by induction on i < ω, and define
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(α) ⟨mδ : δ ∈ (S ∩
⋃
j<iAj)⟩,

(β) ⟨ψα : α ∈
⋃
j≤iAj⟩, ⟨ν∗α : α ∈

⋃
j≤iAj⟩, ⟨h∗α : α ∈

⋃
j≤iAj⟩, ⟨pα : α ∈⋃

j≤iAj⟩.
Recall that for each ε ∈ Ai if ε = ηδ(n) then δ ∈ Ai−1 by Definition 2.25, therefore
if ε ∈ A0, then ⟨ε⟩ is a long history, let h∗ε = ν∗ε = ν∗∗ = ⟨⟩ (the empty sequence)
and if k = |w∗

⟨ε⟩|, then simply let

ψε = {g ◦OPw∗
⟨ε⟩,k

: g ∈ (Ψ+)p(w∗
⟨ε⟩)}.

Suppose that i ≥ 0 is fixed, and the objects in (α), (β) are already defined, so if
γ ∈

⋃
j≤iAj , then h

∗
γ , ψγ , ν

∗
γ , ν

∗∗
γ , pγ satisfy clauses (▲)1-(▲)5 (recall that under

η′δ(n) we mean ηδ(n+mδ), note that mδ is defined if δ ∈
⋃
j<iAj).

First we choose ⟨ν∗∗γ , ψγ , h∗γ , pγ : γ ∈ Ai+1 ∩ (
⋃
δ∈(S∩Ai)

ran(ηδ))⟩, then we are

able to define ⟨ν∗γ : γ ∈ Ai+1⟩, ⟨mδ : δ ∈ Ai⟩, which determines η̄′ ↾ Ai = (η̄−m̄) ↾
Ai) (note that there may be some

γ ∈ Ai+1 ∩

 ⋃
δ∈(S∩Ai)

ran(ηδ)

 \

 ⋃
δ∈(S∩Ai)

ran(η′δ)

 .

Finally we can choose ⟨ν∗∗γ , ψγ , h∗γ , pγ : γ ∈ Ai+1 \ (
⋃
δ∈(S∩Ai)

ran(η′δ))⟩, similarly

to the case of γ ∈ A0.
Before the induction step we have to observe the following corollaries of the

induction hypothesis (▲)2:

(⋆1) if ε ∈
⋃
j≤iAj , then for the long η̄′-histories δ̄ = ⟨δ0, δ1, . . . , δℓ = ε⟩, δ̄′ =

⟨δ′0, δ′1, . . . , δ′ℓ′ = ε⟩ we always have

h∗ε = ⟨hδ0 , hδ1 , . . . , hδℓ(= hε)⟩ = ⟨hδ′0 , hδ′1 , . . . , hδ′ℓ′ (= hε)⟩,

in particular

ℓ = ℓ′,

moreover,

(⋆2) if ε ∈
⋃
j≤iAj , δ̄, δ̄

′ are as above in (⋆1), n ∈ ω, then

w∗
δ̄⌢⟨ηε(n)⟩

∩ ε = w∗
δ̄′⌢⟨ηε(n)⟩

∩ ε

as wδi ⊆ wηδi(n)
by Definition 2.27 (even

(2.10) w∗
δ̄⌢⟨ηε(n)⟩

∩ (ε+ ω) = w∗
δ̄′⌢⟨ηε(n)⟩

∩ (ε+ ω)

is true). Moreover,

w∗
δ̄⌢⟨ηε(n)⟩

\ w∗
δ̄ = w∗

δ̄′⌢⟨ηε(n)⟩
\ w∗

δ̄′ =

= [ε+ 1, ε+ hηε(n)] ∪ {ηε(n)} ∪ (wηε(n) \ wε)
(since δ0 > δ1 > · · · > δℓ = ε > ηε(n), and δ

′
0 > δ′1 > · · · > δ′ℓ = ε > ηε(n),

and wα ⊆ α by •1 in Definition 2.27), in particular,

(w∗
δ̄⌢⟨ηε(n)⟩

\ w∗
δ̄ ) ∩ ηε(n) = (w∗

δ̄′⌢⟨ηε(n)⟩
\ w∗

δ̄ ) ∩ ηε(n) = wηε(n) \ wε,

which easily implies that
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(⋆3) if ε ∈
⋃
j≤iAj , δ̄, δ̄

′ are as above in (⋆1), n ∈ ω, then for any k ≤ ℓ

(OPw∗
δ̄⌢⟨ηε(n)⟩

,w
δ̄′⌢⟨ηε(n)⟩

)“[δ′k, δ
′
k + hδ′k+1

] = [δk, δk + hδk+1
],

and of course

OPw∗
δ̄⌢⟨ηε(n)⟩

,w
δ̄′⌢⟨ηε(n)⟩

(α) = α, if α ≤ ε,

hence

(2.11) OPw∗
δ̄⌢⟨ηε(n)⟩

,w∗
δ̄′⌢⟨ηε(n)⟩

↾ w∗
δ̄′ = OPw∗

δ̄
,w∗

δ̄′
.

Now fix ε ∈ Ai, define the functions ch
∗

ε , c
ψ
ε , c

p
ε with domain ran(ηε) as follows.

•a ch
∗

ε (ηε(n)) = h∗ε
⌢ ⟨hηε(n)⟩ ∈ <ωω,

•b cν
∗∗

ε (ηε(n)) = ν∗∗ε
⌢ ⟨ν∗ε ⟩,

•c for cψε : ran(ηε) →
⋃
k<ω(Υ

+
k )

p fix a long η̄′ ↾ (S ∩
⋃
j<iAj) = (η̄ − m̄) ↾

(S ∩
⋃
j<iAj)-history δ̄ = ⟨δ0, δ1, . . . , δℓ = ε⟩, and consider

w∗
δ̄⌢⟨ηε(n)⟩

= wηε(n) ∪ (∪{[δk, δk + hδk+1
] : k ∈ [0, ℓ)} ∪ [ε, ε+ hηε(n)].

First note that by our inductive hypothesis

h∗ε = ⟨hδ1 , hδ2 , . . . , hδℓ(= ε)⟩,

so (since wε ⊆ wηε(n) ⊆ ηε(n)) k = |w∗
δ̄⌢⟨ηε(n)⟩

| does not depend on the

particular choice of δ̄, but we also shall argue later for

(2.12) cψε (ηε(n)) := {g ◦OPw∗
δ̄⌢⟨ηε(n)⟩

,k : g ∈ (Ψ+)p(w∗
δ̄⌢⟨ηε(n)⟩

)} ∈ Υp
k

(where k = |w∗
δ̄⌢⟨ηε(n)⟩

|) being independent of δ̄ (and only depending on ε).

•d Finally let cpε(ηε(n)) = pε ⌢ ⟨j⟩, where j = 1, if there are δ′ ̸= δ′′ with
ε ∈ ran(η′δ′) ∩ ran(η′δ′′) (i.e. ε = ηδ′(n

′) = ηδ′′(n
′′) for some n′ ≥ mδ′ ,

n′′ ≥ mδ′′), otherwise j = 0.

Claim 2.35. The value cψε (ηε(n)) (defined in (2.12) using the long history δ̄ =
⟨δ0, δ1, . . . , δℓ = ε⟩) does not depend on the particular δ̄.

Proof. Fix ε ∈ S ∩ Ai, n ∈ ω, and long η′-histories ξ̄ = ⟨ξ0, ξ1, . . . , ξℓ = ε⟩, ζ̄ =
⟨ζ0, ζ1, . . . , ζℓ = ε⟩.

We have to use the induction hypothesis on ⟨ψδ : δ ∈
⋃
j≤iAj⟩ and recall how

(Ψ+)p is defined from (Ψ)p in Claim 1.30. Let

xξ := w∗
ξ̄⌢⟨ηε(n)⟩

= wηε(n) ∪ (∪{[ξk, ξk + hξk+1
] : k ∈ [0, ℓ)} ∪ [ε, ε+ hηε(n)],

and

xζ := w∗
ζ̄⌢⟨ηε(n)⟩

= wηε(n) ∪ (∪{[ζk, ζk + hζk+1
] : k ∈ [0, ℓ)} ∪ [ε, ε+ hηε(n)].

It is clear from the way we defined w∗
δ̄
’s (Definition 2.33) and the inductive assump-

tion on h∗ε (or just on ψε) that∣∣∣w∗
ζ̄⌢⟨ηε(n)⟩

∣∣∣ = ∣∣∣w∗
ξ̄⌢⟨ηε(n)⟩

∣∣∣ ,
let k denote this number. So suppose that the function f0 satisfies

(2.13) f0 = g0 ◦OPxξ,k for some g0 ∈ (Ψ+)p(xξ),
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but

(2.14) g1 = f0 ◦OPk,xζ
/∈ (Ψ+)p(xζ)

(so

(2.15) g0 = g1 ◦OPxζ ,xξ
).

This means (recalling (⊺)9 from Fact 2.15) that for some b ∈ Bp and b ⊆ xζ :

g1 ↾ b /∈ Ψ(b).

Now again by Fact 2.15 this b is of the form bδn,s =
⋃
j≤n(vηδ(j)∪{ηδ(j)})∪ [δ, δ+s]

for some δ ∈ S, n, s ∈ ω.
Now assume first that δ ≤ ζℓ = ε, but then (2.10) in (⋆1) implies that b ⊆

xξ ∩ xζ , and OPxζ ,xξ
↾ b = idb, so g0 ↾ b = g1 ↾ b /∈ Ψp(b), hence g0 /∈ (Ψ+)p(xξ)

contradicting (2.13).
Therefore we can assume that δ > ε (so δ = ζj for some j < ℓ), then w.l.o.g. by⊡c

from Definition 1.29 we can assume that n, s are maximal such that b = bδn,s ⊆ xζ ,
so

b = vζj+1
∪ {ζj+1} ∪ [ζj , ζj + hζj+1

].

But note that then

b ⊆ w∗
ζ̄

(since {ζj+1}∪ [ζj , ζj+hζj+1
]∪wζℓ ⊆ w∗

ζ̄
by Definition 2.33 and wζℓ ⊇ wζj+1

⊇ vζj+1

by our demands on ⟨wα : α < ω1⟩), so

g1 ↾ w∗
ζ̄ /∈ (Ψp)+(w∗

ζ̄ ).

Now by the inductive assumption on ψε in (▲)2 necessarily

g∗ := (g1 ↾ w∗
ζ ) ◦OPw∗

ζ̄
,w∗

ξ̄
/∈ (Ψp)+(w∗

ξ̄ ),

but as OPxζ ,xξ
↾ w∗

ξ̄
= OPw∗

ζ̄
,w∗

ξ̄
by (2.11) in (⋆3),

g∗ = (g1 ◦OPxζ ,xξ
) ↾ w∗

ξ̄ /∈ (Ψp)+(w∗
ξ̄ ),

and by (2.15)

g0 ↾ w∗
ξ̄ /∈ (Ψp)+(w∗

ξ̄ )

implying g0 /∈ (Ψp)+(xξ), contradicting (2.13).
□Claim2.35

Now having the claim proven we already saw that cε(ηε(n)) does not depend on
the long η′-history ending with ε, once we manage to uniformize the system it will
only depend on ηε(n), not on ε.

It is easy to see that for each fixed α the sets {ch∗

ε (α) : α ∈ dom(ch
∗

ε )}, {cψε (α) :
α ∈ dom(cψε )} and {cpε(α) : α ∈ dom(cpε)} are all countable, while

(2.16) {cν
∗∗

ε (α) : α ∈ ran(dom(ηε))} ⊆ <ω(<ωα),

which can be seen by the following: cν
∗∗

ε (α) = ν∗∗ε
⌢⟨ν∗ε ⟩ by its very definition in •b,

and by our inductive assumptions (▲)2 for each long η′-history δ̄ = ⟨δ0, δ1, . . . , δℓ =
ε⟩ the sequence cν

∗∗

ε (α) is equal to ⟨ν∗δ0 , ν
∗
δ1
, . . . , ν∗δℓ−1

⟩ ⌢ ⟨ν∗δℓ⟩. By (▲)4 this latter

is equal to

⟨⟨⟩, (η′δ0 ↾ n1), (η
′
δ1 ↾ n2), . . . , (η

′
δℓ−1

↾ nℓ)⟩
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(where η′δk(nk+1) = δk+1, and ν
∗
δ0

= ⟨⟩), so

cν
∗∗

ε (α) ∈ <ωδ1 × <ωδ2 × · · · × <ωδℓ.

But as δ̄⌢ ⟨δℓ+1 := α⟩ is an η-history, so recalling (⊺)16 if k ≤ ℓ and β ∈ ran(ηδk)∩
δk+1, then β ∈ α = δℓ+1, in particular,

for each k < ℓ : η′δk ↾ nk+1 has range ⊆ α,

we are done with proving (2.16).
Thus, we can uniformize all these functions, and pick some suitable dh

∗
, dψ,

dν
∗∗

and dp that uniformize the respective mappings, so fix m0
δ : δ ∈ Ai so that

(n ≥ m0
δ) → dt(ηδ(n)) = ctδ(ηδ(n)) for any t ∈ {h∗, ψ, ν∗∗, p}.

Now for obtaining ν∗ apply Claim 2.24 to the ladder system ⟨η0δ : δ ∈ Ai ∩ S⟩,
η0δ (n) = ηδ(n+m0

δ) giving us⊙
⟨m1

δ : δ ∈ Ai ∩ S⟩, and ⟨να : α < ω1⟩ with
νη0δ(n+m1

δ)
= νηδ(n+m0

δ+m
1
δ)

=

= η0 ↾ [m1
δ ,m

1
δ + n) = η ↾ [m0

δ +m1
δ ,m

0
δ +m1

δ + n).

For each δ ∈ Ai ∩ S we let mδ = m0
δ +m1

δ , so we defined the ladder system

η̄′ ↾ (Ai ∩ S), η′δ(n) = ηδ(m
0
δ +m1

δ + n) (n ∈ ω).

Finally, for α ∈ Ai+1 let

ν∗α =

{
να, if α ∈ ran(η′δ) for some δ ∈ Ai
⟨⟩, otherwise,

ν∗∗α =

{
dν

∗∗
(α), if α ∈ ran(η′δ) for some δ ∈ Ai

⟨⟩, otherwise,

ψα =

{
dψ(α), if α ∈ ran(η′δ) for some δ ∈ Ai
⟨⟩, otherwise,

pα =

{
dp(α), if α ∈ ran(η′δ) for some δ ∈ Ai
⟨⟩, otherwise,

h∗α =

{
dh

∗
(α), if α ∈ ran(η′δ) for some δ ∈ Ai

⟨⟩, otherwise.

It is straightforward to check all our demands in (▲)1-(▲)5 for each δ ∈ S ∩ Ai,
γ ∈ Ai+1.

□Lemma2.34

Lemma 2.36. Assume that

(A) η̄ is a ladder system on the stationary set S (with ℵ0-uniformization on η̄),
admitting the rank Ā, and ⟨hα : α < ω1⟩ is permitted.

(B) q = (S, η̄, v̄,Ψ) is a nice very special S-uniformization problem, w̄ = ⟨wα :
α < ω1⟩ is a q-pressed down system.

Moreover, suppose that there exists ψ̄, ν̄∗, p̄, ν̄∗∗, h̄∗ and m̄ as in Lemma 2.34 (and
a derived ladder system η̄′ = η̄ − m̄)

Fix ε < ω1, δ̄ = ⟨δ0, . . . , δℓ = ε⟩, δ̄′ = ⟨δ′0, . . . , δ′ℓ = ε⟩ are long η̄′-histories, and
suppose that θ < ε, ξ̄ = ⟨ξ0, . . . , ξk = θ⟩ is a long η̄′-history. Then
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(⋎)1 {δi : i ≤ ℓ} ∩ {δ′i : i ≤ ℓ} = {δi : i ≥ j•} for some j• ≤ ℓ,
(⋎)2 {δi : i ≤ ℓ} ∩ {ξi : i ≤ k} is either empty, or is of the form {δi : j0 ≤ i ≤

j1} for some 0 ≤ j0 ≤ j1 ≤ ℓ, moreover,

{δi : j0 ≤ i ≤ j1} = {ξi : j0 ≤ i ≤ j1},

(⋎)3 if j0 ≤ j1 are as in (⋎)2 (so δ̄ and ξ̄ intersect each other), then there exists
a long η̄′-history ξ̄′ = ⟨ξ′0, ξ′1, . . . , ξ′k⟩ with
(a) ξ′k = θ, and
(b) {δ′i : i ≤ ℓ} ∩ {ξ′i : i ≤ k} = {δ′i : j0 ≤ i ≤ j1},
(c) moreover,

(OPw∗
δ̄′ ,w

∗
δ̄
)“w∗

δ̄ ∩ w
∗
ξ̄ = w∗

δ̄′ ∩ w
∗
ξ̄′ ,

and

(OPw∗
ξ̄′ ,w

∗
ξ̄
)“w∗

δ̄ ∩ w
∗
ξ̄ = w∗

δ̄′ ∩ w
∗
ξ̄′ ,

(⋎)4 there exists a long η̄′-history ξ̄ = ⟨ξ0, ξ1, . . . , ξk∗⟩ such that ξk∗ < ε, ε /∈
{ξj : j ≤ k∗}, and whenever ϑ̄ = ⟨ϑ0, ϑ1, . . . , ϑm⟩ is a long η̄′-history with
ϑm < ε, ε = δℓ /∈ {ϑj : j ≤ m}, then for all i < ℓ δi ∈ {ϑj : j ≤ m}
implies δi ∈ {ξ0, ξ1, . . . , ξk∗} and

w∗
ϑ̄ ∩ [δi, δi + ω) ⊆ w∗

ξ̄ ∩ [δi, δi + ω).

Proof. First, assume on the contrary, that for the long η̄′-histories δ̄, δ̄′ (δℓ = δ′ℓ)
for some i < ℓ δi = δ′i, but δi+1 ̸= δ′i+1 (so necessarily i + 1 < ℓ). Then on the
one hand δi+1, δ

′
i+1 ∈ ran(η′δi), so by (▲)3 ν∗δi+1

̸= ν∗δ′i+1
as one is a proper initial

segment of the other. On the other hand by (▲)4

ν∗δi+1
= ν∗∗δℓ,i+1 = ν∗∗δ′ℓ,i+1 = ν∗δ′i+1

,

a contradiction, this proves (⋎)1.
For (⋎)2 let δi = ξj , but δi−1 ̸= ξj−1 (so δi−1 /∈ ran(ξ̄) by (⊺)17). Then apply

(⋎)1 to ⟨δ0, δ1, . . . , δi⟩, ⟨ξ0, ξ1, . . . , ξj⟩. Finally, follows from (▲)2 or (▲)4 that i = j.
To prove (⋎)3 let j• be given by (⋎)1 let j0, j1 be given by (⋎)2 for δ̄, ξ̄, so that

(2.17) {δi : j0 ≤ i ≤ j1} = {ξi : j0 ≤ i ≤ j1}.

Define ξ′i = δ′i for i ∈ [j0, j1], and ξ
′
i = ξi for i > j1 (and i ≤ k). Before completing

the definition of ξ̄′ we check that this segment is a η′-history, which is clear once
we have showed

(2.18) ξj1+1 ∈ ran(η′δ′j1
).

Of course we can assume that δ′j1 ̸= δj1 (as δj1 = ξj1 and so (2.18) would follow),
from which necessarily j1 < ℓ.

We will need the following two observations.

(⊡)1 ν∗δj1+1
= ν∗δ′j1+1

, either because j1 + 1 = ℓ (and then δj1+1 = δ′j1+1 = ε), or

else if j1 + 1 < ℓ, then ν∗∗ε,j1+1 = ν∗δj1+1
= ν∗δ′j1+1

by (▲)4, so

ν∗δ′j1+1
= η′δ′j1

↾ n = η′δj1 ↾ n for some n,

where

(2.19) η′δ′j1
(n) = δ′j1+1,
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and

(2.20) η′δj1 (n) = δj1+1.

Moreover, as δj1 = ξj1 we have

(⊡)2 ν∗ξj1+1
= η′ξj1

↾ n• = η′δj1
↾ n• for some n• by (▲)2, and η′δj1

(n•) =

η′ξj1
(n•) = ξj1+1.

So (⊡1) and (⊡2) together mean that it suffices to argue that

(2.21) n• < n,

because then

(2.22) η′δ′j1
(n•) = η′δj1 (n

•) = ξj1+1,

i.e. 2.18 holds. As η′δj1
(n) = δj1+1, and η

′
ξj1

(n•) = ξj1+1 and δj1+1 ̸= ξj1+1 by our

assumptions, so if n• > n, then it follows from (⊡2) that η
′
ξj1

(n) = η′δj1
(n) = δj1+1

by (2.20), and necessarily δj1+1 < ξj1+1 = η′ξj1
(n•). So applying (⊺)16 to ξ̄ we

obtain that for each j ≤ k ξj > δj1+1 ≥ δℓ = ε holds, contradicting θ < ε.
Now recalling (⋎)2 we only have to extend ⟨ξ′j0 , ξ

′
j0+1, . . . , ξ

′
k⟩ to a long η̄′-history

⟨ξ′0, ξ′1 . . . , ξ′k⟩, such that ξ′j0−1 ̸= δ′j0−1, So we can assume that 0 < j0. Note that

we may assume that δj0 ̸= δℓ = ε, i.e. j0 < ℓ, as otherwise letting ξ̄′ = ξ̄ would
work. Recall (▲)5, so pε(j0) is defined, and δj0 ∈ ran(η′δj0−1

) ∩ ran(η′ξj0−1
) implies

that pε(j0) = 1. Applying this fact to δ̄′ we obtain that

δ′j0 ∈ ran(η′δ′j0−1
) ∩ ran(η′γ) for some γ ̸= δ′j0−1,

let ξ′j0−1 = γ, and extending it to a long history, we are done. (It follows from

(⋎)1, that two long η̄′-histories ξ̄ and ξ̄′ with the same ending must have the same
length.)

For the moreover part recall how we defined the w∗’s (Definition 2.33):

w∗
δ̄ = wδℓ ∪ (∪{[δi, δi + hδi+1

] : i < ℓ}),

and note that δℓ = δ′ℓ, so by (▲)2 hδi = hδ′i for each i ≤ ℓ, and

w∗
ξ̄ = wξk ∪ (∪{[ξi, ξi + hξi+1

] : i < k}),

similarly ξk = ξ′k, so by (▲)2 hξi = hξ′i for each i ≤ k. We recall that

max(wξk) < ξk < ξk−1 < . . . < ξ0,

max(wξ′k) < ξ′k < ξ′k−1 < . . . < ξ′0,

max(wδℓ) < δℓ < δℓ−1 < . . . < δ0,

max(wδ′ℓ) < δ′ℓ < δ′ℓ−1 < . . . < δ′0,

(and wδℓ = wδ′ℓ), so one can easily check that the moreover part of (⋎)3 would
follow if we could argue that

(2.23) (∀i ≤ k) : [ξi, ξi + hξi+1
] ∩ wδℓ = [ξ′i, ξ

′
i + hξ′i+1

] ∩ wδℓ .

Note that (2.23) would follow from the assertion

(2.24) (∀i ≤ k) : ξi ∈ wδℓ ⇐⇒ ξ′i ∈ wδℓ .
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For (2.24) note that by definition ξj = ξ′j for j > j1, so we only have to care about
ξj ’s, ξ

′
j ’s for j ≤ j1. Therefore, as η

′
δj1

(n) = δj1+1, η
′
δ′j1

(n) = δ′j1+1, n > n• ((2.19),

(2.20), (2.21)), and η′δ′j1
(n•) = η′δj1

(n•) = ξj1+1 = ξ′j1+1, (by (2.22)), and clearly

η′δj1 (n) = δj1 = ξj1 > δj1+1 > . . . > δℓ > η′δj1 (n
•) = ξj1+1,

η′δ′j1
(n) = δ′j1 = ξ′j1 > δ′j1+1 > . . . > δ′ℓ > η′δ′j1

(n•) = ξ′j1+1.

This means that ξj1 , ξ
′
j1
>max(wδℓ), and we are done.

For (⋎)4 first let k• = ℓ, if ν∗ε ̸= ⟨⟩, otherwise letting k• < ℓ to be the largest
j < ℓ such that ν∗∗ε,j ̸= ⟨⟩ (equivalently, ν∗δj ̸= ⟨⟩) if such a j exists, and let k• = 0 if

there is no such j. We will argue that choosing

(2.25) ξ̄ = ⟨ξ0, ξ1, . . .⟩ = ⟨δ0, δ1, . . . , δk•−1, ν
∗
δk• (|ν∗δk• | − 1)⟩

works (or else, if ν∗ε = ⟨⟩ and so there is no j < ℓ with ν∗δj ̸= ⟨⟩, then for any

η̄′-history ϑ̄ with last entry smaller than ε, the set of entries of ϑ̄ does not meet
that of δ̄). No matter which case we are in we can assume that

(2.26) ∀t > 0 : ν∗δk•+t
= ⟨⟩.

In the first case note that if k• > 0, then ν∗δk• = η′δk•−1
↾ |ν∗δk• | by (▲)3, so ξ̄ is

indeed a long η̄′-history. Also it is easy to see by (▲)4 (or (▲)3 if k• = ℓ) that for
the last entry of ξ̄:

ξk• = ν∗δk• (|ν∗δk• | − 1) < ε.

Clearly it is enough to verify that picking an arbitrary η̄′-history ϑ̄ with ϑ|ϑ|−1 <
ε and ε /∈ {ϑ0, ϑ1, . . . , ϑ|ϑ̄|−1} necessarily

(∀t ≥ 0) δk•+t /∈ {ϑ0, ϑ1, . . . , ϑ|ϑ̄|−1}.

But observe that if a long η̄′-history ξ̄ goes through δk•+t, then it can go through
δk•+t−1, δk•+t−2, . . . , δk• with the same ending point ξ|ξ|−1.

So it is enough to argue that if ϑ̄ is a long η̄′-history with ϑj = δk• for some
j then necessarily ϑ|ϑ|−1 ≥ ε = δℓ. Recall (⋎)2, pick the largest t ≥ 0 such that
ϑj+t = δk•+t (so k

• + t < ℓ, δk•+t ̸= ε as ε /∈ {ϑi : i < |ϑ|} by our assumptions)).
Then ϑj+t+1 ̸= δk•+t+1 are of the form η′δk•+t

(n1), η
′
δk•+t

(n2) for some n1, n2 < ω,

respectively, and as ν∗δk•+t+1
= ⟨⟩ = η′δk•+t

↾ n2 by(▲)3 we obtain that n2 < n1, so

ϑj+t+1 > δk•+t+1. But then it follows from (⊺)16, that all entries of ϑ are bigger
than δk•+t+1, so bigger than ε.

Since for every ϱ ∈ S hη′ϱ(n) is strictly increasing (by our assumptions) recalling

the definition of w∗
ϑ̄
= wϑ|ϑ̄|−1

∪ (∪{[δj , δj + hϑj+1
] : j ∈ [0, |ϑ̄|)}) in Definition 2.33

(and a similar reasoning applying (⊺)16) it is straightforward to check the moreover
part.

□Lemma2.36

Now using Lemmas 2.34 and 2.36 we will solve the nice S-uniformization problem
p with the aid of m̄ and all the values resulting from Lemma 2.36.

Claim 2.37. Assume that η̄ is a ladder system on the stationary set S, ⟨Ai : i ∈ ω⟩
is a η̄-rank, w̄ is a p-pressed down system, and Lemma 2.34 holds with m̄ = ⟨mδ :
δ ∈ S⟩.

Then there exists a function F with dom(F ) = ω1, which is a solution of p.
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Proof. We define

(⊛)1 Ξε = {δ̄ = ⟨δ0, δ1, . . . , δ|δ̄|−1⟩ : δ̄ is a maximal η̄′ = η̄ − m̄-history ending

with ε, i.e. δ|δ̄|−1 = ε},
let

(⊛)2 Γ = {α < ω1 : Ξα ̸= ∅} (so Γ =
⋃
δ∈S (ran(ηδ ↾ [mδ,∞)) \ S).

(⊛)3 We choose for each ζ ∈ Γ a maximal history δ̄ζ ∈ Ξζ .
(⊛)4 By induction on ζ ∈ Γ we choose a function fζ such that

(a) dom(fζ) = w∗
δ̄ζ
, and

(b) fζ ∈ (Ψ+)p(w∗
δ̄ζ
), moreover,

(c) introducing the object

Gζ =
⋃
α<ζ

⋃
ϑ̄∈Ξα

gϑ̄,

which we require to be a function, where by gϑ̄ we mean the function
with domain w∗

ϑ̄
defined as follows.

(⊛)5 For α ∈ ζ ∩Γ and ϑ̄ ∈ Ξα we let gϑ̄ = fα ◦OPw∗
δ̄α
,w∗

ϑ̄
where dom(fα) = w∗

δ̄α

(so gϑ̄ is a function with domain w∗
ϑ̄
), and

(⊛)6 we let Bζ =
⋃
α<ζ

⋃
ϑ̄∈Ξα

w∗
ϑ̄
.

Note that by (⊛)5

(2.27) (for α < ζ) : ∀δ̄, δ̄′ ∈ Ξα : Gζ ↾ w
∗
δ̄′ ◦ (OPw∗

δ̄′ ,w
∗
δ̄
) = Gζ ↾ w

∗
δ̄ ,

moreover, by our demands on m̄ using (▲)2 and (⊛)4b clearly

(2.28) ∀δ̄′ ∈ Ξα : Gζ ↾ w
∗
δ̄′ ∈ (Ψp)+(w∗

δ̄′),

First we argue that (provided we can carry out the induction) the resulted func-
tion F =

⋃
α<ω1

Gα is a solution for p. Note that (by (⊺)8/ (a) in Fact 2.15, and

recalling uα ⊆ wα ⊆ α in Definition 2.27)

(⊛)7 if δ ∈ S, then
⋃
n∈ω wηδ(mδ+n) = δ,

so by choosing for each n a maximal η̄′-history through η′δ(mδ + n) and δ clearly
δ ⊆ Bδ. As S is stationary F is an entire function, defined on each ordinal α < ω1.
We only have to check that for each δ, and each n, k < ω

F ↾ bδn,k ∈ Ψp(bδn,k).

For this having δ, n, k fixed choose n• large enough so that

η′δ(n
•) = ηδ(mδ + n•) ≥ ηδ(n),

and
hη′δ(n•) ≥ k.

Now if ζ ∈ Γ is such that there exists a long η̄′-history δ̄ ∈ Ξζ through η′δ(n
•) and

δ, then by Definition 2.33 we have

w∗
δ̄ ⊇ bδmδ+n•,hη′

δ
(n•)

⊇ bδn,k,

and by (2.28)
F ↾ w∗

δ̄ = Gζ+1 ↾ w∗
δ̄ ∈ (Ψp)+(w∗

δ̄ ),

and by ⊡b F ↾ bδn,k ∈ Ψp(bδn,k), we are done.
This means that the next claim completes the proof of Claim 2.37, so that of

our main theorem.
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Subclaim 2.38. We can construct the sequence ⟨fζ : ζ ∈ Γ⟩ satisfying (⊛)4.

Proof. We proceed by induction, obviously only the successor step is interesting.
So assume that fβ is constructed for each ζ ∩Γ, we need to construct a suitable fζ .

We have to characterize the set Bζ ∩w∗
δ̄ζ

(and Bζ ∩w∗
δ̄
for δ̄ ∈ Ξζ), the set where

our function is already defined, and we have to argue that the induction hypothesis
ensures that the required compatibility in (⊛)5 can be achieved.

Appealing to (⋎)4 of Lemma 2.36 with δ̄ζ = ⟨δζ0 , δ
ζ
1 , . . . , δ

ζ
ℓ = ζ⟩ there exists

a long η̄′-history ξ̄ = ⟨ξ0, ξ1, . . . , ξk⟩ with ξk < ζ, and with the property that

whenever for a maximal η̄′-history ϑ̄ we have ϑj = δζi for some j < ℓg(ϑ̄), i < ℓ,

but ϑ|ϑ|−1 < ζ, then w∗
ϑ̄
∩ [δζi , δ

ζ
i + ω) ⊆ w∗

ξ̄
, in particular, δζi = ξn for some n < k.

This also implies that

(2.29) Bζ ∩ w∗
ξ̄ ⊆ ζ ∪ w∗

ξ̄ .

Recalling the definition of w∗
δ̄
’s (w∗

δ̄
= wδℓg(δ̄)−1

∪
⋃
k<ℓg(δ̄)−1[δk, δk + hδk+1

] Defi-

nition 2.33, where in fact the sequence of hδk ’s only depend on δℓg(δ̄)−1) this clearly
implies that

(2.30) Bζ ∩ w∗
ξ̄ ⊆ ζ ∪ w∗

ξ̄

(as ξ̄ works for any ϑ̄ and i).
By extending ξ̄ to be a maximal η̄′-history if necessary we can assume that

ρ := ξk ∈ Γ. Now (⋎)3 from Lemma 2.36 yields that for every δ̄′ ∈ Ξζ there exists
ξ̄′ ∈ Ξρ, such that

(OPw∗
ξ̄′ ,w

∗
ξ̄
)“w∗

δ̄ζ ∩ w
∗
ξ̄ = w∗

δ̄′ ∩ w
∗
ξ̄′ ,

and

(OPw∗
δ̄′ ,w

∗
δ̄ζ
)“w∗

δ̄ζ ∩ w
∗
ξ̄ = w∗

δ̄′ ∩ w
∗
ξ̄′ ,

so

(2.31) OPw∗
ξ̄′ ,w

∗
ξ̄
↾w∗

δ̄ζ ∩ w
∗
ξ̄ = OPw∗

δ̄′ ,w
∗
δ̄ζ
↾w∗

δ̄ζ ∩ w
∗
ξ̄ ,

as both functions are order preserving. So (2.31) together with (2.29) (and (2.27))
imply that

(2.32) Gζ ◦OPw∗
δ̄ζ
,w∗

δ̄′
↾ (w∗

δ̄ζ ∩Bζ) = Gζ ↾ (w
∗
δ̄′ ∩Bζ)

(since OPw∗
δ̄ζ
,w∗

δ̄′
fixes each ordinal smaller or equal to ζ = δζℓ = δ′ℓ).

We claim that it is enough to extend Gζ ↾ Bζ ∩ w∗
δ̄ζ

to a function fζ defined on

w∗
δ̄ζ

with fζ ∈ (Ψp)+(w∗
δ̄ζ
). So suppose that such fζ exists, we need that Gζ+1 =

Gζ
⋃
∪{gδ̄′ : δ̄′ ∈ Ξζ} is a function, which in turn would imply that

Gζ+1 ◦OPw∗
δ̄ζ
,w∗

δ̄′
= Gζ+1↾w

∗
δ̄′ .

Suppose that β ∈ w∗
δ̄′

∩ w∗
δ̄′′

for some δ̄′, δ̄′′ ∈ Ξζ . Then recalling that w∗
δ̄′

=

wδ′|δ̄′|−1
∪ (∪{[δi, δi + hδi+1

] : i < |δ̄′| − 1}), OPw∗
δ̄′ ,w

∗
δ̄′′

=OPw∗
δ̄′ ,w

∗
δ̄ζ
◦OPw∗

δ̄ζ
,w∗

δ̄′′
fixes

β, so OPδ̄ζ ,δ̄′′(β) = OPδ̄ζ ,δ̄′(β), and we are done (remembering (⊛)5).
For this (i.e. for a suitable fζ) we only have to prove (recalling ⊡d from Definition

1.29) that Bζ ∩ w∗
δ̄ζ

is p-closed, and check that Gζ ↾ Bζ ∩ w∗
δ̄ζ

∈ (Ψp)+(Bζ ∩ w∗
δ̄ζ
),

i.e. for p-basic sets b ⊆ w∗
δ̄ζ
G ↾ b ∈ Ψp(b). So fix δ• ∈ S, δ• ∈ Bζ ∩ w∗

δ̄ζ
. First
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assume that δ• < ζ, so δ• ∈ wζ by the definition of w∗
δ̄ζ
. But then as wζ is p-closed

by our present assumptions on w̄ and Definition 2.27, so for some n and k

ηδ•(n) ∪ vη•δ (n) ⊆ wζ ∩ δ• ⊆ ηδ•(n+ 1),

and

wζ ∩ [δ•, δ• + ω) = [δ•, δ• + k].

(note that here we use the original ladder system η). Then for some n′ η′δ•(n
′) =

ηδ•(mδ• +n
′) ≥ ηδ•(n), and hη′

δ• (n
′) ≥ k (as h̄ is permitted for η̄). Then choosing a

maximal η̄′-history ξ̄ going through η′δ•(n
′) and δ•, the following necessarily holds:

bδ
•

n,k ⊆ bδ
•

mδ•+n
′,hη(mδ•+n′)

= {ηδ•(mδ•+n
′)}∪vηδ• (mδ•+n

′)∪[δ•, δ•+hη(mδ•+n
′)] ⊆ w∗

ξ̄

(note that bδ
•

mδ•+n
′,hη(mδ•+n′)

is a p-basic set as well). As Gζ ↾ w∗
ξ̄
∈ (Ψp)+(w∗

ξ̄
) by

(2.28), clearly Gζ ↾ bδ
•

n,k ∈ Ψp(bδ
•

n,k) (by ⊡c), we are done.

Now since ζ ∈ Γ, so ζ /∈ S, the other possibility is that δ• > ζ. Then δ• ∈ w∗
δ̄ζ

means that δ• = δζi for some i < ℓ (δ• ∈ S), and so δζi+1 = η′δ•(n) for some n. Note
that by (⊺)16

(2.33) η′δ•(n− 1) < ζ < η′δ•(n) = δζi+1,

and then

(2.34) wδζi+1
∪ {η′δ•(n)} ⊆ wζ ∪ {η′δ•(n)} ⊆ w∗

δ̄ζ ∩ δ
• ⊆ δζi+1 + 1 = η′δ•(n) + 1

by Definition 2.27 and the p-closedness of w∗
δ̄ζ
, and

(2.35) [δ•, δ• + hη′δ(n)] = w∗
δ̄ζ ∩ [δ•, δ• + ω).

Now δ• ∈ Bζ implies that

(•)1 there is a maximal η′-history ξ̄ = ⟨ξ0, ξ1, . . . , ξk⟩ with ξk < ζ going through
δ•, so ξj = δ•, and ξj+1 = η′δ•(n

•) for some j and n• (where mδ ≥ n•, since
ξ̄ is an η̄-history).

At this point let n• be maximal such that (•)1 holds (i.e. for some η̄′-history ξ̄ =
⟨ξ0, . . . , ξk⟩, ξ̄ has δ• as an entry, and ξk < ζ), then by finding a maximal history
through η′δ•(n

•) we can assume that ξj+1 = η′δ•(n
•), and n• is the maximal t such

that η′δ•(t) ∈ Bζ . Such maximal n• exists by the following. We are going to argue
that

(•)2 either n• = n− 1, or n• = n where n is from (2.33).

First recall (2.33), so either η′δ(n − 1) ∈ Γ, or it belongs to S, and there is a
maximal η′-history through it and δ, so n• ≥ n − 1. On the other hand, ζ <
η′δ•(n) < η′δ•(n + 1), and again by (⊺)16 any history through η′δ•(n + t) for t > 0
must have a last entry bigger than η′δ•(n+t−1), so bigger than η′δ•(n), contradicting
the fact that so far we only considered maximal η′-histories with last entry smaller
than ζ.

Now in order to finish the proof of the subclaim it suffices to show that

(1) (w∗
δζ ∩Bζ) ∩ δ

• ⊆ η′δ•(n
• + 1),

(2) (w∗
δ̄ζ

∩Bζ) ∩ [δ•, δ• + ω) = [δ•, δ• + hη′
δ• (n

•)],

(3) so bδ
•

mδ•+l,k
⊆ Bζ ∩ w∗

δ̄ζ
iff l ≤ n• and k ≤ hη′

δ• (n
•),

(4) and Gζ↾bδ
•

mδ•+l,hη′
δ• (n•)

∈ Ψp(bδ
•

mδ•+l,hη′
δ• (n•)

),
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this will imply that w∗
δζ ∩ Bζ is p-closed and Gζ↾w∗

δζ ∩ Bζ ∈ (Ψ+)p, as δ• was an
arbitrary element of (w∗

δζ ∩Bζ) ∩ S.
It follows from the maximality of n• (and the definition of w∗

ξ̄
, and h̄ being

permitted) that

(2.36) Bζ ∩ [δ•, δ• + ω) = [δ•, δ• + hη′
δ• (n

•)] = w∗
ξ̄ ∩ [δ•, δ• + ω).

Then similarly to (2.34), (2.35)

(2.37) wη′
δ• (n

•) ∪ {η′δ•(n•)} ∪ [δ•, δ• + hη′
δ• (n

•)] ⊆ w∗
ξ̄ ⊆ Bζ .

If n• = n − 1, then by the maximality of n• we would have η′δ•(n) /∈ Bζ so
putting together (2.34), (2.35) and (2.37) we have

(2.38) wη′
δ• (n

•) ∪ {η′δ•(n•)} ⊆ (Bζ ∩ w∗
δ̄ζ ) ∩ δ

• ⊆ η′δ•(n
• + 1),

and

(2.39) (Bζ ∩ w∗
δ̄ζ ) ∩ [δ•, δ• + ω) = [δ•, δ• + hη′

δ• (n
•)].

On the other hand, if n• = n, then clearly w∗
δ̄ζ

∩ [δ•, δ• + ω) = [δ•, δ• + hη′
δ• (n

•)],

and (2.38), (2.39) also hold.

In each case b• := bδ
•

mδ•+n
•,hη′

δ• (n•)
is a maximal p-basic set at δ• that is a subset

of Bζ ∩ w∗
δ̄ζ

(since vη′
δ• (n

•) ⊆ wη′
δ• (n

•) by Definition 2.27). It is also clear that

Bζ ∩ w∗
δ̄ζ

is p-closed. Moreover, b• ⊆ w∗
ξ for the long η̄′-history ξ̄ going through δ•

and η′δ•(n
•), so Gζ ↾ w∗

ξ̄
∈ (Ψp)+(w∗

ξ̄
) by (2.28), so Gζ ↾ b• ∈ Ψp(b•) by ⊡b.

□Subclaim2.38

□Claim2.37

In order to finish the proof of Lemma 2.23, suppose that p is a very special
S-uniformization system which is nice. By Claim 2.26 there exists some m̄ and
Ā = ⟨an : n ∈ ω⟩ such that Ā is an η̄′ = η̄ − m̄-rank. By Lemma 2.28 for some m̄′

the system w̄ is a η̄′′ = η̄ − m̄′-pressed down system. Therefore, Lemma 2.34 and
Claim 2.37 apply to p′′ = (p− m̄)− m̄′, and we have a solution to that (i.e. to p′′).

□Lemma2.23

□Theorem2.1
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